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ABSTRACT

The goal of this thesis is to combine Cubical Type Theory (CTT) and modal
type theory towards obtaining a type theory suitable for the verification of pro-
grams relying on features such as recursion. For this purpose the main advantage
of CTT is that extensionality principles such as function extensionality can be
shown as theorems, and as such can be given computational content. Addition-
ally CTT supports the powerful univalence axiom as well as the highly useful
Higher Inductive Types (HITs). Another extension to type theory is that of
modalities which can be used to encode the primitives needed for programming
with and reasoning about recursion, staged computation, and information flow
control. Combining these two approaches offers the promise of a type theory
with the necessary amount of structure to encode e.g., reactive programs with
productivity guarantees and programs relying on control of information flow
between types with non-interference guarantees.

The thesis contains two papers. The first paper presents a type theory with
a family of Fitch-style later modalities indexed over an object of clocks, called
Clocked Cubical Type Theory (CCTT). Guarded recursion with multiple clocks
has been used in earlier work to encode coinductive types. The primary novelty
in this theory is induction under clocks for HITs. The encoding of coinductive
types requires functors which commute with clock quantification and a large
class of these can be produced by applying induction under clocks. One example
of interest is the finite powerset functor, which allows for the encoding of non-
deterministic processes. The theory is shown to be sound by the construction
of a presheaf model.

In the second paper a more general framework called Cubical Modal Type
Theory (MTTp) is presented. This extends the existing framework of Multi-
modal Type Theory (MTT) with the primitives of CTT. MTT is a modal type
theory indexed by a 2-category of modes which is flexible enough to encode
S4, cohesive type theory, and guarded recursion. The new MTT extends this
theory with the computationally well understood path types. The primary con-
tribution of the paper is a method for the quick production of models in the
style of Orton and Pitts. One of the technical challenges in achieving this is
the construction of composition structures on modal types, which requires the
cubical structure to be coherent with respect to the indexing 2-category.



RESUME

Malet med denne athandling er at kombinere Cubical Type Theory (CTT) med
modal type teori for at opna en typeteori som egner sig til verifikationen af
programmer der benytter redskaber som rekursion. I den henseende er hoved-
fordelen ved CTT at ekstensionalitetsprincipper som funktionsekstensionalitet
kan bevises og dermed har gode beregningsmaessige egenskaber. Derudover un-
derstgtter CTT det kraftulde univalence princip samt det yderst veerdifulde
hgjere induktive typer (HITs). En anden udviddelse af type teori er tilfgjelsen
af modaliteter, som kan bruges til at indkode primitiver som er ngdvendige for
at programmere med og raesonnere om rekursion, staged computation og kontrol
af informationsstrgm. Kombinationen af disse paradigmer tilbyder lgftet om en
typeteori med den ngdvendige struktur til at indkode for eksempel reaktive pro-
grammer med produktivitetsgarantier og programmer som benytter kontrol af
informationsstremme med ikke-inteferensgarantier.

Afhandlingen bestar af to artikler. Den fgrste artikel praesenterer en typete-
ori med en familie af Fitch-agtige later modaliteter indekseret over et objekt af
ure, som er navngivet Clocked Cubical Type Theory (CCTT). Sikret rekursion
med flere ure er blevet brugt i tidligere arbejde til at indkode koinduktive typer.
Den primere nyskabelse i denne teori er induktion under ure for HITs. Indkod-
ningsresultatet for koinduktive typer har brug for funktorer som kommuterer
med kvantifikation over objektet af ure, og man kan producere en stor klasse af
disse ved brug af induktion under ure. Et specielt interessant eksempel pa en
sadan funktorer er den endelige potensmaengde funktor, som muligggr indkod-
ningen af ikke-deterministiske processer. Teorien bliver bevist konsistent ved
konstruktionen af en presheaf model.

I den anden artikel praesenteres en mere generel struktur, nemlig Cubical
Multimodal Typeteori (MTTg). Dette er en udviddelse af den eksisterende teori
Multimodal Typeteori (MTT) med primitiverne fra CTT. MTT er en modal
typeteori indekseret af en 2-kategori af tilstande, som er general nok til at daekke
over modal S4, kohasiv typeteori, og sikret rekursion. Den nye MTTq tilfgjer
de beregningsmaessigt velforstaede stityper. Det primeere bidrag i artiklen er en
metode til hurtigt at producere modeller i stil med Orton-Pitts metoden. En af
de teksniske udfordringer ved dette er konstruktionen af kompositionsstruktur
pa modal typer, som kraever at de strukturer som er importeret fra CTT spiller
fornuftigt sammen med den indekserende 2-kategori.
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1. INTRODUCTION

Type theory is a formalism that can be regarded both as an abstract program-
ming language and a mathematical logic. This duality of type theory is called
the Curry-Howard correspondence, and it allows one to leverage the power of
type theory as a logic to reason about programs written in type theory as a
programming language.

In programming language theory, type theory is thus deployed as a tool for
providing guarantees about programs in two forms. Programs written in type
theory come with certain safety guarantees depending on the language. For the
simply typed lambda-calculus this might mean basic type safety of the programs,
i.e., the property that a well typed program never gets stuck trying to apply a
function to input it is not defined on. In this thesis we focus on dependent type
theory a la Martin-Lof (MLTT) [37], which is able to confer positive guarantees.
Via Curry-Howard, simply typed languages correspond to propositional logic
and dependently typed languages correspond to predicate logic. With dependent
types we can thus take advantage of predicate logic in programming to verify
that a program adheres to a given specification®. Specifically, dependent types
allows us to attach various proof obligations to our types, ensuring, e.g., that a
function outputs not just any number, but a number with a specified property,
or to prevent buffer overflow and null pointer exceptions as in [58]. This is
where the full force of the Curry-Howard correspondence is leveraged, since the
language we write the specification in and the programming language coincide.

In mathematics, type theory can be viewed as a logic. There is a push for the
mathematics formalized in the traditional foundation of set theory to be recast
in type theory, in part because type theory is amenable to computer checking of
proofs via proof assistants. Concretely, various proof assistants such as Agda [43]
and Coq [53] can be used to check the well typedness of terms. Since in type
theory types are propositions and terms are proofs, proof assistants allow for the
mechanical checking of proof correctness, which is often difficult to do by hand.
Many different variants of type theory have models in set theoretic foundations,
and often they can be used as the internal language for some class of categories.
It is foundational to type theory that the simply typed lambda-calculus can be
used as the internal language for Cartesian closed categories [33] and that MLTT
can be used as an internal language for locally Cartesian closed categories [25].
Recent advances in homotopical type theories with synthetic descriptions of

I From now on we mean dependent type theory when we say type theory unless otherwise
specified.



higher structure has continued this story in higher category theory [30, 50], with
the long term goal of this program being a reasonable definition of elementary
oo-topoi and a specification of their internal languages as a form of univalent
type theory [54].

This thesis is about two extensions to type theory, both of which have ramifi-
cations on either side of the correspondence. One extension is by type construc-
tors called modalities, which are used to add extra features to type theory. For
instance guarded recursion can be added via the ”later” modality [42], denoted
>, or time-warps [24]. The modality > is very well-studied: one variant of it has
been shown to be sufficient for encoding coinductive types [39] and another has
been shown to support reasoning about guarded recursive types up to bisimilar-
ity [40]. We note that guarded recursion lies at the heart of recursion in various
implementations. For instance modal FRP [32], the variants of RaTT [9], and
the implementation of Iris [29].

Other examples of extending type theory by modalities to add expressiv-
ity to it are the following: Staged computation can be represented via modal
S4 [21], using a variant of the split-context type theory of [45]. A particularly
bountiful collection of modalities are those based on Lawvere’s axiomatic cohe-
sion [34] which is an axiomatic approach to spaces based on a triple of adjoints.
These adjoints can be represented in type theory with modalities with a syntax
mirroring [45], and have been employed to connect results from synthetic ho-
motopy theory to topology as formulated in type theory [49] as well as in the
study of information flow control [31]. Crisp type theory is a minimal variant
of the cohesive setup and has been used in the study of models of cubical type
theory CTT [35]. It internalizes the global sections functor in the same way that
cohesive type theory internalizes the cohesion triple of adjoints, with the goal
of describing global operations.

The other extension is by cubical primitives originating from Cubical Type
Theory (CTT) [18, 5]. This type theory was first described as part of an effort to
model univalent type theory constructively and in a way that supplies computa-
tional content to the eponymous univalence axiom, and has since garnered much
interest. Univalent type theory or homotopy type theory (HoTT) adds the uni-
valence axiom as a way to obtain equalities between types, or, taking a slightly
different view, internalizing the fact that isomorphic types cannot be told apart
internally without extra axioms. In CTT equality is represented by functions
out of a primitive interval corresponding loosely to paths in topological spaces.
Partly due to this specific representation and partly due to results from HoTT it
is a powerful type theory for reasoning about equality. We expand on this point
and motivate it further in section 1.1.6. The long-term goal of studying cubical
modal type theory is to align the practicalities of system design and the desir-
able theoretical properties offered by the mathematically oriented type theory
tradition. Using modalities we add features needed for the desired expressivity
of the language in a principled way. The extensionality principles necessary for
efficient reasoning in type theory, e.g., function extensionality and univalence,
are obtained as theorems in cubical type theory, and moreover we shall see in
the second paper how one obtains an appropriate extensionality principle for



modal types.

In section 1.1 we provide context for the thesis in a mostly non-technical
fashion. We discuss first the context of the work from the point of view of pro-
gramming language theory and then as a mathematical logic. The contributions
of each paper is discussed in section 1.2, with related work being discussed in
section 1.3, and a statement of contribution for each of the papers is available
in section 1.4. Chapter 2 contains the first paper as submitted to LICS ’22 and
chapter 3 contains the second paper as submitted to LMCS.

1.1 Background

1.1.1 Formal verification

To an ever increasing degree, software permeates every part of society. Most
of our interaction with governance is either assisted by software or completely
digital, our financial system exists mostly in the digital sphere, the factories
producing our food and medication relies on various control systems, and so
on. Failure of these systems results in everything from minor frustrations to
catastrophic losses, so it is important that the software is reliable. Verification
of software in general is the process of ensuring that the software behaves in
the intended manner and can be done in a number ways, either through testing
or some sort of static program analysis. Formal verification is the deployment
of formal methods to static program analysis with the goal of mathematically
proving that systems do not behave in unintended ways or that they implement
a precisely stated specification, bringing mathematical certainty to verification
of software. Type theory can be used as a tool for both of these. The exclusion
of unintended behavior is essentially a part of the metatheory of type theory:
statements like canonicity for instance ensures that programs with output type
N eventually produce a numeral, meaning that it terminates. The strength of the
guarantees we can give in this regard is inversely correlated to the expressivity
of the language, as Pierce writes in the introduction of [46]:

For example, research on typed lambda-calculi is usually concerned
with systems in which every well-typed computation is guaranteed
to terminate, whereas most programming languages sacrifice this
property for the sake of features like recursive function definitions.

In functional programming languages, general recursion in some form is needed
for the language to be Turing complete?. Adding it to the language is equivalent
to adding a fix-point operator, given by a function Y : (A — A) — A. Added
without any checks this operator allows for many pathological definitions, such
as programs depending on later unfoldings of themselves. To introduce recursion
to our type theory we must thus be careful to verify that the self-reference is
well-founded, since if it is not, the result is a program that will not terminate,

2 From now on we will mean general recursion when we say recursion, as opposed to struc-
tural or primitive recursion, unless otherwise specified.



and indeed will not even be productive [19]. In section 1.1.2 we will see a
concrete argument for why the expressivity offered by recursion is necessary
and we will discuss various different approaches to the problem in detail in the
later sections.

The other mode of formal verification via type theory involves the Curry-
Howard correspondence directly. We can use the logic of type theory to write
specifications about our programs and pass proofs of needed properties around
in the code®. For instance, one might imagine an implementation of arrays where
trying to access an element of the array we have to provide the desired index
and a proof that this index is smaller than the length of the array. Conversely
we might imagine functions which output not just data, but also a proof that we
have some desired property. This could be a function for finding roots of a input
polynomial which outputs a list of real numbers as well as proofs that these are
indeed roots as desired. In both of these examples we require the expressiv-
ity offered by dependent types since we are in each case manipulating pairs of
numbers and proofs that these numbers satisfy certain properties. Composing
programs written in this style allows for a static check that they implement a
given specification, with the specification itself being written in type theory. Re-
turning to recursion, we mentioned that the unrestricted fixpoint combinator is
problematic in that it no longer excludes certain modes of unintended behavior.
In addition to this, it makes the logic inconsistent. Spelling the point out, an
unrestricted fixpoint operator would allow one to produce via the Curry-Howard
correspondence a proof of the false proposition in type theory, collapsing the
logic and thus the ability to write and check program specifications.

1.1.2 Reactive programming

Reactive programs are, as the name suggests, a class of programs with behavior
that is to some extent determined by outside input, with the typical case being
a two-way interaction with an environment. A simple example would be a piece
of software controlling an air conditioner. An air conditioner must cool the air
until the temperature falls below a certain point, a two-way interaction with
the physical temperature in a room. This point must be adjustable via user
input, an interaction with a user. While an air conditioner is rarely considered
critical, many critical systems are inherently reactive. Like air conditioners,
many such systems do not come with a predefined end state; they are designed
to run for indeterminate amounts of time. To accommodate this in type theory
we reason about these systems as manipulation of fundamentally infinite struc-
tures, such as an infinite stream of input temperatures as measured by the air
conditioner. Reactive programs are an obvious target for verification efforts for
two reasons. Firstly, an increasing number of critical systems such as financial
systems, healthcare systems, and systems for the automatic operation of, e.g.,
airplanes, cars, cooling systems for nuclear reactors, etc., rely on reactive pro-
grams. In addition to this, errors in reactive programs might require very long

3 often the concrete proofs are not actually passed around at runtime for efficiency reasons.
Deleting proofs from the runtime program in this way is known as erasure.
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runtimes to appear, making it hard to check correctness via testing. Thus they
are an obvious candidate target for formal verification.

Streams as a data structure falls under the broader category of coinductive
types. Omne can think of coinductive types in terms of coalgebraic structure
dually to how inductive types can be thought of as algebras for certain func-
tors. We can construct elements of inductive types from other elements of the
inductive type and some input according to its structure. Dually, we can de-
construct elements of a coinductive type into elements of the coinductive type
and some output data determined by the coinductive types structure. The basic
example of natural number streams is conceptually an infinite, ordered list of
natural numbers, and we denote the type by Str. It is the final coalgebra (or
greatest fixpoint) for the functor N x —, and so by Lambek’s theorem we have
an isomorphism Str = N x Str. This isomorphism is the explanation for the
deconstruction procedure described above: a stream can be transferred along
this isomorphism, and composing with the projections we obtain either another
stream (the tail operation) or a natural number (the head operation). That Str
is a terminal coalgebra means that to obtain a map from A to Str for some A it
suffices to produce a map A — N x A. For instance we can define the constant
stream of zeroes as a map 0 : 1 — Str by simply taking the map 1 — N which
picks out the number 0.

While terminal coalgebras come with a natural mapping-in property in the
semantics by virtue of being terminal, coinductive types are often specified via a
mapping-out property, e.g., the taking apart of a stream into a head and tail as
above. This means that once we are given, e.g., a stream we have a good handle
on what data can be extracted from it. On the other hand this gives no a priori
way to inhabit such types, since the implied constructor above concatenates
a natural number with an already defined stream. The way to get solve this
is general recursion, which we can add to type theory via a fixpoint operator,
but as discussed earlier this is not consistent. One approach to ensuring that
recursion does not result in pathological definitions is to verify syntactically
that the recursion follows a pattern known to produce well-founded recursion.
This approach is fairly inexpressive compared to the other approaches we will
consider. Concretely, the syntactic checks seen in implementations usually force
the recursive calls to appear directly under a constructor.

More sophisticated frameworks such as process theory needs more compli-
cated coinductive types. To produce a type theory that it well suited for both
programming with and reasoning about processes we need a sensible encoding
of processes. One way to do this is via finitely branching labelled transition
systems given as terminal coalgebras for Pg,(— X A) where Pgn(—) is the fi-
nite powerset and A is the type of labels [28]. That encodings such as this
are possible makes coalgebra a tool well-suited for working with infinite data
structures.



1.1.3 Guarded recursion

Working with the input streams described as described in the previous section
in functional programming requires recursion. As discussed in section 1.1.1
type theory usually corresponds to functional languages which provide termi-
nation guarantees, but these evidently cannot be given for reactive programs
as described above. While termination guarantees are not possible we can ob-
tain a productivity guarantee, i.e., a guarantee that finite stages of the program
terminate in finite time. Both this and a promise of causality are present in
the guarded recursive systems employing the modality >, and more concretely
adding a fixpoint operator 16b : (>A — A) — A. This approach was pioneered
by Nakano [42]. While traditionally recursion was subject to various syntactic
checks, guarded recursion allows this to be handled as part of the type-checking.
Many different variants of guarded recursion have been conceived [6, 8, 11, 17]
and implemented [9, 29, 32, 56]. We think of the modality > as an abstract step-
indexing, with > A being the type of elements in A available in the next time
step. Data available now, i.e., elements of A, will be available later, meaning
that we have a function next : A — > A. Since the input to 16b is not an endo-
function, strictly speaking it provides a fixpoint to the composition with next.
As mentioned in the previous section, reactive programming with coinductive
types can be achieved through > and Iob. We start by describing the encod-
ing of guarded streams, and then give an account of coinduction via guarded
recursion.

We can encode streams with the later modality by ditching the strict ver-
sion of the type isomorphism described above in favor of the following: Strf? =
N x Str?. The type Str? is a type of guarded streams, which break down into
a natural number n : N and a term s : >Str?, the latter of which is a guarded
stream available one time step from now. As for streams, we have head and
tail operations but now the tail is not given to us immediately. Formally, the
type of streams is itself defined by recursion over a type of type, i.e., the uni-
verse of type theory which we write U. It is the fixpoint of the map >U — U
given by mapping A to N x »A. Likewise we inhabit the type of streams by
using the fixpoint operator; for instance the constant zero stream is defined by
16b(As.0 :: s). While this type of guarded streams has its uses, it is too rigid
for some applications. Functions Str? — Str? are strictly causal, meaning that,
for instance, the stream operation picking out every other element cannot be
typed. Apart from this, certain relations (in particular weak bisimilarity [38] as
seen in [41]) are not causal, so this fragment of coinduction is inadequate.

In [6] a variant of guarded recursion was introduced with an indexed col-
lection of modalities, each with a fixpoint operator in the style above which
provides a solution to this issue. Instead of > we have a collection of modalities
indexed over an object of clocks, Clk, with clocks being denoted x,’,... and
the corresponding modalities being >*, l>“,, and so on. In keeping with the intu-
ition that > is supposed to internalize a concept of time-steps, we think of >* as
representing time steps on a particular clock. Replaying the construction above
we define a type of guarded streams, Str”, satisfying a coinduction principle



which induces an isomorphism Str"™ & N x > Str”. This multiclocked version of
guarded recursion then adds a new type constructor which behaves like a func-
tion space from the object of clocks, with introduction and elimination given by
abstraction and application with the expected reductions. We denote this type
Vk.A. We add to this the primitive force : Vk. b* A — Vk.A, which is required to
be inverse to the functorial action of Vk on next”. Just as function spaces clock
quantification commutes with products, and so we get a string of isomorphisms
as follows:

V. Str™ = V. (N x p"Str")
> Vi N x Vk. " Str”
>~ Vk. N x Vk. Str”

One wrinkle in the calculation above is the lingering clock quantification on the
natural number factor, for this to faithfully implement the coinductive stream
type we at least need Vk.N to be isomorphic to N. Types that satisfy this are
called clock irrelevant and some instances of guarded type theories with multiple
clocks take the property as an axiom for all types [13]. The collection of clock
irrelevant types is closed under the standard type formers of type theory, and
as such the primary problem to be solved in adding the axiom is the universes.

As mentioned earlier, we need coinduction to encode non-causal behavior and
predicates. Passing to the above encoding does, however leave the door open for
programming in a way that is guaranteed to be causal. We can introduce terms
of, e.g., the coinductive stream type by constructing a guarded stream and then
abstracting x in it. This allows one to carefully isolate non-causal behavior and
retain the causality guarantee when needed.

1.1.4 Dependent right adjoints and multimodal type theory

Guarded recursion as described above is an instance of a more general class
of modalities, namely a dependent right adjoint [10]. The idea behind these
modalities is to have an action on contexts L in addition to the type operation
R. These are then essentially required to be adjoint, in some sense. Concretely,
they consist of rules as below and an as of yet unspecified elimination principle.

L) F A L) Fa:A
' R(A) 't modg(a) : R(A)

While the formation and introduction rules for a type as above are clear enough,
the elimination rule is a point of contention in the design of these systems. The
simplest choice would be to add a formal dual to the introduction rule, defining
an operation unmodg(—) which allows extraction of a term under a modg(—),
making the rule on the right in the above invertible. Modalities that follow
this schema, and variants of it designed to capture the same adjunction-style
relationship between L and R, are called Fitch-style modalities. Adding an
inverse to the operation modg(—) is similar to specifying function spaces with a



A and un-\ rule, and for similar reasons substitutions become problematic. We
cover now the proposed solutions that are relevant to the papers.

In [10] the elimination rule for modal types requires a weakening in the
conclusion, but the theory is augmented with a universal property for context
of the form L(T"). Together this results in a theory in which the eliminator for
modal types commutes with all definable substitutions. The approach taken
in the first paper is similar to that of [10] and leans on prior work on clocked
type theory [8, 36] in taking this function space analogy as far as it can go and
working from there. Here, mod, (—) is treated as A abstraction of a variable with
a restricted form of application as the elimination rule. In the context of guarded
recursion with multiple clocks in particular, these protovariables are called ticks,
and the type theories based on this approach are called multiple tick variants
of guarded recursion [8]. This approach is well-suited for the particular modal
type theory that is clocked type theory, but inherits the issue of dependent
right adjunctions regarding the semantics: the elimination rule is closed under
all definable substitutions, but it cannot be adequate with respect to the usual
presheaf models. A modified version of this approach is described in the first
paper, so we defer further discussion of this approach.

Another approach that exists in the literature is that of multimodal type
theory (MTT) [23], which has the major advantage that the elimination rule for
modal types is faithfully reproduced in the intended models. This is a fact we
leverage to reason in the internal MTT of certain structures in the second paper.
In MTT one allows for the abstraction of data available under a modality. More
concretely, the context extension rule allows for the extension of I' by types
in context L(I"). Modal types are then required to support modal induction,
which, following the general flavor of induction principles, can be approximated
as saying the to construct an inhabitant of some type motive C' which depends
on R(A) it suffices to construct it for terms of the form modgr(a). The exact
implementation of this is a form of let-binding which loosely matches the syntax
present in [45]. MTT is typically also augmented by a modal variant of the TI-
type allowing for the abstraction of the type assumptions which contexts can be
extended by. Apart from providing a solution to the problem of substitutions in
systems with Fitch-style modalities, a major advantage of MTT is the flexibility.
Instead of having a single modality as sketched above, MTT is indexed by a 2-
category M which we call a mode theory. The idea is that MTT consists of
a copy of MLTT for each mode (object of M) with a dependent adjunction
for each modality (morphism of M). Operations like next can be included as
2-morphisms in the mode theory, as it is essentially a transformation id — .
Having a centralized infrastructure for defining modal type theories has the
advantage that many properties of modal type theories can be obtained by
invoking a general result for MTT. For instance any instantiation of MTT has
a model [23] and enjoys normalization [22]. Many modal type theories can be
captured in the MTT framework, for instance modal S4, cohesive type theory,
certain variants of guarded recursion, and a type theory for parametricity [23].



1.1.5 Equality in type theory

As mentioned earlier, this thesis will largely work in and with CTT. To motivate
this choice we must first discuss equality in type theory more generally. In
all type theories there is a structural notion of equality, called definitional or
judgmental equality and one typically includes a notion of propositional or typal
equality. Judgmental equality is, as the name implies, a separate judgement of
type theory where typal equality is a (dependent) type. The typal equality is
thus the equality we have access to in type theory as a logic. For judgmental
equality, the point is to enshrine some chosen reduction rules into the structure
of type theory. The constraint it is placed under is that it should have enough
reductions to be helpful but not so many that the theory becomes trivial or, more
likely, difficult to work with. Typal equality on the other hand is, essentially by
definition, the least definable reflexive relation. It has an induction principle,
path induction, but for some types we have to reason about equalities in them
via extensionality principles. For now an extensionality principle is simply an
alternative way to show equality in a type, but later we will need a more precise
and stronger notion. The archetypical example is function extensionality, the
ability to show equality of functions by showing that they produce equal outputs
on equal inputs, or in other words that they have the same extensional behavior.
Such principles are usually included in judgmental equality by default.

Judgmental equality, being a structural concept, is allowed to have (silent)
structural consequences. The one most relevant to the discussion at hand is type
conversion:

A=B a:A
a:B

It is a desirable property for a type theory to have a decidable procedure for
checking whether a particular term a has type A. This puts a cap on how
complicated we can make judgmental equality. Since the check that a : B needs
to be decidable and one way to show it for a : A is to show that A = B it requires
that such proofs to not be overly abundant. It is similarly possible to define
a type conversion function from a inhabitant of the identity type between two
types using path induction, but this resulting function does not incur ambiguity
of typing.

A rule which could be added to type theory is the reflection rule, allowing one
to infer from the construction of a term in the identity type that the terms are
judgmentally equal. There are two good reasons to do this, with the first being
an easy way to obtain extensionality principles. Since these can be included at
will for judgmental equality, a system with the reflection rule which collapses
the two notions of equality can simply be required to include them. The second
reason to use reflection is an inherent cap on the complexity of the identity
type which can have at most one element (up to equality) with this rule. Both
of these make it quite a bit easier to work inside the type theory. We call
systems with the reflection rule extensional type theories and systems without
it intensional, or say that the systems have an extensional or intensional identity



type respectively.

The reflection rule allows for type conversion along arbitrary proofs of equal-
ity, and the existence or non-existence of such proofs is not generally decidable.
While decidability of type checking is desirable, it could conceivably be dropped
for sufficient benefit; we will not go further along this line of reasoning here, in-
stead we simply exclude the reflection rule as a possibility. This leaves us in a
slightly awkward position of having to obtain extensionality principles such as
function extensionality from elsewhere and having to accept a somewhat com-
plicated identity type. The latter of these is useful in its own right, since a more
complex type allows for a more expressive system, but the former is a problem
we need to solve.

1.1.6 Cubical type theory

This thesis works in the paradigm of cubical type theory. There are many rea-
sons to work in this paradigm: the intensional identity type which we argued
in favor of in the preceding section, extensionality principles such as function
extensionality and univalence and the added expressivity from higher inductive
types (HITs). In addition to this, cubical type theory is well-studied, meaning
that the most critical metatheoretic questions are settled definitively, specifi-
cally canonicity [26] and normalization [51], and that models of CTT are well-
understood [18, 35, 44]. In contrast to, e.g., HoTT it does not allow one to
introduce non-canonical elements of other types via the univalence axiom.

CTT is a dependent type theory extended with an interval primitive I with
endpoints 0 and 1. We then define a path type given by functions out of this
abstract interval, and the intention is to use the type of such maps as an equal-
ity type in line with the intuition from HoTT. To be slightly more concrete,
equalities between a and b in A are maps from the interval into A which are
judgmentally equal to a at 0 and b at 1. It is a slogan of any logic that equality
is the least relation that is all three of reflexive, symmetric, and transitive and
type theory is no different. Showing that the path relation is reflexive is easy:
simply take the constant function. The other properties are more tricky and
require some combination of operations in the type and extra structure on the
interval. We will work with the most structured interval and the least power-
ful operations following [18]. This means concretely that we require that the
interval is a De Morgan algebra, and as such has connections A and V which
can be seen as abstract minimum and maximum operations respectively, as well
as a reversal. This reversal can be used to show that paths are symmetric. In
addition to this, we note that as described in section 3.2 of [18] connections can
be used to show that singletons are contractible.

To show that paths are transitive we need Kan operations, which are an
abstract, cubical version of the horn filling property for simplicial sets as in
the description of Kan fibrations. In the tradition of [18] this is bundled into
a single operation called composition. These operations allows one to extend
certain partial elements to total ones, namely those partial elements which are
(path) equal to an extensible element and are specified on a formula from the face
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lattice. The way to think about the face lattice is as a collection of subobjects
of geometric cubes, specifically those corresponding to a union of faces and
subfaces of a cube. These Kan operations can then be used to show transitivity
of the path relation (a proof is reproduced in section 2 of the first paper).
Moreover the Kan operations can be used to define transport, a special case of
composition where one is extending an empty partial element. Together with
the aforementioned contractibility of singletons this can be used to show that
the path type supports path induction, and so ticks the boxes one might expect
of an identity type.

While the path type cannot support a reflection rule in a sensible way, it does
introduce more judgmental equalities into the theory, some directly and some via
the supporting composition operation. Directly from the path type we get the
required reductions: a path from a to b evaluated at 0 must reduce judgmentally
to a. At the same time composition is meant to provide an extension of a partial
element and so must reduce judgmentally to the partial element it is extending
whenever restricted to a face formula on which the partial element is specified.
To ensure that these do not break decidability of type checking out of hand
these criteria must themselves be decidable. This puts some pressure on the
interval and face lattice, but syntactically it boils down to checking equality in
a free De Morgan algebra and inequality in a free distributive lattice, both of
which are decidable.

Finally, there was a promise of extensionality principles as theorems. An
extensionality principle is at its core simply a description of the identity type of
a certain type. More formally, we take extensionality principle for A to mean
an equality of type between the identity type of A and some other type*. As
mentioned earlier, CTT satisfies univalence, so in this theory we can obtain
extensionality principles from isomorphisms. The most straight-forward one is
perhaps function extensionality, the statement that an equality between func-
tions is an equality between the outputs of the functions at every possible input.
In extensional type theory this is derivable but in general it is not so for inten-
sional type theories. CTT validates function extensionality by way of a proof
that swaps the input order to a certain function.

The second important extensionality principle validated by CTT as a the-
orem is the univalence axiom. The proof of univalence is significantly more
complicated than the one line proof of function extensionality, but it neverthe-
less does not necessitate the addition of undecidable judgmental equalities. As
mentioned above, univalence is what enables us to derive extensionality prin-
ciples from, e.g., the type isomorphism indicated in the description function
extensionality above. In fact function extensionality can also be obtained di-
rectly from univalence, but the proof above is simpler and generalizes better to

41n a different setting one might take extensionality principle to mean a principle for
inferring equality in a type. We make this stronger statement because we work in intensional
type theory which is proof relevant, or more specifically with a homotopical variant of type
theory where the (higher) identity types are themselves objects of interest. A slight weakening
that would be acceptable in this setting might be to require an equivalence of types instead,
but in a univalent context these are the same.
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modal types. In addition to this we obtain a slew of extensionality principles,
such as the one for X-types, coproducts, and many others, from univalence via
type equivalences.

Another important feature of CTT (or more generally any implementation
of HoTT) are the aforementioned HITs, which are covered in, e.g., chapter 6
of [54]. While inductive types will have constructor only for elements, HITs
have in addition constructors for the identity type as a built in quotienting
up to path. A simple example of the concept is the circle, an inductive type
with a single point and a freely added loop on that point. More generally we
might expect to be able to represent any finite (homotopy) colimit internally
with the syntax of HITs and we can as a special case construct quotients, which
have been challenging to represent internally in type theory. A large class of
modalities in type theory (although not the ones we will work with) can be
described with HITs as nullification of maps out of some indexing family [47]. A
particularly important example of such a modality is truncation, which nullifies
maps out of the sphere. The effect of this is to trivialize all higher paths. Types
with only trivial paths in dimension n and above are said to be of h-level n.
In particular 1-types are called h-sets and have no non-trivial paths. Apart
from this, HITs are a useful tool for representing free algebraic structure over a
type by freely adding both the operations and equalities as constructors. HITs
can be combined, and a particularly important such combination is the set
truncation of the free commutative monoid, i.e., the finite powerset functor. In
combination with recursion, the finite powerset functor can be used to encode
a type of finitely branching labelled transition systems. This structure is useful
for process theory, as we will discuss in more detail later.

1.1.7 Denotational semantics

Because model construction is a large part of both papers making up this thesis,
we discuss the payoff that one might hope to obtain from such work. Models are
useful in many respects but the two main ones are showing consistency of a given
type theory and gaining further insights about the theory via its semantics. At
a high level, denotational semantics is the process of ascribing mathematical
meaning to expressions in a programming language or logical theory [48]. More
concretely, this means that for some theory £ we define a mathematical structure
M and an interpretation function [—] : Expr(£) — M where Expr(£) is the
set of expressions in the theory £ sometimes considered up to some form of
equivalence. If such a function enjoys soundness, the property that expressions
provable in £ are true in M when we apply [—] to them, we call [—] a model
of L or say that £ is a model of L

Models can be useful for many purposes, we highlight those particularly
interesting in the study of cubical modal type theory below. Firstly, it can be
used to show consistency of a theory. Let us consider in detail how to prove
dependent type theory consistent and what such a proof might buy us in terms
of formal verification. Consistency is the property that a theory cannot prove a
contradiction, and in particular for type theory it is the inability to derive the
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judgement 1+ ¢ : 0 where 1 is the empty context and 0 is the empty type. One
can show that MLTT is consistent by constructing a model in the category of
sets. Here a term of the empty type would be interpreted as a map of sets from
the singleton set to the empty set, and no such map exists. Any proposition
can be proven in an inconsistent logic, so it has obvious value when we consider
type theory as a logic. In terms of formal verification, inconsistency only allows
one to retain the most basic guarantees, e.g., the fact that functions can never
be applied to input they are not defined on, but we lose all possibility of using
type theory as a logic for specifications.

In addition to the above, many other uses exists for denotational semantics.
The consistency discussion above is an important part of verifying that newly
added axioms lead to a sound theory, but this process is often a two-way street.
A recent high profile example is that of univalence. In around 2005, Voevodsky
produced a model of dependent type theory in Kan simplicial sets and observed
that this model satisfied the univalence axiom. The idea that one might be able
to produce models of intensional type theory with homotopically flavored iden-
tity types was present elsewhere [7], but the univalence axiom which crystalizes
this in the theory itself was extracted from a model. While the univalence axiom
indeed captures an important property of working with intensional type theory,
axioms do not generally have any computational meaning. This sparked a search
for models of univalence which deconstructs the axiom into more manageable
pieces than a monolithic property, resulting in the development of cubical type
theory.

Guarded recursion is also to some extent a result of extracting a theory
from a semantic construction. In [11] the topos of trees is shown to model
guarded recursion, and is then mined for insights into the theory by working
in its internal language. In particular it is used to establish the interaction
between > and the propositional logic of type theory. The multiclocked variants
of guarded recursion include a clock synchronization substitution [12] which was
not included in the theory until a suitable model was found.

Another example of this is the recent advances in normalization by eval-
uation (NbE) in the form of synthetic Tait computability (STC) [1, 52]. The
method of STC starts with the observation that the internal language of a topos
obtained via Artin gluing admits a useful description in terms of the open and
close modalities [47]. One can then work in this language to obtain the NbE
result without an obligation to check naturality of the constructions involved, a
significant boon for the scalability of NbE. This construction has at this point
been used to obtain normalization for both MTT [22] and CTT [51], with the
MTT normalization proof obtained this way being significantly shorter than the
canonicity proof obtained with traditional methods.
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1.2 Contributions

1.2.1 Greatest HITs: Higher inductive types in coinductive definitions via
induction under clocks

The goal of the first paper is to define and prove sound an implementable
type theory expressive enough for reasoning about infinite structures both in
a guarded way and coinductively. As we have seen throughout the previous sec-
tions the former is achieved by cubical type theory, and the latter is achieved in
the variant of guarded recursion with multiple clocks. The contribution of the
first paper is the definition of Clocked Cubical Type Theory (CCTT), which is
a combination of the two theories, as well as the construction of a model of this
theory. The problems we face in the definition of this theory is how to retain the
good computational properties of cubical type theory and the operationalization
of axioms such as clock and tick irrelevance from clocked type theory [36] as well
as the extension of coinductive reasoning to include the expressivity of HITs. In
addition, the theory must support extensionality principles for the type formers
inherited from clocked type theory.

For CCTT to fulfill its stated purpose of being suitable for reasoning about
coinduction, we need the theory to have a supply of functors which commute
with clock quantification and clock irrelevant types. The reason for this was
discussed in section 1.1.3. We described an encoding of coinductive types for
reactive programming using guarded recursion. In the extensional case this
procedure is well understood and in §2 we extend this to a cubical setting.
The general formulation of the encoding result lets one produce final coalgebras
for functors F which commute with clock quantification, or, in other words, it
allows us to produce solutions to type equations X ~ F(X) when the canonical
map F(Vk. X) — Vk. F(X) is an equivalence. We have already illustrated how
this works for the functor (—) x N in a type theory where the natural number
type N is clock irrelevant, but reactive programming is a broader subject than
stream operations. In particular, we can encode processes as finitely branching
labelled transition systems. To represent these in type theory we need the finite
powerset functor. This type former has traditionally been difficult to handle
because the construction includes quotients and it is handled in the cubical
setting using higher inductive types. For this particular encoding to work we
need the functor Pgn(— x A), where A is the type of labels, to commute with
clock quantification in CCTT.

This is achieved by adding a novel induction principle for HITs, induction
under clocks. This new induction principle allows one to structurally eliminate
out of Vk.H directly where H is a higher inductive type, and it is used to
show that many higher inductive type formers, including Pg,(— X A), commute
with clock quantification. More concretely, HITs support elimination principles
similar to those for inductive types allowing one to specify a map out of, e.g., the
propositional truncation of A by specifying it on in(a) and squash(x,y, 7). These
definitions are subject to boundary constraints ensuring that the value of the
path constructor squash coheres with the recursively obtained value on x and y
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on the respective endpoints. Induction under clocks allows for this case analysis
under an abstracted clock, so that we can define a map Vk.||A|| by defining it
on Ak.in(a[k]) and Ak.squash(x[x], y[x], ), with a boundary condition on the
second case as for the usual induction principle. Using induction under clocks
we define a map « as follows:

a Ve Al = ||Vk. Al
a(Ak.in(alk])) = in(a)
o\ squash(z[i] y[i] §)) = squash(a(z), a(y), )

One can show that this map is inverse® to the canonical map in the opposite
direction by separate applications of each of the induction principles available,
showing that propositional truncation commutes with clock quantification. As a
corollary we obtain the fact that clock irrelevant types are closed under proposi-
tional truncation, since for clock irrelevant A we have Vk.||A|| ~ |Vk.A|| ~ || A4]|.
A similar line of argument is carried out in the paper for more examples, extend-
ing the pool of functors that commute with clock quantification by pushouts,
higher truncations, and the finite powerset functor. In addition we prove a
general theorem extending the closure of clock irrelevant types under higher
inductive types to all higher inductive types. This solves the stated problem
of obtaining a supply of functors and types which interact favorably with clock
quantification.

Now that we have provided a large class of functors commuting with clock
quantification and clock irrelevant types, we can leverage the encoding of coin-
ductive types to give a faithful, safe implementation of coinduction in type
theory. The coinductive types constructed via the encoding result presented in
the paper are conjectured to have an identity type coinciding with bisimilarity in
the spirit of [40], supported by a proof of this fact in the case of finitely branch-
ing labelled transition systems. In addition to this, and the usual trappings
of cubical type theory in the form of univalence and function extensionality,
CCTT supports two extensionality principles specific to clocked primitives. To
state the extensionality principle properly we must first explicate the > opera-
tor: In this system the official syntax is >(« : k).A4, and we say that the tick
« on the clock k is abstracted in the type A. We show in the paper that for
any =,y : >« : k).A we have an equivalence (and hence equality) of types
>(a : k).(2zla] =ap] Y[Q]) = 2 =p(a:k).4 y. Furthermore, clock quantification
has an extensionality principle akin to function extensionality.

Obtaining functors which commute with clock quantification and clock ir-
relevant types via the principle of induction under clocks has the advantage
that it does not rule out an implementation of the theory. Clocked type theory
needs a second irrelevance priciple that we have only mentioned so far: tick
irrelevance. CCTT features an operationally motivated implementation of this
axiom which is again compatible with implementability. Had we assumed these
irrelevance principles as axioms, as is done in other version of the multiclocked

5 One could instead say quasi-inverse here, since it is only inverse up to a path.
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theory, no such implementation would be within reach. We conjecture that the
theory as given in the paper supports a decidable normalization procedure and
hence a decidable type checking algorithm. This conjecture is supported by the
normalization result for a core calculus of clocked type theory without identity
types [8].

The composition operation of cubical type theory is well-behaved in part
because it supports reductions to composition in constituent types. In CCTT
composition in Vk. A reduces to composition in A similarly to the reduction
given for II-types, and composition in >% A supports a reduction to composition
in A under certain circumstances, with the reduction being extractible from
the construction in the model. That composition reduces in a sensible way is
another point for the implementability conjecture. The sum total of these parts
is a fully furnished type theory for programming with and reasoning about a
large class of coinductive types.

The theory is shown to be sound via the construction of a denotational model
in presheaves over the product of the cube category used for modelling cubical
type theory and the category of time objects used to model guarded recursion
with multiple clocks. The novelties of the model are the description of induction
under clocks and the composition structure for > A. The higher inductive
types included in the theory are given by a schema adapted from [15], with the
semantics being a variant of what is described in [20] adapted to this extended
presheaf category. Applying a result from [13] characterizing the semantics of
clock quantification as a certain limit we then show that induction under clocks
is validated in the model. The composition structure for > A is obtained by
making requirements on the left adjoint to >, in particular that it preserves
the interval and other cubical structure.

1.2.2  Unifying modal and multimodal type theory

In section 1.1.4 we pointed out the utility in having a single unified approach
to modal type theory in the form of the parameterized MTT. As both an in-
stance and extension of this program, we present in the second paper a cubical
variant of MTT, Cubical Multimodal Type Theory (MTTg). The motivation
for defining this type theory is much the same as for the first paper. There is
a tension between the expressivity of the theory as mediated by extensionality
principles and the implementability. Cubical type theory is an implementable
theory with a good supply of extensionality principles derived from either uni-
valence or directly. Thus one might hope that a combination of multimodal
type theory and cubical type theory offers an implementable type theory with
both the well-behaved equality types of cubical type theory and the flexibility of
modal constructions afforded by multimodal type theory. This should be sup-
ported by, in particular, a reduction rule for composition in modal types and an
extensionality principle for equality in modal types. While MTT is flexible, it
does not cover all axioms of, e.g., guarded recursion, where lob has to be added
separately. Therefore we need a method for constructing model of instantiations
of MTTg for it to be a useful framework. Both of these problems are resolved
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in the paper. To be specific, recall that MTT consists of local copies of MLTT.
These will be swapped for local copies of CTT in MTTH. We can derive a modal
extensionality principle in the same vein as the one described the first paper,
this time for any modal type. In addition we can type a computation rule for
composition in modal types.

The primary challenge in the design of MTTp is in specifying how the cu-
bical primitives in one mode should interact with those in other modes. The
machinery that makes the theory work is a collection of exchange operations
which mediate the interaction of the modalities with the cubical primitives.
The guiding principle is that the cubical judgments should not be affected by
the modalities. This principle is reified as two operations which each induce
a substitution, as well as inverses to these induced substitutions. These op-
erations and substitutions are given in fig. 3 of chapter 3. In the notation
of section 1.1.4, the operation allow one to access cubical data available in con-
text T' when working in L(T), i.e., interval and face lattice terms.

To describe the contributions in detail we need to recall some notation from
CTT and MTT. In cubical type theory we have the interval primitive, which
is implemented with a context extension rule and a term construction. The
interval terms in context I' are generated according to the following grammar:

(Abstract interval) r,s:1 == 4|0|1|1—r|rVs|rAs

The terms constructed from this grammar are subject to the De Morgan
algebra equations. From MTT we need the context judgments and the modal
action on context. Contexts in MTT are annotated by a mode m : M, writ-
ten as ' cx @, and we can move a context from one mode to another via
the morphisms of M. Concretely, from p : n — m and I' cx@m we can ob-
tain ', {u} cx @ n. This context operation is required to be strictly 2-categorical,
meaning, for instance, that we have the following equality of contexts: I'.{pov} =
FA{p}{v} exam.

In MTTH we extend the interval grammar with the an operation —#, given
by the left rule below. From this rule we can construct a substitution I',i :
L, {p} F o, :T,{u},j: I, @m defined by extending the weakening substitu-
tion under {u} by i*. On the right in the below rules we have the introduction
for a substitution o*, which we require to be inverse to o. Both the operation
and the defined substitution are required to satisfy equalities making them lax
natural and strictly 2-functorial in p respectively, just as the action on con-
texts is strictly 2-functorial. This is necessary to avoid ambiguity in exchange
operations, which would otherwise induce infinitely many a priori different en-
doisomorphisms on any context via exchanging along the identity any number
of times. The operation is furthermore required to commute with De Morgan
algebra connectives.

I'tr:L,am
D {p}tbErt:I,an D {pti: I, Fo® :T,5: Ly, {u}an

The face lattice restrictions on contexts are similarly required to commute with
{p}, which is split into an operation as on the left above for the face lattice and
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a derivable substitution to which we add an inverse, with both added primitives
required to cohere with the 2-categorical structure of M as appropriate. To-
gether this data allows us to achieve our stated goals of obtaining a reduction
rule for modal composition and an extensionality principle for modal types. We
type a reduction rule for composition in (u | A) to composition in A provided
that the input system to the composition is obtained by applying mod,(—) in
section 3.2 of the second paper. Additionally we derive a modal extensionality
principle. As for previous derivations of such extensionality principles we use
the explicit representation of equality given by the path type in this derivation.

Apart from giving a workable setup for the combination of modal and cubical
type theory, the primary contribution is a model construction, essentially ex-
tending the theory of Orton-Pitts style models to multimodal type theory. This
is shown to produce a large class of presheaf models covering many important
examples out of the box.

The syntax of MTTq is given as a generalized algebraic theory, meaning in
particular that it comes equipped with a notion of model. This model definition
can be neatly packaged in the language of 2-categories, giving a sensible notion
of categorical model for MTTH. Just as directly modelling other type theories,
producing models according to this specification is mostly intractable. Our
contribution on the semantic side is a method for constructing models from
categorical data. Just as MTTg can be thought of as a collection of copies
of CTT connected by modalities, so too will the models consist of models of
CTT at each mode connected by dependent adjunctions. We define cubical
cosmoi, fusing two concepts from earlier work. A cubical cosmos over M is a
pseudofunctor F' : M — Cat such that each category F(m) can be given the
structure of a model of CTT and each F(u) has a left adjoint which interacts
appropriately with the cubical structure. More concretely, each F(m) is an
elementary topos with a tiny interval and a face lattice subject to certain axioms
as in [44, 35] which is sufficient for it to furnish a local model of CTT. In
addition, the value of F on morphisms must be functors with lex left adjoints
which preserve the interval and face lattices up to chosen isomorphisms, with
the data of these isomorphisms assembling into a pseudonatural transformation.

Any cubical cosmos induces a model of MTT, which is the main semantical
result of the second paper. The proof of this theorem combines a strictification
result to obtain a model of MTT, the LOPS-style approach to model the cubical
components of the theory, and direct calculations to model the exchange oper-
ations. To produce examples of cosmoi, it is shown that given a strict 2-functor
f: M — Cat we obtain a cubical cosmos in the network of presheaf categories
PSh(f(m) x O), where O is the De Morgan cube category, connected by either
precomposition by f(u) x id or right Kan extension of these functors. In par-
ticular this is used to produce a model of a variant of guarded recursion with
a single clock and a modality which serves roughly the same purpose as clock
quantification in the multiclocked setting.

The result is a framework for defining modal type theories with a strong
justification in a model construction. This framework encapsulates both the
flexibility of modal reasoning present in MTT and the computationally well-
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behaved identity type of CTT. We further conjecture that the normalization
results based on STC for MTT [22] and CTT [51] can be combined so as to show
normalization for MTTq.

1.3 Related work

This section will cover the work that we built directly on in the papers that did
not find a home in the background section as well as some work that purports
to solve the same or similar problems.

Related variants of guarded recursion

The variant of guarded recursion presented in the first paper is a successor to
two other variants of guarded recursion, namely ticked cubical type theory [40]
and clocked type theory [8, 36]. These theories are the offshoot from guarded
recursion that uses named ticks in the later modality, ticks can then be ab-
stracted in the context and an associated elimination rule for > given by a
controlled form of function application. Ticked cubical type theory is a version
of this theory with a single clock in a cubical background theory with clocked
type theory being the version with multiple clocks.

On their own, each of these theories enjoy some, but not all, of the desirable
properties of clocked cubical type theory. Clocked type theory supports an
encoding result similar to the one presented in the first paper, allowing for
programming with and reasoning about coinduction. It does not, however,
support higher inductive types, and as such the encoding of finitely labelled
transition systems is not present in that theory. The presentation of clocked type
theory in [8] contained no identity types, but [36] updated the theory with an
extensional identity type adding some much needed expressivity. Unfortunately
the extensional identity type is not suited for implementation and reasoning
about equality in modal types. Ticked cubical type theory on the other hand
exists in a cubical setting, meaning that it does not have these defects. Here
the problem is in the expressivity of the recursion scheme. Because the theory
does not have multiple clocks and clock quantification it is limited to guarded
types that do not support true coinduction principles.

Another variant of guarded recursion related to this approach is the one
presented in the last section of the second paper. Here we operate with a
single later modality, but enhance the theory with a modality [J which behaves
similarly to clock quantification [17]. The crucial bit is the counterpoint to the
force primitive, an isomorphism > A ~ [OA, which allows for an encoding
result in the style of clocked type theory. In terms of expressivity, the cubical
variant of this theory presented in the second paper is similar to clocked cubical
type theory; it lacks only the ability to represent nested coinductive types which
rarely appear in practice. While this theory might seem simpler to work with
on its face, the fact that clock quantification is represented as a function space
makes it simple to work with in type theory. In the context of cubical versions
of the theory, this means that clock quantification supported a composition
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structure and an extensionality principle, both obtained by the same arguments
as for II-types and thus well understood from the beginning. There is no clearly
better theory between the two; one cannot present clocked type theory as an
instance of MTT without losing the simple description of clock quantification
and the [0 modality cannot be cast in terms of a function space to our knowledge.

Recall that the arguments for the desirability of coinduction rests on two dif-
ferent applications; firstly the definability of relations such as weak bisimilarity
and secondly on the non-causality of certain functions known to be productive,
e.g., the function returning every other element of some input stream. One
principled solution to the latter problem has been proposed in the form of time-
warps [24]. While > is conceptualized as pushing data one time-step into the
future, time-warps allow for the representation of more general time operations.
One instance of time-warps allow for the definition that steps twice as fast
and applying this in the case of streams we can define the function described
above via this warp: the n’th output of the stream is allowed to depend on the
2n’th input! This allows for the typing of a wide array of functions not typable
without appealing to general coinduction in the systems described above. This
approach is able to keep track of not just whether some definition is produc-
tive, but also exactly how time flows in some defined stream, i.e., how it is
productive. Time-warps are a promising alternative guarded recursive variant
for further research.

Sized types

Sized types is a different paradigm for what amounts to abstract step indexing,
and has been deployed to ensure termination of structural recursion over induc-
tive types and productivity of coinductive programs [27]. The core idea is to
attach to each term of a type a size; for inductive types this size is a natural
number bounding from above the depth of the term. For coinductive types such
as streams, sizes can be used to track whether functions are unfolding or folding
a stream, promising a theory in which recursive depth is tracked systematically.

While sized types purports to solve similar problems to those solved by
guarded recursion, the theoretical foundations are quite dissimilar. Both ap-
proaches are integrated with dependent types, but the study of their seman-
tics have taken different approaches. As we have seen throughout this thesis,
guarded recursion is well-understood through the lens of denotational seman-
tics; sized types have primarily been investigated operationally. Dependent
sized types are type safe [3] and enjoy normalization via an NbE algorithm [4].
Furthermore they have been implemented in Agda [2], and this implementation
has been used to encode coinductive types. It is formally connected to guarded
recursion by an encoding of guarded recursion using sized types in Agda [55].
Unfortunately the current implementation of sized types is inconsistent because
of its use of the infinite sizeS. It also does not have a denotational semantics to
our knowledge.

6 This is due to an issue described at https://github.com/agda/agda/issues/2820
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Modalities in HoTT

A different conceptualization of modalities in type theory is that of certain
idempotent monads as developed in [47]. This work is relevant to the papers
both because they concern modalities and to the first in particular because
it offers a potential solution to the problem of clock irrelevant universes. The
starting point for that investigation is to notice that these modalities admit four
equivalent descriptions, each suitable for different proofs. In particular, a class of
idempotent monadic modalities are characterized which have the property that
the type (A : U).isModal~(A) is itself modal with respect to the modality O.
The modalities they consider include those given by nullification of an object,
and under certain circumstances such modalities allow for internal definition of
modal universes of modal types.

Clock irrelevance can be thought of as nullification of the clock object, al-
though it is not an object in the theory, the model describes it as one. Thus
one might hope that the above universe construction applies in this case. Un-
fortunately it does not satisfy the assumptions for this construction.

Cohesive type theory

Cohesive type theory is related to the present work for two reasons: firstly it is
representable as an instance of MTT with the mode theory spelled out in [14],
and secondly it is another instance of a modal type theory in which a modal
universe of modal types is constructed. It is helpful to keep the following picture
in mind, adapted from [49]:

Spaces

o] AT ey

Sets

In terms of the first point, cohesive type theory has been applied as a tool
for connecting theories with different axioms. In the above picture, we think
of spaces as having more structure and thus fewer admissible rules. There are
three recent examples of the mode of application for cohesive type theory. It
was conceived in the connection of a theory of topological types with a theory
of 7sets” to allow for the application of classical axioms such as the law of
excluded middle in a controlled fashion [49]. This allows one to connect results
from synthetic homotopy theory as derived in HoTT to the theory of topology
formalizable in HoTT, with the concrete application given by Shulman in [49]
the paper being a proof of Brouwer’s fixpoint theorem. While homotopy theory
has applications apart from those in topology, this connection is an important
addition to the topologists toolbox in HoTT.

Another application is that given by Kavvos in [31]. Here a flavor of cohesion
is set up to describe information flow, with the ”spaces” in the above picture
being sets with an equivalence relation, and the ”sets” being actual sets. The
total equivalence relation on a set amounts to a secret set, and the minimal
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relation amounts to a public set. Kavvos uses an adequate model of this to show
that the resulting calculus for information flow control satisfies the critical non-
interference property, meaning that public programs cannot distinguish elements
of secret sets. The theory as it is extensional, meaning that it is unsuitable for
implementation and the results in the second paper is a promising avenue for
implementation.

A final example is that of internal parametricity in cubical type theory [16].
Here a type theory with primitives for using parametricity to show ”free the-
orems” [57] and the by now familiar cubical primitives is defined and given a
model. In this theory many problematic proofs become manageable, with the
most striking example being their treatment of the smash product of types which
is a particularly complicated structure in theories with higher equalities. The
idea is that using these primitives will let us reason about the smash product
in cubical type theory, but a mathematician interested in this smash product
might reasonably point out that they are interested in the cubical smash prod-
uct, not the smash product in cubical type theory with extra primitives! Cavallo
endeavors to solve this using cohesion in his thesis [14]. In particular he defines
a variant of cohesive type theory where the spaces are parametric types and the
sets are regular cubical types. It is shown that the theorems obtained in the
parametric mode can be carried over to the ordinary cubical mode, thus com-
pleting the program of giving a scalable approach to working with structures
that incur many coherence obligations, e.g., the smash product. The model pro-
duced for this cohesive theory has some of the same challenges as those present
in the second paper, but the solution relies on the specifics of the situation and
thus does not scale to other settings where one might want to connect theories
with cohesion.

Finally, there is a possibility that one can construct clock irrelevant universes
of clock irrelevant types via the methods used to obtain a discrete universe of
discrete types in [49]. In cohesive type theory, discrete types can be conceptual-
ized as those types lacking certain structure. The setup that might be helpful for
producing clock irrelevant universes would have strictly clock irrelevant types
for sets and regular types for spaces. Semantically there does exist a model of
such a cohesive type theory, but it is not quite enough. The result we have
from [49] does not produce proper universes, and the gap has yet to be closed
in the proposed model for cohesive clock irrelevance.

1.4 Statement of contributions

e M. B. Kristensen, R. E. Mggelberg, A. Vezzosi, ” Greatest HITs: Higher in-
ductive types in coinductive definitions via induction under clocks”. Sub-
mitted for publication at LICS 2022.

I participated in the design of the theory defined in the paper, in particular
taking lead on the development and application of induction under clocks.
I contributed most of the denotational model given in the appendix to
the paper. I participated in writing all parts of the paper and wrote the
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section on induction under clocks and the section on semantics.

F. L. Aagaard, M. B. Kristensen, D. Gratzer, L. Birkedal, ” Unifying modal
and multimodal type theory”. Submitted for publication at LMCS.

I participated in the design of the theory and the development of the
semantics. In particular I contributed the initial definitions and proofs
that lead to the notion of cubical cosmoi as models of MTT, as well
as the derivation of the composition structure on modal types and the
reduction rule this operation satisfies. I participated in writing the paper,
taking lead on the section on MTT and CTT, with the sections on MTTq
and its semantics following the logical progression laid out in the initial
notes written be me.

23



1]

2]

BIBLIOGRAPHY

Andreas Abel. Normalization by Evaluation: Dependent Types and Impred-
icativity. Habilitation.

Andreas Abel. Miniagda: Integrating sized and dependent types. In Ana
Bove, Ekaterina Komendantskaya, and Milad Niqui, editors, Workshop on
Partiality And Recursion in Interative Theorem Provers (PAR 2010), Satel-
lite Workshop of ITP’10 at FLoC 2010, 2010.

Andreas Abel, Brigitte Pientka, David Thibodeau, and Anton Setzer. Co-
patterns programming infinite structures by observations. volume 48, pages
27-38, 01 2013.

Andreas Abel, Andrea Vezzosi, and Theo Winterhalter. Normalization by
evaluation for sized dependent types. Proc. ACM Program. Lang., 1:33:1—
33:30, 2017.

Carlo Angiuli, Kuen-Bang Hou (Favonia), and Robert Harper. Cartesian
Cubical Computational Type Theory: Constructive Reasoning with Paths
and Equalities. In Dan Ghica and Achim Jung, editors, 27th EACSL An-
nual Conference on Computer Science Logic (CSL 2018), volume 119 of
Leibniz International Proceedings in Informatics (LIPIcs), pages 6:1-6:17,
Dagstuhl, Germany, 2018. Schloss Dagstuhl-Leibniz-Zentrum fuer Infor-
matik.

Robert Atkey and Conor McBride. Productive Coprogramming with
Guarded Recursion. In Proceedings of the 18th ACM SIGPLAN Interna-
tional Conference on Functional Programming, ICFP ’13, pages 197-208.
Association for Computing Machinery, 2013.

Steve Awodey and Michael A. Warren. Homotopy theoretic models of
identity types. Mathematical Proceedings of the Cambridge Philosophical
Society, 146(1):45-55, 2009.

Patrick Bahr, Hans Bugge Grathwohl, and Rasmus Ejlers Mggelberg. The
clocks are ticking: No more delays! In 2017 32nd Annual ACM/IEEE
Symposium on Logic in Computer Science (LICS). IEEE, 2017.

Patrick Bahr, Christian Uldal Graulund, and Rasmus Ejlers Mggelberg.
Simply ratt: A fitch-style modal calculus for reactive programming without
space leaks. Proc. ACM Program. Lang., 3:109:1-109:27, 2019.



[10]

Lars Birkedal, Ranald Clouston, Bassel Mannaa, Rasmus Ejlers Mggelberg,
Andrew M. Pitts, and Bas Spitters. Modal dependent type theory and
dependent right adjoints. Mathematical Structures in Computer Science,
30(2):118-138, 2020.

Lars Birkedal, Rasmus Mggelberg, Jan Schwinghammer, and Kristian
Stavring. First steps in synthetic guarded domain theory: step-indexing in
the topos of trees. Logical Methods in Computer Science, 8(4), 2012.

Ales Bizjak and Rasmus Ejlers Mggelberg. A model of guarded recur-
sion with clock synchronisation. Electronic Notes in Theoretical Computer
Science, 319:83 — 101, 2015. The 31st Conference on the Mathematical
Foundations of Programming Semantics (MFPS XXXT).

Ales Bizjak and Rasmus Ejlers Mggelberg. Denotational semantics for
guarded dependent type theory. Mathematical Structures in Computer Sci-
ence, 30(4):342-378, 2020.

Evan Cavallo. Higher inductive types and internal parametricity for cubical
type theory. PhD thesis, Carnegie Mellon University, 2021.

Evan Cavallo and Robert Harper. Higher inductive types in cubical com-
putational type theory. Proc. ACM Program. Lang., 3(POPL), jan 2019.

Evan Cavallo and Robert Harper. Internal Parametricity for Cubical Type
Theory. In Maribel Fernandez and Anca Muscholl, editors, 28th EACSL
Annual Conference on Computer Science Logic (CSL 2020), volume 152
of Leibniz International Proceedings in Informatics (LIPIcs), pages 13:1-
13:17, Dagstuhl, Germany, 2020. Schloss Dagstuhl-Leibniz-Zentrum fuer
Informatik.

Ranald Clouston, Ales Bizjak, Hans Bugge Grathwohl, and Lars Birkedal.
Programming and reasoning with guarded recursion for coinductive types.
In Andrew Pitts, editor, Foundations of Software Science and Computation
Structures, pages 407-421. Springer Berlin Heidelberg, 2015.

Cyril Cohen, Thierry Coquand, Simon Huber, and Anders Mértberg. Cu-
bical Type Theory: A Constructive Interpretation of the Univalence Ax-
iom. In Tarmo Uustalu, editor, 21st International Conference on Types for
Proofs and Programs (TYPES 2015), volume 69 of Leibniz International
Proceedings in Informatics (LIPIcs), pages 5:1-5:34, Dagstuhl, Germany,
2018. Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik.

Thierry Coquand. Infinite objects in type theory. In Proceedings of the
International Workshop on Types for Proofs and Programs, TYPES ’93,
page 62-78, Berlin, Heidelberg, 1994. Springer-Verlag.

Thierry Coquand, Simon Huber, and Anders Mortberg. On Higher Induc-
tive Types in Cubical Type Theory. In Proceedings of the 33rd Annual

25



[28]

[29]

[30]

[31]

ACM/IEEE Symposium on Logic in Computer Science, LICS 18, pages
255-264, New York, NY, USA, 2018. ACM.

Rowan Davies and Frank Pfenning. A modal analysis of staged computa-
tion. Journal of the ACM, 48(3):555-604, May 2001.

Daniel Gratzer. Normalization for multimodal type theory. CoRR,
abs/2106.01414, 2021.

Daniel Gratzer, G.A. Kavvos, Andreas Nuyts, and Lars Birkedal. Mul-
timodal dependent type theory. 1In Proceedings of the 35th Annual
ACM/IEEE Symposium on Logic in Computer Science, LICS ’20. ACM,
2020.

Adrien Guatto. A generalized modality for recursion. In Proceedings of the
33rd Annual ACM/IEEE Symposium on Logic in Computer Science, LICS
’18. ACM, 2018.

Martin Hofmann. On the interpretation of type theory in locally cartesian
closed categories. In Computer Science Logic, 1994.

Simon Huber. Canonicity for cubical type theory. Journal Automated
Reasoning, 63(2):173-210, 2019.

John Hughes, Lars Pareto, and Amr Sabry. Proving the correctness of reac-
tive systems using sized types. In Proceedings of the 23rd ACM SIGPLAN-
SIGACT Symposium on Principles of Programming Languages, POPL *96,
page 410-423, New York, NY, USA, 1996. Association for Computing Ma-
chinery.

Bart Jacobs. Introduction to Coalgebra: Towards Mathematics of States
and Observation. Cambridge Tracts in Theoretical Computer Science. Cam-
bridge University Press, 2016.

RALF JUNG, ROBBERT KREBBERS, JACQUES-HENRI JOURDAN,
ALES BIZJAK, LARS BIRKEDAL, and DEREK DREYER. Iris from the
ground up: A modular foundation for higher-order concurrent separation
logic. Journal of Functional Programming, 28:e20, 2018.

K Kapulkin and K Szumilo. Internal languages of finitely complete (?,
1)-categories. Selecta Mathematica, 25, June 2019. (C) Springer Nature
Switzerland AG 2019. This is a post-peer-review, pre-copyedit version of an
article published in Selecta Mathematica. The final authenticated version
is available online at: https://doi.org,/10.1007/s00029-019-0480-0.

G. A. Kavvos. Modalities, cohesion, and information flow. Proceedings of
the ACM on Programming Languages, 3:20:1-20:29, 2019.

26



[32]

[36]

[38]

[39]

[40]

[41]

[42]

Neelakantan R. Krishnaswami. Higher-order functional reactive program-
ming without spacetime leaks. In Proceedings of the 18th ACM SIG-
PLAN International Conference on Functional Programming, ICFP 13,
page 221-232, New York, NY, USA, 2013. Association for Computing Ma-
chinery.

Joachim Lambek and Philip J. Scott. Introduction to Higher Order Cate-
gorical Logic. Cambridge University Press, 1986.

F. William Lawvere. Axiomatic cohesion. Theory and Applications of
Categories, 19(3):41-49, 2007.

Daniel R. Licata, Ian Orton, Andrew M. Pitts, and Bas Spitters. Internal
Universes in Models of Homotopy Type Theory. In H. Kirchner, editor,
3rd International Conference on Formal Structures for Computation and
Deduction (FSCD 2018), Leibniz International Proceedings in Informatics
(LIPIcs), pages 22:1-22:17. Schloss Dagstuhl-Leibniz-Zentrum fuer Infor-
matik, 2018.

Bassel Mannaa, Rasmus Ejlers Mggelberg, and Niccolo Veltri. Ticking
clocks as dependent right adjoints: Denotational semantics for clocked type
theory. Logical Methods in Computer Science, Volume 16, Issue 4, Decem-
ber 2020.

Per Martin-Lo6f. An intuitionistic theory of types: predicative part. In H.E.
Rose and J.C. Shepherdson, editors, Logic Colloquium *73, Proceedings of
the Logic Colloquium, volume 80 of Studies in Logic and the Foundations
of Mathematics, pages 73-118. North-Holland, 1975.

R. Milner. Communication and Concurrency. Prentice-Hall, Inc., USA,
1989.

Rasmus Ejlers Mggelberg. A type theory for productive coprogramming
via guarded recursion. In Proceedings of the Joint Meeting of the Twenty-
Third EACSL Annual Conference on Computer Science Logic (CSL) and
the Twenty-Ninth Annual ACM/IEEE Symposium on Logic in Computer
Science (LICS), CSL-LICS ’14, 2014.

Rasmus Ejlers Mggelberg and Niccolo Veltri. Bisimulation as path type for
guarded recursive types. Proc. ACM Program. Lang., 3(POPL), jan 2019.

Rasmus Ejlers Mggelberg and Marco Paviotti. Denotational semantics of
recursive types in synthetic guarded domain theory. Math. Struct. Comput.
Sei., 29(3):465-510, 2019.

H. Nakano. A modality for recursion. In Proceedings Fifteenth Annual
IEEE Symposium on Logic in Computer Science (Cat. No.99CB36332),
pages 255-266. IEEE Computer Society, 2000.

27



[43]

[44]

[45]

[46]

[56]
[57]

[58]

Ulf Norell. Implementing Functional Generic Programming. PhD thesis,
2004.

Tan Orton and Andrew M. Pitts. Axioms for Modelling Cubical Type
Theory in a Topos. Logical Methods in Computer Science, 14(4), 2018.

FRANK PFENNING and ROWAN DAVIES. A judgmental reconstruc-
tion of modal logic. Mathematical Structures in Computer Science,
11(4):511-540, 2001.

Benjamin C. Pierce. Types and Programming Languages. The MIT Press,
1st edition, 2002.

Egbert Rijke, Michael Shulman, and Bas Spitters. Modalities in homotopy
type theory. Logical Methods in Computer Science, 16(1), 2020.

Dana S. Scott and Christopher S. Strachey. Toward a mathematical se-
mantics for computer languages. 1971.

Michael Shulman. Brouwer’s fixed-point theorem in real-cohesive homotopy
type theory. Mathematical Structures in Computer Science, 28(6):856-941,
2018.

Michael Shulman. All (oo, 1)-toposes have strict univalent universes, 2019.

Jonathan Sterling and Carlo Angiuli. Normalization for cubical type theory.
In Proceedings of the 36th Annual ACM/IEEE Symposium on Logic in
Computer Science, LICS 21, New York, NY, USA, 2021. ACM.

Jonathan Sterling and Bas Spitters. Normalization by gluing for free A-
theories, 2018.

The Coq Development Team. The coq proof assistant, October 2019.

The Univalent Foundations Program. Homotopy Type Theory: Univalent
Foundations of Mathematics. Institute for Advanced Study, 2013.

Niccolo Veltri and Niels van der Weide. Guarded recursion in agda via sized
types. volume 131, page 32:1-32:19. Schloss Dagstuhl - Leibniz-Zentrum
fuer Informatik GmbH, 2019.

Vezzosi, Andrea. agda-guarded, 2021.

Philip Wadler. Theorems for free! In Functional Programming Languages
and Computer Architecture, pages 347-359. ACM Press, 1989.

Hongwei Xi and Dengping Zhu. To memory safety through proofs. ArXiv,
abs/1810.12190, 2018.

28



2. GREATEST HITS: HIGHER INDUCTIVE TYPES IN
COINDUCTIVE DEFINITIONS VIA INDUCTION UNDER
CLOCKS



Greatest HITs: Higher inductive types in coinductive
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Abstract

We present Clocked Cubical Type Theory, the first type the-
ory combining multi-clocked guarded recursion with the
features of Cubical Type Theory. Guarded recursion is an
abstract form of step-indexing, which can be used for con-
struction of advanced programming language models. In its
multi-clocked version, it can also be used for coinductive
programming and reasoning, encoding productivity in types.
Combining this with Higher Inductive Types (HITs) this
extends to coinductive types that are traditionally hard to
represent in type theory, such as the type of finitely branch-
ing labelled transition systems.

Among our technical contributions is a new principle of
induction under clocks, providing computational contents
to one of the main axioms required for encoding coinduc-
tive types. This principle is verified using a denotational
semantics in a presheaf model.
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1 Introduction

Homotopy type theory [49] is the extension of Martin-Lo6f
type theory [36] with the univalence axiom and higher in-
ductive types. It can be seen as a foundation for mathematics,
allowing for synthetic approaches to mathematics, as exem-
plified by synthetic homotopy theory, as well as more direct
formalisations of mathematics, closer to the traditional set-
theory based developments. Higher Inductive Types (HITs)
play a key role in both approaches: In synthetic homotopy
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theory these are used to described spaces such as the spheres
and the torus, and in the more direct formalisations, HITs
express free structures and quotients, both of which have
traditionally been hard to represent and use in type theory.
The kind of mathematics that is particularly important
to the LICS community often involves reasoning about re-
cursion, and in particular programming with and reasoning
about coinductive types. Doing this in type theory has his-
torically been difficult for a number of reasons. One is that
the definitions of the functors of interest in coalgebra often
involve constructions such as finite or countable powerset
(for modelling non-determinism), or quotients. All of these
are known to be representable as HITs [15, 26, 49]. Another
reason is that programming and reasoning about coinductive
types involves productivity checking, which in most proof
assistants is implemented as non-modular syntactic checks
that can lead to considerable overhead for programmers [24].
A third reason is that bisimilarity, which is the natural notion
of identity for coinductive types, rarely (at least provably)
coincides with the built-in identity types of type theory, and
so proofs cannot be transported along bisimilarity proofs.
Multi-clocked guarded recursion [6] allows for the produc-
tivity requirement for coinductive definitions to be encoded
in types. The key ingredient in this is a modal operator »
(pronounced ‘later’) indexed by clocks k, encoding a no-
tion of time-steps in types. Guarded recursive types such as
Str® ~ N X »*Str* are recursive types in which the recursion
variable occurs only under a ». In the case of Str* the type
equivalence above states that the head of a guarded stream
is available now, but the tail only after a time step on clock .
Guarded streams can be defined using a fixed point operator
fix“ of type (»*A — A) — A.In the case of Str” the delay in
the domain of the input precisely captures the productivity
requirement for programming with streams. Guarded recur-
sive types can themselves be encoded as fixed points on a
universe. Using quantification over clocks, the coinductive

type of streams can be encoded as Str L ke St~

Guarded recursion [42] can also be used as an abstract
approach to step-indexing techniques [4, 5]. In particular,
the type variables in guarded recursive types can also ap-
pear in negative positions, and so can be used to provide
models of untyped lambda calculus or solve the advanced
type equations needed for modelling higher-order store [10]
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and advanced notions separation logic [33]. A type theory
combining guarded recursion with homotopy type theory
will therefore provide a powerful framework, not just for
coinductive reasoning but also for reasoning about recursion
and advanced programming language features beyond the
reach of traditional domain theory.

1.1 Clocked Cubical Type Theory

This paper presents Clocked Cubical Type Theory (CCTT),
the first type theory to combine all the above mentioned
features: Multi-clocked guarded recursion, HITs and univa-
lence. Rather than basing this on the original formulation
of homotopy type theory we build on Cubical Type Theory
(CTT) [20], a variant of HOTT based on the cubical model of
type theory, and implemented in the Cubical Agda proof as-
sistant [53]. One reason for this choice is that the operational
properties of CTT as well as the concrete implementation
give hope for an implementation of our type theory. In fact
we have already extended the implementation of Guarded
Cubical Agda [52] to support most of the new constructions
of CCTT. Another is that the path types of CTT make for
a simple implementation of the extensionality principle for
the »* modality [9].

CCTT extends CTT with the constructions of Clocked
Type Theory (CloTT) [7], a type theory for multi-clocked
guarded recursion. CloTT uses a Fitch-style approach to pro-
gramming with the » modality. This means that elements of
modal type are introduced by abstracting over tick variables
a : k and eliminated by application to ticks. One benefit
of this is that let-expressions are avoided, and these do not
interact well with dependent types in general. For exam-
ple, one can define a dependently typed generalisation of
applicative action [37] operator of type

»(TT (x : A) .B) = [ (y : »*A) > (a:x).B[y [a] /x] (1)

In this term the tick variable o should be thought of as evi-
dence that time has passed, which is used in subterms like
y [a] to access the element of type A delivered by y : »*A
in the next time step. CloTT has a single tick constant ¢
that can be used for a controlled elimination of ». Bahr. et al.
[7] define a strongly normalising operational semantics for
CloTT, in which ¢ unfolds fixed point operations. Since tick
variables « can be substituted by o, their identity is crucial
for normalisation. For reasoning in the type theory, however,
it is often necessary that y [«] does not depend on « up to
path equality. This is referred to as the tick irrelevance axiom.

When adding such axioms to a univalent type theory one
should be take care to avoid introducing extra structure that
one will eventually need to reason about. Ideally, an axiom
like tick irrelevance should state that the type of ticks is
propositional, i.e., that any two elements can be identified,
any two paths between elements can be identified, and so on
for higher dimensions. In CCTT, there appears to be no such
way of formulating the axiom, because ticks do not form a
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type. This paper shows how to obtain tick irrelevance by
enriching the language of ticks with paths tirru v between
any pair of ticks u, v. This has the additional benefit that it
allows for rules giving computational content to the axiom.

1.2 Induction under clocks

The encoding of coinductive streams from guarded streams
mentioned above generalises to an encoding of coinductive
solutions to type equations of the form X ~ F(X) for all
functors F commuting with clock quantification in the sense
that the canonical map

F(Vk.X) — Vic.F(X) )

is an equivalence of types. Note that this is a semantic condi-
tion, rather than the more standard grammars for coinductive
types. For this to be useful, one must have a large supply
of such functors, including functors formed using inductive
and higher inductive types. This property has previously
been obtained via axioms [6]. Here we formulate a principle
of induction under clocks, which gives computational content
to these axioms also in the case of higher inductive types.
Consider for example the finite powerset P¢ which can
be defined as a HIT given by constructors for singletons,
union, equalities stating associativity, commutativity and
idempotency of union as well as an axiom forcing P¢(X)
to be a hset [26]. In this case induction under clocks states
that to inhabit a family over an element of type Vk.P¢(X)
it suffices to inductively describe the cases for elements of
the form Ak.con;(p) for each constructor con; for Py, i.e.,
for Ak.{a}, Ak.x [k] U y [x] and for equality constructors
such as Ak.idem(x [k], r), where idem implements idempo-
tency of union. In these cases, x, y are assumed to be of type
Vk.P¢(X). Using this, one can construct the map an inverse
to (2) for F = Py, and also prove that both compositions
are identities. As a consequence, the coinductive solution to

LTS =~ P(AXLTS) can be encoded as LTS 2ef vk LTS* where
LTS* =~ P¢(A X »¥LTS¥) is a guarded recursive type. LTS is
the type of A-labelled finitely branching transition systems.
We moreover prove that path equality for this type coincides
with bisimilarity.

The results for LTS mentioned above hold for all types of
labels A that are clock-irrelevant, meaning that the map A —
Vk.A is an equivalence for x fresh. In previous type theories
for multi-clocked guarded recursion clock-irrelevance of all
types has been taken as an axiom. Most types are clock-
irrelevant, but ensuring this for universes require special
care both syntactically and semantically [12]. In this paper
we opt for a simpler solution, taking clock-irrelevance to
be a side condition to the correctness of the encoding of
coinductive types. Using the principle of induction under
clocks we show that HITs constructed using clock-irrelevant
types are themselves clock-irrelevant, an important step
towards reintroducing clock irrelevance as an axiom.
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1.3 Denotational semantics

Our type theory is justified by a denotational semantics in
the form of a presheaf model. This model combines previous
models of CTT [20, 43] and CloTT [35]. A key challenge
for the construction of this model is the definition of a com-
position structure on the operation modelling >. We give a
general theorem for defining composition structures for de-
pendent right adjoints [19] which can be used to model other
type theories combining Fitch-style modal operators [16]
with Cubical Type Theory.

Overview of paper. The paper is organised as follows.
We start by recalling Cubical Type Theory in section 2, and
section 3 extends this to CCTT. The encoding of coinduc-
tive types using guarded recursion is recalled in section 4
which also details the example of labelled transition systems.
The syntax and semantics for HITs in CCTT is presented in
section 5, which also states the principle of induction under
clocks. The denotational semantics of Clocked Cubical Type
Theory is sketched in section 6. Finally, we discuss related
work in section 7, and conclude and discuss future work in
section 8. This submission is accompanied by an appendix
of omitted proofs for reviewers.

2 Cubical Type Theory

Cubical Type Theory [20] is an extension of Martin-Lof type
theory which gives a computational interpretation to exten-
sionality principles like function extensionality and univa-
lence. It does so by internalizing the notion from Homotopy
Type Theory that equalities are paths, by explicitly repre-
senting them as maps from an interval object. The interval,
I, is not a type but contexts can contain i : I assumptions
and there is a judgement, I' - r : I which specifies that r is
built according to this grammar

rsu=0|1]i|l=r|rAs|rvs

where i is taken from the assumptions in I'. Equality of two
interval elements, I  r = s : I corresponds to the laws of
De Morgan algebras. A good intuition is to think of I as the
real interval [0, 1] with r A s and r V s given by minimum
and maximum operations.

Given x,y : A, we write Path4 (x, y) for the type of paths
between x and y, which correspond to maps from I into A
which are equal to x or y when applied to the endpoints 0, 1
of the interval L.

Ti:Irt:A
Tk Ai.t: Pathu(¢[0/i], t[1/i])

T+ p: Patha(ao, a1) Trr:l

I'rpr:A

We sometimes write =4 or simply = as infix notation for path
equality, and use = for judgemental equality. Path types sup-
port the § and 5 equalities familiar from function types, but
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we also have that a path applied to 0 or 1 reduces according
to the endpoints specified in its type.

(Ai.t)yr =t[r/i] p=(Ai.pi) p0=ag pl=a

The path witnessing reflexivity is defined as refl x € i x -
Path(x,x), given any x : A. It is also straightforward to
provide a proof of function extensionality, as it is just a
matter of reordering arguments:

I+ p:I(x:A).Pathg(fx,gx)
T+ Ai. Ax.pxi: Pathp(xa) 5(f, 9)

Other constructions like transitivity, or more generally trans-
port along path, require a further primitive operation called
composition, which we now recall.

Define first the face lattice F, as the free distributive lattice
with generators (i = 0) and (i = 1), and satisfying the
equality (i = 0) A (i = 1) = Op. Explicitly, elements T + ¢ : F
are given by the following grammar, where i ranges over the
interval variables from T':

. =0p|1p | (i=0) | (i=1) oAy oV
GivenI' + ¢ : F we can form the restricted context I, ¢.
Types and terms in context I, ¢ are called partial, matching
the intuition that they are only defined for elements of T
that satisfy the constraints specified by ¢. For example while
atypei : I + A type corresponds to a whole line, a type
i:L(i=0)V (i=1)+ B type is merely two disconnected
points. Given a partial element I', ¢ + u : A we write I" +
t : Alp — u] to mean the conjunction of ' + ¢ : A and
Fort=u:A

Composition is given by the following typing rule:

F're:F Ii: 1+ A type
Lpi:Iru:A TFouy:A[0/i][@ ¥ u[0/i]]

Tk compi1 [ > ulug: A[1/i][e — u[1/i]]

the inputs u and u represent the sides and the base of an
open box, while composition gives us the lid, i.e. the side
opposite to the base. The behaviour of composition is spec-
ified by u whenever ¢ is satified, and otherwise depends
on the type A, consequently when we introduce new type
formers we will also give a corresponding equation for comp.
As an example we can prove transitivity for paths with the
following term:

T+ p:Patha(x,y) T+ q:Patha(y,z)

T+ Ai.comp’ [i=0 x,i =1+ qj](pi): Patha(x, 2)

The standalone syntax for partial elements is as a list of faces
and terms [¢; uy,...,¢n uy], but we will write [V;p; —
[o1 w1, ..., 0n upl] as [@1 — Uy, ..., 0n — u,]. We refer to
Cohen et al. [20] for more details on partial elements, compo-
sition, and the glueing construction. The latter is what allows
to derive the univalence principle as a theorem, by turning
a partial equivalence into a total one. Writing A ~ B for the
type stating that A and B are equivalent [49], univalence
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states that the canonical map of type A =y B - A ~ B
is itself an equivalence for any types A, B : U. We will use
univalence in the rest of the paper, but we will not need to
refer to a specific implementation, so we omit the details in
this brief overview.

From Homotopy Type Theory [49] we also recall the no-
tion of homotopy proposition which are types for which any
two elements are path equal, and homotopy set which are
types whose path type is a proposition. Given any type A its
propositional truncation ||A||y is the least proposition that
admits a map from A. It can be defined as an Higher Inductive
Type (HIT), which are inductive types defined by providing
generators for both the type itself and its path equality. An-
other example of a HIT is the finite powerset [26] of a type
A, which has generators for the empty set 0, singletons {—},
union U, and equations stating that properties like associativ-
ity and commutativity of U, and finally constructors forcing
the powerset to be a (homotopy) set. We will discuss HITs
in more detail in section 5.

3 Clocked Cubical Type Theory

CCTT extends CTT with the constructions of CloTT [7, 35],
a type theory with Nakano style guarded recursion, multiple
clocks and ticks. This means that the delay type operator
is associated with clocks: »*A is the type of data of type A
which is available in the next time step on clock k. There are
no operations on clocks, they can only be assumed by placing
assumptions such as k : clock in the context, and abstracted
to form elements of type Vk.A. The status of clock is similar
to I in the sense that it is not a type, and so, e.g., clock —
clock is not a wellformed type. In some examples below
it is convenient to assume a single clock constant «,, and
this can be achieved by a precompilation adding this to the
context. Similarly to function types, path equality in Vk. A
is equivalent to pointwise equality, and clock quantification
preserves truncation levels.

Ticks are evidence that time has passed on a given clock.
Tick assumptions in a context separate a judgement such as
Ia: kI’ F t: Ainto a part (T') of assumptions arriving
before the time tick a on the clock x and the rest of the
judgement that happens after. The introduction rule for » (a:
k).A in Figure 1 can therefore be read as stating that if ¢
has type A one time step after the assumptions in I', then
Aa:k).t is delayed data of type A. Because terms can appear
in types, a can appear in A, and must therefore be mentioned
in the type of A(a:k).t. In many cases, however, it does not,
and we will then write simply »*A for » (a:x).A.

Elimination for > (a:x).A is by application to ticks. There
are two forms of ticks: simple ticks and forcing ticks. The
judgement for simple ticks T’ + u : k ~» I states that u
is a tick on the clock x in context I' with residual context
I'". The residual context consists of the assumptions that
were available before the tick u. In the case of a tick variable
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a, these are the assumptions to the left of @ as well as the
timeless assumptions to the right of a. Timeless assumptions
are interval and clock assumptions (i : [and k : clock) as well
as all faces, and TL(T') computes the timeless assumptions
of I'. The assumption I’ E T defined by the rule

I,TLI')C T, T’

allows for further trimming of the residual context. The term
tr [u] applies ¢t to the simple tick u. The assumption that
t is well-typed in the residual context I'” should be read as
stating that it has the type > («: k).A before the tick u, and can
therefore be opened after the tick u to produce something of
type A[u/a]. We will often omit the residual context I' from
the term, writing simply ¢ [u] for ¢t 1/ [u]. Different choices
of I'” give the same term up to judgemental equality.

As basic examples of programming with simple ticks we
mention the dependently typed generalisation of applicative
action (1) mentioned in the introduction, and the unit

AxAa:k).x: A > A (3)

Note that this uses the rule for variables which allows these
to be introduced from anywhere in the context, also across
ticks. Some Fitch style modal type theories do not allow such
introductions [16, 19]. The timelessness of the interval is
needed to type the extensionality principle

Path.x4(x,y) = > (a:x).Pathy(x [a],y [a])

where the left to right direction Ap.A(a:x).Ai.p i [] requires
pi[a] to be welltyped in a context where i occurs after a.

3.1 Forcing ticks

Unrestricted elimination of » is unsound, since any type A
with a map »*A — A can be inhabited using fixed points.
However, it is safe to eliminate »* in contexts of the form
T,k : clock, i.e., where no variables mention « in their type.
To close such an elimination rule under substitutions, the
clock variable xk must be abstracted in the term.

Application to forcing ticks does exactly that: If ¥’ is a
clockin T then T r (k’,0) ~ T is a forcing tick and so if
I,k :clockk t:>(a: k).Athen

Tr (x.t)r[(x,0)] : Al(0 :x")/(a:k)]

This construction binds x in ¢, and A[(¢ :x")/(a: k)] uses a
special simultaneous substitution of the pair (o, k") for the
pair (@, k). In particular [(¢ :x")/(a: k)] commutes as ex-
pected with type and term formers, replacing each of a and
k with ¢ and k’ as intended, but it will also have to turn a
simple tick application like ¢ [«] into a forcing tick appli-
cation (k.t) [(x’,0)] to preserve typing. This substitution
operation was originally described by Mannaa et al. [35], see
Appendix A.2 for a description of substitution for our theory.

For example, forcing ticks can be used to define the force
operator of Atkey and McBride [6]

force dzef)tx./llc.(lc.x []) [(k,0)] : Vk.>® A > Vk.A (4)
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Context and type formation rules

Ik I I'F k: clock a¢’l I'a:xF Atype I,k : clock + A type
I, x : clock + Iaoa:xr I'Fr>(a:x).A type I' + Vk.A type
Typing rules
Ix:clockrFt:A T'rt:Vk.A Tk k" : clock la:xkt:A
T'FAk.t:Vk.A Trt[x']: Al /x] Tk Aa:x).t:>(a:x).A
Tru:k~>T I'+t:>(a:x).A Tk (k' ,u)~>T I,k :clockF t:>(a: x).A Trt:xFA A
Trtplu]:Alu/a] Tk (x.t)p[(ku)] : Al(u ")/ (a:x)] Ik dfix“t:s"A
Tri:»"A > A la:x+-A:U I x:clockkA:U
T+ pfix“t : > (a:k).Paths ((dfix*t) [e], t(dfix*t)) I'r5(a:k).A:U T'+VkA:U
F'rt:A '-A=B K :clock eT x:Ael
F'+t:B I+ k:clock F'rx:A
Simple ticks
r"ecr Tru:xk~T' Tto:k~> T Frr:l
La:k,T'+ra:x~ T, TLT) Tk tirr(u,0,7) : k ~> T’
Forcing ticks
I'crT I + k" : clock r"cr
Tk (k,0)~ T’ Ta:k, T+ (x',a) ~ T”, TL(T)

Tr (k' u) ~T Tk (x,0)~ T’ Trr:l

I+ (&, tirr(u,0,7)) ~> T’

Timeless assumptions
TL(T,x : A) = TL(T) TL(T, @ : k) = TL(T) TL(T,i:I) =TL(T),i:I
TL(T, k : clock) = TL(T), k : clock TL(T, ) = TL(T), ¢ TL() =-

Figure 1. Selected typing rules for CCTT. The rules for ticks use the relation defined as T, TL(I") C I, T”

Judgemental equalities on terms

trlu] =tr[u] (.t) r[(x,u)] = (x.0) 1 [(r, u)] (k) [x'] = t[x/x]
Ak.(t[x]) =t (AMa:k).t) [u] =t [u/a] Ma:x).(t[a]) =t
(kA(a:x).t) [(,u)] = t[(u:x")/(a:x)] (x.t) [(«",w)] = (t[x"/x]) [u] (x.dfix* t) [(x’,0)] = t(dfix* t) [« /x]
El (Vk.A) = Vk.El (A) (x.pfix t) [(x",0)] r = t(dfix“ t) [’ /x] El (> (a:k).A) =v (a:x).EI(A)

Judgemental equalities on ticks

tirr(w,0,0) =u  tirr(o,0,r) =¢  tirr(u,0,1) =0

Figure 2. Selected judgemental equality rules of CCTT. The three 5 rules are subject to the standard conditions of x and «,
respectively, not appearing in t. As a consequence of the first two rules, the residual context is omitted for tick application in
the rules below. The 8th axiom listed assumes that ¢ does not appear in u, so that u can be considered a simple tick.
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which is used in the encoding of coinductive types. Replacing
the delayed substitution of k’ for k in (x.t) r[(k’, 0)] gives
the elimination rule used by Bahr. et al. [7]. Here we opt for
an explicit substitution because it is easier to type check and
give semantics to, which is why Mannaa et al. [35] made a
similar choice. Bahr. et al. [7] designed their application rule
for ¢ to obtain a normalisation result for their theory. We
expect that using the present rule, one can prove the same
property for CCTT.

3.2 Tick irrelevance

Since fixed points unfold when applied to ¢, the identity
of ticks is crucial for the operational properties of Clocked
Type Theory, in particular for ensuring strong normalisation.
However, on the extensional level the identity of ticks is
irrelevant, as stated by the tick irrelevance axiom

tire™ : I (x : »¥A).» (a:x) > (B:x).Patha(x [a], x [B]) (5)

This can be inhabited in CCTT using the novel construction
tirr building a path between any pair of ticks by defining

tirr (£) € Aa:x) A(Bix) AiLt [tirr(a, B, i)]

Similar axioms can be constructed for forcing tick appli-

cations. One important application of tirr is in showing

. . sy s _1 def
that force (4) is a type equivalence with inverse force ™' =

Ax. Ak A(a:k).x [k]: If x : Vk.»* A, then
force ! (force x) = Ax.A(a:k).(k.x [x]) [(k, )]
= Ak.A(a:k).(k.x [x]) [(k, @)]
= Ak A(a:k).x [k] [a] = x
where the path equality is witnessed by
Al Ak A(a:x).(k.x [k]) [(k, tirr(o, a,0))].

The ability of tirr to form a path between any two ticks
allows us to prove coherence laws between different uses
of tick irrelevance. For example we can construct fillers for
boxes whose boundary is given by tick applications as in the
lemma below.

Lemma 3.1. LetI" v t:>(a:x).AandT,ip,...,in: Lo ru:
Kk ~> T where @ = \/yp, (ix = b) fork=0,...,nandb =0,1.
Then we haveT,iy,...,in : I+ Blp — Alu/a]] type and a
term T, iy, ..., i : L+ filler(t,u) : Blo +— ¢t [u]].

For example, the lemma constructs a filler of the diagram
below, thus constructing a path from the composition of

tirr(¢) [a] [] and tirr(¢) [] [y] to tirr(2) [a] [y],
A tirr(2) [B] [y] A

tire (¢) [a] [B]
A

tir(z) [a] [¥]
A

t[a]

The rules for judgemental equality (Figure 2) include stan-
dard f and 5-rules for functions, clock abstraction and tick
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abstraction. Note that there are two §§ equalities for tick ap-
plication, one for each kind of ticks. There is also a rule
stating that if a forcing tick does not contain ¢, application to
it reduces to application to a simple tick. One consequence
of this is that an n-rule for forcing tick application can be
derived as follows

Ma:k").((k.t) [(a,k)]) = Ma:x").(¢[K /x] [«]) = t[x'/x]

Although we do not prove canonicity for our type theory, we
set up equalities that we believe are necessary to compute
canonical forms in contexts of free clock and interval vari-
ables, but not free tick variables. For example, tirr(o,o,r) = o
ensures that in a context with no tick variables all ticks are
equal to o.

3.3 Fixed points

The operator dfix* : (»*A — A) — »*A computes fixed
points of productive functions. Using this, one can construct
Nakano’s fixed point operator as

fix CALF(dfix“F) : (+FA — A) > A 6)

To ensure termination, fixed points do not unfold judge-

mentally, except when applied to ¢. As in Guarded Cubical

Type Theory [9] we add a path pfix* between a fixed point

and its unfolding. Note that the right hand endpoint of pfix*t
is fix*t and so,

fix“t = t(AMa:k).dfix“t [a]) = t(A(a:k).fixt)  (7)

With this we can prove that fixed points are unique, in fact
the following stronger statement is true.

Lemma 3.2. The type 3(x : A).Pathy(x, f (A(a: k).x)) is
contractible for every f : »A — A.

By lemma 3.2 the pair (dfix“t, pfix“t) is uniquely deter-
mined up to path, as it witnesses that dfix*t is the fixed point
of Ax.A(_:x).t x. Moreover both dfix* and pfix* unfold when
applied to ¢, which means they will not be stuck terms in a
context with no tick variables.

The principles above can be used to encode guarded re-
cursive types as fixed points on the universe. For example,
assuming codes for products and natural numbers, we define

Stre (V) % fix* (X N5 (a:6) X [a])

and then by (7) Str*(N) = NX> (a : k).S5tr*(N) so, defining
Str(N) el g (Str¥(N)) gives the type equivalence

Str(N) ~ N x »*Str(N) (8)
Note that we do not assume the clock irrelevance axiom
I'+it:Vk.A K ¢ fc(A)
Tk cirr®t : V' V" .Pathu (t[x], t["]) 9)

often assumed in type theories with multi-clock guarded
recursion [7, 11]. Instead we will use the following definition.
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Definition 3.3. A type A is clock-irrelevant if the canonical
map A — Vk.A (for k fresh) is an equivalence.

If A is clock-irrelevant it satisfies axiom (9), and assuming
a clock constant the two statements are equivalent. Clock
irrelevance is needed for the correctness of encodings of
coinductive types. For example, using (8) one can prove

Vi.Str(N) = (Vk.N) x Vk.(»*Str(N)) ~ N X Vk.Str*(N)

assuming N clock-irrelevant, and using that force is an equiv-
alence. In this paper, rather than assuming all types clock
irrelevant, we will prove clock-irrelevance for a large class
of types and use this to construct final coalgebras for a cor-
respondingly large class of functors.

4 Encoding coinductive types

In the previous section we saw that the type Vk.Str*(N)
satisfies the type equivalence expected of a type of streams.
In this section we prove that (assuming N clock-irrelevant)
this type also satisfies the universal property characterising
streams, as a special case of a more general property. In
Section 5 we will show that N is indeed clock-irrelevant (as
a special case of Theorem 5.4) as are a large collection of
inductive and higher inductive types.

Here we essentially adapt the final coalgebra construction
from Megelberg [38]. Given a type I consider the category'
I — U of I-indexed types whose type of objects is I — U
and whose morphisms from X to Y is the type

X S Yy n.elxi — El(Yi)
An I-indexed endofunctor is an endofunctor on I — U.

Let F be an I-indexed endofunctor, an F-coalgebra is a
pair (X, f) suchthat X : I — Uand f : X — FX. We say
an F-coalgebra (Y, g) is final if for all coalgebras (X, f) the
following type is contractible

S(h:X —>Y).goh=F(h)of

Using contractibility we address the fact that there can be
more than one proof of path equality, as is also done by
Ahrens et al. [3].

If X : Vk. (I = U) write Vx.X for A(i : I).Vk.(X [x] i).

Definition 4.1. Say that an I-indexed endofunctor F com-
mutes with clock quantification if for all families X the canon-
ical map cang : F (Vk.X [k]) — Vk. F (X [k]) is a pointwise
equivalence.

For example, if A : U the constant functor to A commutes
with clock quantification if and only if A is clock-irrelevant.

Lemma 4.2. The collection of endofunctors commuting with
clock quantification is closed under composition, pointwise
product, pointwise I1, pointwise 3 over clock irrelevant types,

Here we mean the naive internal notion where the type of arrows is not
necessarily truncated, but we also do not require higher coherences. Same
for functor below.
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and pointwise universal quantification over clocks. If F com-
mutes with clock quantification then the guarded recursive
type X satisfying X ~ F(»*X) is clock irrelevant. Any path
type of a clock irrelevant type is clock irrelevant.

The following theorem states that all such endofunctors
have final coalgebras. The idea of this originates with Atkey
and McBride [6], and our proof is an adaptation of the proof
by Megelberg [38] of a similar statement in extensional type
theory. It refers to the endofunctor »*, defined as the point-
wise extension of the functor U — U mapping Ato> (a:x).A
for a fresh a.

Theorem 4.3. Let F be an I-indexed endofunctor which com-
mutes with clock quantification, and let v*(F) be the guarded

recursive type satisfying v (F) =~ F(>*(v*(F)). Then v(F) 4
Vk.v¥(F) has a final F-coalgebra structure.

Example 4.4. In Section 5 we will prove that N is clock-
irrelevant, and hence the functor F(X) = N X X commutes
with clock quantification. Theorem 4.3 then states correct-
ness of the encoding of streams as Vx.Str*(IN).

Example 4.5. Consider the functor F(X) = Pf(A X X),
where Py is the finite powerset functor defined as a HIT [26],
and A is assumed to be a clock-irrelevant set. In Section 5
we will prove that Pf commutes with clock quantification,
which implies that F does the same. Theorem 4.3 then gives
an encoding of the final coalgebra for F. This type plays an
important role in automata theory as it describes the finitely

branching A-labelled transition systems. Let LTS* denote

fixed point for F o »*, let LTS €' Vx.LTS® be the coinductive

type and let ufld : LTS — P¢(AXLTS) be the final coalgebra
structure.
Suppose now x,y : LTS and R : LTS X LTS — U. Define

Bisimy (R) (x,y) = Simy (R) (x,y) x Simy (R)(y, x)
where Simy (R)(x, y) is
IIx’, a.(a,x") € ufld(x) — Jy’.((a,y’) € ufld(y)) X R(x",y")

By Lemma 4.2, LTS is clock irrelevant, and an easy induction
on X : P¢(A X LTS) shows that the predicate (a,x’) € X is
clock irrelevant. In Section 5 we will prove that propositional
truncation commutes with clock quantification, and since
3 in homotopy type theory is defined as the composition
of truncation and X [49], putting all this together shows
that Bisimy(—) defines a LTS X LTS-indexed endofunctor
commuting with clock quantification, and so Theorem 4.3
gives an encoding of bisimilarity as a coinductive type.

Maggelberg and Veltri [40] prove that path equality coin-
cides with bisimilarity for guarded recursive types. Using
their results we can prove the following.

Theorem 4.6. Two elements of the type LTS from Example 4.5
are bisimilar if and only if they are path equal. Since both these
are propositions, they are equivalent as types.
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Figure 3. Telescope judgements.

We leave it to future work to generalise these results to a
general statement about bisimilarity for coinductive types.

5 Higher Inductive Types

We now extend CCTT with higher inductive types, adapt-
ing a schema for these from Cavallo and Harper [13] to our
version of CTT. For simplicity we exclude indexed families,
but the schema is still general enough to cover examples like
spheres, pushouts, W-suspensions [46], (higher) truncations,
as well as finite and countable powersets. We first present
the schema and the introduction rules for HITs, then (subsec-
tion 5.2) we present our principle of induction under clocks,
which generalises the elimination rule for HITs.

5.1 Introduction and formation

The judgements of Figure 4 capture declarations of the form

dataH (6 : A) where
:(y:T) > (X:E—>HS — (i:¥) > HS[p — e]

which list constructors and their types for a new datatype
H, taking parameters in the telescope A. On top of the de-
clared constructors every HIT has an introduction form
for homogeneous composition, written hcompfM [o — u] u,
where § is not allowed to depend on i, as well as a transport
operation. Following Coquand et al. [21], the composition
structure for H is given by combining these two operations.
We refer to appendix A.5 for further details, but just recall
that from the homogeneous composition operator one can
derive a homogeneous filling operator hfill, [p — u]u :
Path 4 (o, hcomp’, [¢ +— u] uy) which provides a filler for
the box specified by u and uy and closed by homogeneous
composition [30].
A constructor for a HIT H is specified by a tuple

A, K+ (T, =9, @, e) constr where F lists the previously de-
clared constructors. The telescope T lists the non-recursive
arguments, and each = in = is the arity for a recursive argu-
ment. Path constructors further take a non-empty telescope
of interval variables ¥ and have a boundary e specified as
a partial element over the formula ¢. The judgements for
telescopes are given in Figure 3. Note that these imply that
all of A, T', and E only contain variables of proper types, i.e.,
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Constructor declarations (presuppose - + A tel )

H = (6,C1) ... (6, Cp)
(Vi) A; (£,Cy) ... (£-1,Ci—1) + C; constr

A+ K constrs

ArTtel (Vk)ATHEptel +¥po Yroe:F
0:ATE—>HSY,otynse:HO
e=[o1 My...0m Mp] (V) My € Bndr(%;E — H )

A H + (T;E; ¥; 0;€) constr

Grammar for boundary terms
N,M € Bndr(#;0) == xu
| cong(, AE. M, 7)
| hcomp]jﬂS [¢ — M] My
Formation
FT'rd:A
'+ HJ type
Introductions
({’,(F;g;‘l’;(p;e))e.% Thrd:A
To+t:T[6] Lora:E[5t] > HS Lrr:¥
Iy F cony(t,a,7) : HS[@[7] = e[t,a,7]]

Trd:A I'Fuy:HS[@— ul0/i]]
Tk hcompf_m [ u]ug: HS[p — u[1/i]]

F're:F

F're:F Li:Ir6:A
Li:Lerd=46[0]:A I'Fup:HS[O]

Tk transj, s @ uo : H[1][¢ > u]

Figure 4. Schema for Higher Inductive Types, § : A +
H d type. In the typing of the boundary e the subscript
F,H  indicates that this judgement can refer to the labels
from & and H ¢ itself. The grammar for boundary terms
assumes x € O, that %, f not mention variables in ® and
that £ € % . For further judgemental equalities for trans see
Appendix A.5.

no interval, face, clock or tick assumptions. Only the bound-
ary is allowed to refer to H and the previous constructors
from . We signify this by adding those as subscripts to the
typing judgement for e. Cavallo and Harper require the com-
ponents M of the boundary to conform to a dedicated typing
judgement, which restricts their shape and makes it possible
to correctly specify the inputs to the dependent eliminator
for H. For conciseness we replicate those restrictions with a
grammar, Bndr(%, ©), which specifies that a boundary term
must be built either from an applied recursive argument x u,
a previous constructor, or a use of hcomp. We also assume
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a code H& : U; whenever the types in all of the I and 2
telescopes in & have a code in U; as well.

Remark 1. Formally, boundary terms are a separate syn-
tactic entity which we silently include in ordinary terms. In
particular, they have a separate equality judgement which is
used when typing systems and compositions of boundary terms.
This equality is the congruence relation induced by reducing
compositions and constructors to their boundary terms. It is
likely that this equality can be proved to coincide with the one
induced by equality on terms. For details see appendix A.4.
This approach is similar to the one of Cavallo and Harper [13].

We now give some concrete examples. For readability we
write (£,(T;(x : 2 = H8); ¥ [@1 = My, ...,0n = M,]))
in place of (¢, (T, =Y, Vigi, (o1 My, ..., 0n — My])). We
also write ¢ rather than con,.

Example 5.1. Pushout. The context A contains the data of

apushout, ie, A% (ABC: U)(f: EI(C — A))(g: EI (C —
B)). The pushout has two point constructors, and a path,
none with recursive arguments.

e (inl, ((a: ELA);++ (1)
e (inr, ((b: EIB), 5 []))
. (i - T iz()kéiancf,)
. (push, ((c (EIC);+ (i : 1) i =1 inr(gc,- )
Sphere. We can encode the circle and higher spheres, S"
for n > 1, as a point and an n-dimensional surface
e (base, (- [1))
i1 =0Vi; =1 base(:;-;-)
e [surface, | ;;i:1%] ...
in=0Vi, =1t base(;-;")

Propositional and Higher Truncation. Let A &f (A: V),
and write propositional truncation as ||Al|o.

e (in, (E1A;5+ (1)

. (squash, (-; (ag, a1 : ||Allo); (i : I); [ i _ (1) : Z(l) ]))
For higher truncations ||A||,, where n > 0, we use the hub
and spoke construction [49, Sect. 7.3], as the schema does
not allow quantifying over paths of the HIT itself.? Instead
of squash then we have the following two constructors:

o (hub, (- (f : 8™ — [|Alln); - [1))
o (spoke, ((x: 8™1); (f : 8™ — [|Alln): (i : D)se))

whereed§f [i=0m fx,i=1+ hub(,f,-)].

Finite Powerset. The finite powerset P¢(A) can also be
constructed within this schema, using constructions similar
to the ones above, including the hub and spoke constructors
to ensure that P¢(A) is set truncated. We spell out the decla-
ration of the path constructor for commutativity of U as we
will reference it later

2We believe the semantics would support doing so, but it would complicate
the schema.
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)

We now present the principle of induction under clocks. This
is an elimination principle defining elements of dependent
families of the form I, h : Vk.H (5[k]) + D type for a vector
of clock variables ¥ by defining its action on elements of
the form h = Ax.con,(,a,7) in such a way that boundary
conditions are respected. In the case of an empty list of
clock variables, this principle specialises to the elimination
principle for HITs of Cavallo and Harper [13], which we
refer to as the usual elimination principle for H.

Figure 5 presents the rule along with judgemental equali-
ties. The figure first defines the judgement I' + & : & —9
D for an elimination list &, which contains the premises
necessary to handle the constructors in % . The case for
H, (¢, (T, ER'2 ¢, e)) requires an elimination list of the form
&, u where & is an elimination list for & and u is an element
of the type family D at an index built with con,. In partic-
ular u is typed in a context extended with non-recursive
arguments y, recursive arguments X, interval variables i for
the constructor con,(y, x, i), and also induction hypotheses
y about the variables x. The element u also needs to suitably
match the boundary e whenever ¢ is satisfied. To express this
we transform e : H § into (]eDg’?, the corresponding element

=0 XUY

. (comm,(-, (XY : Pr(A)), (i : 1[),[ s

5.2 Induction under clocks

of the family D, built using the elimination list & to handle
the previous constructors, and the induction hypotheses j
to handle the recursive arguments X. This transformation
satisfies the following typing principle, as can be verified by
induction on e.

Lemma 5.2. Lete = [¢o My, ..., pn, Mpn,] be the boundary
condition for con;. Assume T + & : H; —9 D; then the
following typing holds:

Ty : VeI;[8[x]] X : Ve.Ei[S[x], y[k]] — H(S[x]),
g+ 1(¢ : VEE[S[K], y[K]]).D[ xR (E[KD)]. i : i, i

(e)g 5. : DIAK.coni(y[¥], x [¥].D)]

In the following examples we will see how instantiating
induction under clocks with 1 or 0 clocks respectively in-
duces equivalences which prove that many HITs commute
with clock abstraction. In particular, these examples verify
the results used in section 4.

Example 5.3. Spheres. In this case induction under clocks
unfolds to the principle

I[,x:Vk.S"+ D type T Fup:D[Ak.base] T t:Vk.S"
[,i:I"F us : D[Ak.surface(i)][ \/ (ik=0Vip=1) > up|

0<k<n

I'+ (S*) - elimp(up, us, t) : D[t]
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Elimination lists
ro FO:Vk.A ro,h :Vk.H ((S[E]) + D type

LF-:-=%D

L+&: X =D Ty: Vr[ [%I1.% : (VRE[S[RL y[RI] — H(S[XD)). 7 : (¢ : VR.E,[S[x], y [K]]).DIAR X [RIE[R]],
: ¥k u(y,x,y,0) : D[AR.con; (y[F] x[%], Dle = (e)g 5, ]
L-&u:%, (6 (T,EVY¢e)=°D

Boundary interpretation

(6D, qepgw
(Lpo Mo, ..., pn M, D‘;; [P0 (Mo)g 5550+ @n (Mad 555
(x; 803 gy = s AR[S[R] y [, i 7 L]
(cony (7, AE. M, 7)) 5., gy = ElARL[S[K] y[R], i P[K]]. S, R 7]
(S = ARAG. M[S[R], y[R] XKLL IR &L Ri = A6.0MDS o o)
(hcomp’ [y > MI My)§ 5, . = comply o [ = (M)g 5, 7 i) qMOD‘;MY
(v= hfl”VK i spen LV P AR MIS[xL y [, X[, 4, 7 [€], j11 (K. Mo[S[x], y [], %[], i, p[%]11)
Induction under clocks
I'rd:Ve.A T,x:Vx.H(S[k])+ D type T+rE: % =%D I'tu:Vk.H([K])
I't+ (H) —elimp(&,u) : D[u]
Judgemental equalities
(H) - elimp (&, Ax.con,(t,a,7)) = &, [Ak.t, \k.q, A (H) —elimp (&, Ax.a(&[x])), 7]
(H) — elimp (&, Ax.hcomp[¢ — u] ug) = compg[vi] [p — (H) —elimp(&, Ax.u)] (H) — elimp (&, Ax.ug)

(v= hfill('mH ([F]) [ — Ax.u] (AK. uy))

Figure 5. The principle of induction under clocks. In the definition of the boundary interpretation the notation & refers to
the component of & for the label ¢. Also the environment y contains the extra assumptions introduced in the con and hcomp
cases: in the case of interval variables i[x] stands for just i.

Using this, we define « : Vx.S" — S" as follows Propositional and Higher Truncation. To show that
d propositional truncation commutes with clock quantification

ef  «n . = n
a(t) = (S") — elimgn (base, Ai. surface(i), t) we first define a map « : Vk. ||A|| — ||Vk. Al| by induction

We must verify the boundary condition which states that if a under clocks as follows:

component of i is an endpoint then ug (i) = up. This follows T,a:Vk.AF in(a) : ||Vk. Al
from the boundary condition for surface.

Since s = (consi,s) [ko] for all s : S™, if & as defined above T xo, 12 Vi 1Al yo. yn = [IVie- All, i TF
is a right inverse to const we will have produced an equiv- squash(yo, Y. 1) : [[Vie. Al [(i = 0) = yo,(i = 1) = y1]
alence S" — Vk.S" and shown the sphere to be clock ir-
relevant. We can achieve this with another application of
induction under a clock, inhabiting the type s = const(a(s)): a(Ak.in(a [k])) =in(a)
a(Ak.squash(xg [k], x1 [k], ) = squash(a(xo), ¢(x1),7)

The above data defines a map « satisfying

T trefl : Ak. base = const(base)

T,7:1" rrefl : Ax. surface(i) = const(surface(7)) Let B : ||Vk. A|| — Vk. ||A]| be the canonical map. To show

that f o & = id, it suffices by induction under clocks to show
The boundary condition in this case states that the second

case reduces to the first when i contains an endpoint. This Pla(Ax.in(a [«]))) = Ax.in(a [k])
follows from congruence of refl. B(a(Ak. squash(xg [x], x1 [k], 7)) = Ak.squash(x, [x], x1 [x], 1)
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In the latter case the left hand side reduces to

Ax.squash(f(a(xo)) [x], B(a(x1)) [K], 7)

and so the case follows by induction. Note that in both these
uses of induction under clocks, the boundary condition is
satisfied. For example, in the latter case, when r = 0 the
term reduces to the proof of f(a(xy)) = x, given by the
induction hypothesis. Showing that « o § = id follows from
an application of the usual elimination principle.

For the higher truncations we apply induction under clocks
again, starting by observing that we have terms as follows:

a:Vk.Arin(a) : ||Vk. Alln
x,y Fhub(y o const) : ||Vk.All,
s : Vi, " x,y, i : T rspoke(s [Ko],y o const, i) : |[Vk.All,

where x : Vk. (S™! — ||A|l,) and y : (V&.S™1) — ||V Al
For us to apply the principle, the third term would need to
reduce the second when i = 1, which it does, and y(s) when
i = 0.When i = 0 we have instead spoke(s [ko], yoconst, i) =
y(Ak.s [xo]). From the sphere example we know that S"*!
is clock irrelevant, and hence we have a path p : Ax.s [ko] =
s. This means that we can obtain the term needed for the
induction as

i[(i=0)—y(p))
hcomp’ (i=1) auﬁ(yoconst)
We defer the details of showing that this map is inverse to
the canonical one to the appendix.

Pushout. Using constructions similar to the examples
above, one can prove that pushouts commute with Vk using
induction under clocks. More precisely, let A, B,C : Vk.U,
f:Vk.C[k] » Alk],and g : Vx.C [k] — B [k]. Then the
canonical map

(V. A) U(vk.c) (Ve. B) = Vi.((A[x]) Uicrxy) (B[x]))

is an equivalence

Finite Powerset. A full account of the constructors for the
finite powerset is not enlightening, so we instead exemplify
the induction principle in the cases for singleton, union, and
idempotence constructors:

[x: Ve Alk] Fug_y : D[Ax{x [x]}]
[,x,x" :Vk.Ps(Alx]),y: D(x),y" : D(x") +
uy(x,x",y,y") : D(Ax.x [x] U X [k])

T,x:Ve.Pe(A[x]),y: D(x),i: I+
(i=0)— uy(x,x,y,y)
(i=1)—y

In addition it will contain the hub and spoke constructors
derived from S!, towards obtaining a set type. Finally, this
principle shows that there is an equivalence P¢(Vk.A) =~
Vk.P¢(A) as required for the encoding of labelled transition

systems. The concrete calculations are analogous to those
for the pushout or trunctation depending on the constructor.

Uidem (X, Y, 1) : D(Ak.idem(x [k], 1))

spoke(s [ko], yoconst, i).
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As a step towards reintroducing clock-irrelevance as an
axiom, one would need to show that the collection of clock
irrelevant types is closed under HIT formation:

Theorem 5.4. Let § : A + H6 type be a higher inductive
type with constructors

con; : (y : Gi[8])(x : Ei[8,y] = HO)(r:¥;) = HS[p;i — e;]
Then H§ is clock irrelevant if T;[ 8] is clock irrelevant for all i.

As a special case N is clock-irrelevant as needed for the
encoding of streams of N.

6 Denotational semantics

Previous work has defined a model of CTT in presheaves
over a cube category [20, 43] and a model of CloTT in covari-
ant presheaves over a category of time objects I [35]. We
combine these by considering the category PSh(® x I) of
covariant presheaves over € X 7, where € is the opposite
category of the usual choice of cube category. Let U be a
Hofmann-Streicher universe [29] in PSh(% x 9).

Following the approach of Licata et al. [34], we construct
the model using the internal type theory of PSh(€ x 7). We
must provide an interval object and a cofibration object, and
show that they satisfy certain axioms. As noted by Coquand
et al. [23] presheaves over the product of the cube category
with any small category admits a model of CTT. The interval
I and cofibration object F are taken to be the inclusion of
those from PSh(%).

Recall [43] that a CCHM fibration (A, ) over a context I :
Uisa family A : T' — U equipped with a fibration structure
a. The denotational semantics is given by the category with
families (CwF) [25] Fib constructed as follows: Contexts are
global elements of U, families are global CCHM fibrations,
and elements of (A, «) are elements of A.

To model HITs we follow Coquand et al. [21]. The principle
of induction under clocks is justified semantically using that
Vk.(—) can be modelled as an w°P-limit [12] and that the
structure maps of this limit cannot change the outermost
constructor in HITs, allowing for an inductive proof.

To model a Fitch-style modality like » we must define a
dependent adjunction [19] on Fib. A dependent adjunction
consists of an endofunctor L and an action on types R such
that elements of L(T') + A type correspond bijectively to
elements of T' + R(A) type. Most of this data is as defined
by Mannaa et al. [35], but to lift this to Fib we must define a
CCHM fibration on the right adjoint types. This can be done
using the following more general construction.

Definition 6.1. Let L be an endofunctor on PSh(® x 9)
which preserves finite limits. We say that L preserves the
interval if there is an isomorphism L(I) = I which preserves
endpoints. We say that L preserves cofibrations if it maps
cofibrations to cofibrations and preserves pullbacks where
the vertical maps are cofibrations.
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Theorem 6.2. Let L 4 R be a dependent adjunction in the
internal type theory of PSh(€ X J). If L preserves cofibrations
and the interval one can define a dependent adjunction L’ 4 R’
on Fib such that the underlying type of R’ (A, ) is R(A).

7 Related work

Guarded Cubical Type Theory [9] combines Cubical Type
Theory with single-clocked guarded recursion. While this
case is useful for many purposes, it cannot be used to en-
code coinductive types. Mggelberg and Veltri [40] extend
Guarded Cubical Type Theory with ticks as in CloTT. They
give a model of this calculus including HITs, and show that
bisimilarity coincides with path equality for a large class of
guarded recursive types. This paper can be seen as an exten-
sion of that with multiple clocks, allowing for these results to
be lifted from guarded recursive types to coinductive types.
Note that modelling the multiclocked case is much more
complex than the single clock case. In particular, equipping
> with a composition structure is much more challenging.
The extended language of ticks giving computation rules for
clock irrelevance presented here is also new.

The encoding of coinductive types using guarded recur-
sion was first described by Atkey and McBride [6] in the
simply typed setting. Since then a number of dependent
type theories have been developed for programming and
reasoning with these [17, 38], of which CloTT is the most
advanced. Bahr. et al. [7] prove syntactic properties of CloTT
including strong normalisation and canonicity, but only for
a pure calculus without identity or path types. The model
of CloTT constructed by Mannaa et al. [35] considers exten-
sional identity types, but no cubical features. Coinductive
types can also be encoded using a combination of guarded
recursion and a O-modality [18]. This approach has not been
studied in combination with CTT yet, and also appears to be
less flexible, e.g., it does not seem possible to define nested
coinductive types.

Sized types [32] is another approach to encoding produc-
tivity in types, by annotating (co)inductive types with sizes
indicating a bound on the size of the allowed elements. Specif-
ically, sized types reduce both termination and productivity
to (well-founded) induction on sizes. They have been exten-
sively studied from the syntactic perspective [1, 2, 45] but
are not well understood from the perspective of denotational
semantics. Our view is that sized types are closer to working
in the models of type theory, like the one provided here, and
guarded recursion is a more abstract, principled perspec-
tive. This is supported by the model of guarded recursion
in sized types constructed by Veltri and van der Weide [51].
To our knowledge sized types have never been used to solve
equations with negative occurrences, which is an important
application of guarded recursion.

The coincidence of bisimilarity and path equality for streams
as coinductive records has been proved in Cubical Agda [53],
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and it is likely that the proof can be extended to general
M-types. Veltri [50] proves that bisimilarity implies path
equality for the final coalgebra for the Py using sized types in
Cubical Agda. This coincidence should therefore be seen as
a feature of Cubical Type Theory, rather than guarded recur-
sion. On the other hand, when proving such results guarded
recursion is a powerful framework for ensuring productivity
of definitions, as illustrated by the examples in this paper.

The final coalgebra for the finite powerset functor can
be constructed in set theory as a limit of an w + w-indexed
sequence [54]. This construction has been formalised in Cu-
bical Agda by Veltri [50] using the lesser limited principle of
omniscience, a weak choice principle. From this perspective
it is interesting that our model uses w-indexed step-indexing
only, and therefore LTS as constructed in section 4 is realised
in the model as an w-limit. This construction works because
of the formulation of Pf as a HIT and because the w-chain is
constructed externally, using judgemental equality. In par-
ticular, the counter example constructed in Proposition 5 of
[50] uses an w-chain of elements whose projections are only
equal up to path equality.

Multimodal dependent type theory [27] is a general frame-
work for dependent modal type theories parametrised over
mode theories. By instantiating this appropriately, one can
recover e.g., the basic modal framework needed for internal-
ising parametricity in type theory [8, 14], or for the combina-
tion of > and O used for guarded recursion by Clouston et al.
[18]. Generalising this to multiple clocks seems to require a
notion of dependent mode theory, as for example, the modal
operators > depend on Clk.

8 Conclusion and future work

We have presented the type theory CCTT, and shown that the
principle of induction under clocks can be used to construct
a rich supply of functors for which coinductive types can
be encoded using guarded recursion. This allows for simple
programming with a wide range of coinductive types, includ-
ing ones constructed using higher inductive types. We have
seen by example how to prove coincidence of path equality
with bisimilarity for these types. We believe this type the-
ory is useful not just for coinductive reasoning, but also for
reasoning about advanced programming language features
using a form of synthetic guarded domain theory [39, 44]. In
fact, an earlier version of CCTT has already been used for a
semantic proof of applicative simulation being a congruence
for a lambda calculus with finite non-determinism [41].

We are currently developing a prototype implementation
of CCTT as an extension of Cubical Agda. The main thing
missing is the principle of induction under clocks. The proof
of Theorem 4.3 has been verified in this.

We would also like to prove canonicity for CCTT, building
on similar results for Cubical Type Theory [22, 31, 47] and
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Clocked Type Theory [7]. For Cubical Type Theory canonic-
ity is proved for terms in a context of only interval variables.
For CCTT, the context should be allowed to also contain
free clock variables in order for terms of type Vx.H(§ [x])
to reduce to a form in which the f-rule for induction under
clocks can be applied. On the other hand, we believe that it
should not be necessary to include free tick variables, and so
the only tick that needs to be considered in reductions is o.
Our equational rules have been designed with this in mind.

Unlike this paper, other type theories for multi-clocked
guarded recursion [11, 35] take clock irrelevance (9) as an
axiom. This requires that universes be indexed by clock con-
texts, and the » modality be restricted to »* : Uy — U,
for k € A, because an unrestricted »* breaks clock irrele-
vance [12]. Bizjak and Magelberg [12] show how to construct
such universes of types that are clock-irrelevant in the sense
of the map A — Vk.A being an isomorphism, rather than
an equivalence. Future work includes constructing larger
universes of types clock-irrelevant in the more liberal sense
used in this paper.
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A Appendix
A.1 Omitted proofs Section 3

Proof of Lemma 3.2. Given f : »*A — A, let p be the cor-
responding proof of (7), then as mentioned the center of
contraction for

3 (x : A).Pathy(x, f (A(a:k).x))

will be the pair (fix* f, p). Then for any other such pair (h, pp,)
we have to show (fix“f, p) = (h, pr), which is equivalent to

S(q: fixf = h). g.p = pi
We define q by guarded recursion
fix* A(r : >*(fix“f = h)).(pfl,pgl)*(apf(/li./l(a:K).r [a] i)
We then proceed to prove g.p = pp, by first observing that it
is equivalent to

(p. Pr)+q = app(AiA(a:x).q [a] i)
so that by expanding q by (7) on the left hand side and can-

celing the transports we obtain the right hand side and the
proof is concluded. O

Proof of Lemma 3.1. We have

Tyigs.ovin s TF up € uf0/ig] :  ~o> T
and
T,ig,.-sin: Lo, j:1F p(j) d=eftirr(uo,u,j) tk~> T
Define T, iy, ...,ip : L j : I+ C type by
hfill [p > Alp(j)/al] Aluo/a]
and then take B C 1. Then we define filler(t,u) as

hcomp. [¢ + ¢ [p(j)]] (¢ [uo])

A.2 Substitution for Tick Application

In figure 6 we present the formation rules for substitutions,
based on the ones from Mannaa et al. [35], and extended to
account for the new tick judgemnts and the contexts from
cubical type theory. In what follows we explain how to apply
a substitution to a tick application term.

Operation 1. Given A+ ¢ : T andT + u :
define an operation residual(o, u) returning tuples of one of
two forms
e (N,0’) such that A + uo : ko~ A and N + o’ : T,
and A+ olp =o' : T,
e (A,x"”,0’) such that A v+ (ko,uc) ~ A and
N, k" :clock+ o’ : T,

such that ko’ = k” and A+ o|p = o' [ko/x""] : T.

Kk ~ I’ we

Construction. The tick u contains tick variables ap : k..., :
K, here given in the order they appear in I', so in particular
we have I' = T, a : kx,I, and IV C I, TL(I;). Then let us
look at the restriction of o to I, ag : k. We have two cases:
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Substitutions
I+ T'to: T I'rt:Ac
T+[]:- T't(o,t):T',x: A
IT'to: I’ T+« :clock T+to: I’ F'+r:1

It (o,x") : T,k : clock Tk (o,r):T,i:1

Fto: T’ I'tg:F

T'ro:T,p

F'rpo=1r:F

roFOZr/

Tt (ou): T, a:k

T'ru:xo~1,

rol-O'Zr, I‘F(K,,U)’\/)ro

T'to,(x',0) : T,k :clock, o :

Figure 6. Formation rules for substitutions.

(i) (o1,0) with A’ + oy : Ty and Ag + v : koy ~ A’ with
Ao C A
(ii) (o9, (x’,v)) with Ty = Ty, k : clock, and A" + oy : T,
and Ag + (k’,0) ~ A/, with Ay C A.
In either case the tick v lives in the context Ay C A because
other components of the substitution o, e.g. for ;... ay,
might have shrinked the context so.

In case (i) we extend o7 to A’ + o] : Iy, TL(I;) because
whenever we have one of A + k; : clock, or A+ r : I, or
A+ ¢ = 15 : F we also have the same in A’ C A. Finally we
take o’ to be o7 |1+, which agrees with o|r by construction.
The constructed tuple will be (A’, o”).

In case (ii) we extend oy first to A’, k"’ + (o9, k") : T, k : clock
then to a subsitution A, k" + of : I}, TL(I3) as above, fur-
thermore noting that TL(I;) does not depend on . Finally we
take o’ to be oj|r. The substitution ¢’ [«’/x"’] then agrees
with o by construction, and we also have ko’ = k”. The
constructed tuple will be (A’ k", ¢”).

To show that we have the correct typing for uc we observe
that A’ is smaller as a subcontext of A than the ones the
ticks a10... ayo target, so they can all be weakened to fit
the typing A + ajo : ko1 ~ A’. In case (i) then we are
done by extending this observation to v. In case (ii) we can
further derive A v (ko1, a;0) ~ A’ which gives us what we
want. m|

ForAro:T,andI"F t:>(a:x).AandT Fu:k~ I,
we have that substitution commutes with tick application in

the following way:
to’ o [uo]
(x"”.to’) p[(ko,uo)]

(tr [u])<7={

We want to show that typing is preserved. For the first case,
we can assume A’ + to’ : > (a:x0").A(0’, @), so by the tick

if residual (o, u) = (A, 0’)
if residual (o, u) = (A, k", 0’)
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application rule we have A + to’ a [uo] : A(o’, a)[uc/a],
where the latter type is equal to A[u/a] o as expected. For the
second case, we can assume A, k" + to’ : > (a:k0’).A(0’, a),
so by the forcing tick application rule we have

Av (k".to’) a[(ko,uo)] : A(c’, @) [uc : ko/a : k'],
where the latter type is equal to A[u/a]o as expected.

Operation 2. Given A+ o :T andT + (x,u) ~ T’ we define

an operation bresidual(o, (k,u)) returning tuples of the form

e (A, 0’) such that A + (ko,uc) ~ A and N + ¢’ : T,
and A v olpp =0’ : T

Construction. Here the tick u might not contain any tick
variables, in which case we take A’ to be A and ¢’ to be o] .
If u does contain tick variables then we have cases (i) and (ii)
as in the construction of residual(—, —). We chose to use k
in the assumption I' + (k, u) ~» I so that the names in the
cases would line up with the previous construction.

In case (i) we construct the tuple (A’, ¢”) as we did be-
fore, and the same reasoning extends to the well-typing of
A+ (ko,uoc) ~ N.

In case (ii) let us recall that here T is of the form Iy, k :
clock, g : k, Iy, with T” C T, k : clock, TL(I). We also have
A+ (0p,x") : To, x : clock, which agrees with o restricted
to the same context. As before we can extend (g, k") to a
substitution for I, x : clock, TL(I;) by using the relevant
components of o, and finally obtain the desired ¢’ by restric-
tion to I'’. O

For A+ o :T,and I,k : clock v t : »(a : k).A, and
I'+ (x’,u) ~ I, we have that substitution commutes with
forcing tick application in the following way:

()  [(, W)])o = (x.t(0", 1)) & [ (K0, u0) ]
where bresidual(o, (k’,u)) = (A, 0’). We want to show that
typing is preserved. We can assume

N,k :clock + t(o/, k) : > (a:x). A(d/, k, ),
then by the forcing tick application rule we have
A+ (k.t(o',x)) a[(K'o,u0)] : A(6’, x, @) [uo : K'o/a : k],

where the latter type is equal to A[u : k" /a : K]0 as expected.

A.3 Omitted proofs Section 4

Proof of Lemma 4.2. The case of composition is clear, and
products follow from the fact that Vk.(A X B) =~ (Vk.A) X
(Vx.B). Likewise, the case of II-types follows from the fact
that Vk.Il(a : A).B = II(a : A).Vk.B which can be proved by
commuting two arguments. In the case of %, since Vk.(-)
behaves as a function space from a type of clocks, one can
prove

Vi.2(a: A).B(a) = 3(a: Vk.A).Vk.B(a[x])
~ 3 (a: A).Yk.B(a)
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using the assumption that A is clock invariant in the last
equivalence. The case for universal quantification over clocks
uses Vx.Vk’.A =~ Vi’ .Vk.A.

In the case of guarded recursive types, first note that if F
commutes with clock quantification, so does >*F. This can
be proved using Vx’.»* A ~ »*Vk’ A, the left to right map of
which maps a to

Ma:x). A" .a[k'] [a]

for « fresh. This map type checks because TL(x’ : clock) =
k’ : clock. Using this, we can prove by guarded recursion
that X is clock irrelevant as follows

Vik'.X = V' .F(>*X)
=~ F(Vk'.»* X)
~ F(>"V«’ X)
=~ F(>"X)
using the guarded recursion assumption in the last line.
In the case of path types, if x, y : A then
Vk.(Patha(x,y)) = Pathy, a(Ax.x, Ak.y)
~ Pathu(x,y)
The first of these equivalences simply swaps the clock and
interval argument, the second uses the assumption that A

is clock invariant, which means precisely that Aa.Ak.a is an
equivalence, and so preserves path types. ]

Example 4.5 uses the following lemma.

Lemma A.1. Let A be a clock irrelevant set and let X : P¢(A),
a: A. Then a € X is clock irrelevant.

Proof. The proof is by induction on X, which is valid since
statements of the form IsEquiv(f) are propositions. If X =
{b} then a € X is by definition Path4(a, b), which is clock
irrelevant by Lemma 4.2. If X = YU Z thena € X is (a €
Y) X (a € Z) which is clock-irrelevant by induction and
Lemma 4.2. O

We now give a proof of Theorem 4.6. We will write
ufld® : LTS® — Pf(A X »XLTS)

for the equivalence associated with the guarded recursive
type LTS". First note the following.

Lemma A.2. The following diagram commutes up to path
equality.

LTS —M s pr(A x LTS)

EVK\L le (AXf)

LTS® 419 pe(A x »¥LTS¥)

where ev, dzefxlx.x[x] and f = Ax.Aa:k).x[x].
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Proof. The map ufld is defined to be the composition of the
following maps
Vi.ufld® : Vk.LTS® — Vk.Pf(A X > LTS¥)
@ : Vk.Pe(A X »¥LTS*) — Pf(A X Vk. > LTSY)

Ps(A X force) : Pf(A X Vk.»* LTS*) — Ps(A X Vk.LTS¥)
where Vi.ufld*(x) = Ax.ufld*(x[x]), ¢ is the witness that
Ps(A X (—)) commutes with clock quantification, and force :
Vi. > LTS® — Vk.LTS" is the inverse to Ax.A(a:x).x up to

path equality. By the latter, we get the following sequence
of path equalities

Ps(A X f) o ufld = Ps(A X evy) o ¢ o Vk.ufld®

= ev, o Yk.ufld®

= ufld® o ev,
as desired. O
Proof of Theorem 4.6. Magelberg and Veltri [40] prove that
path equality coincides with bisimilarity for guarded re-
cursive types. Using their results we can prove that, given
x,y: LTS

Pathits (x, y) =~ Vk.Path rs<(x[x], y[x])

=~ Vk.Bisim"* (x[x], y[x]) (10)
where the first equivalence uses functional extensionality
for universal quantification over clocks and the second is [40,
Corollary 5.4]. Here Bisim® (x, y) = Sim"*(x, y) X Sim*(y, x)
where

Sim*(x,y) =I(x" : »"LTS*,a : A).(a,x") € ufld“(x) —
Jy' : > LTS.(a,y") € ufld“(y)x
> (a:k).Sim*(x" [a],y’ [a])
We must compare this to bisimilarity of x and y which is
defined as
Vi.(Sim{ (x, y) X Sim{, (y, x))
where
Sim{ (x,y) ~II(x" : LTS,a: A).(a,x") € ufld(x) —
Jy’ : LTS.(a,y’) € ufld(y)x
> (a:x).Simy (x,y)
By an easy guarded recursive argument one can show that
Sim{, is a reflexive relation, and from this it follows that path
equality implies bisimilarity. To prove the other implication
it suffices to show that
(x,y : LTS).Sim{ (x, y) — Sim*(x[«x], y[x])

and this statement is proved by guarded recursion. So sup-
pose x,y : LTS and Sim{ (x,y). Suppose further that x” :
> LTS*,a : A and (a,x”) € ufld*(x[x]). By Lemma A.2 this
means that (a,x”) € P¢(A X f)(ufld(x)) where f = Ax.A(a:
K).x[x]. By [40, Lemma 4.1] there then (merely, i.e. in the
sense of J) exists an x”’ : LTS such that x” = f(x”), i.e.,

x' = Aa:x).(x"[x]) (11)
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and (a,x”) € ufld(x). By the assumption that Sim{, (x, y)
there then merely exists a y”” : LTS such that (a,y”) €
ufld(y) and
> (a:x).Simy (x”, y"). (12)

Setting y’ = f(y”’) then, again by [40, Lemma 4.1] (a,v’) €
Pr(AXf)(ufld(y)) and soby Lemma A.2, (a,y") € ufld(y[x]).
It remains to show that

> (a:k).Sim*(x" [a], ¢’ [a])
which reduces to

> (a:k).Sim*(x" [x],y" [x])

using (11) and definition of y’. This follows by guarded re-
cursion from (12). O

We now give a proof of Theorem 4.3. It uses the following
lemma establishing the existence of a final F o »*-coalgebra
for any endofunctor F.

Lemma A.3. Let F be an I-indexed endofunctor, then for all

K, the type v(F) d:effix’c (AX.F(>*X)) : I — U has a final
F o »¥-coalgebra structure, ie., there is a map out® : v¥(F) —
F (>* v(F)), such that for all maps f : X — F(>*X) the
following type is contractible

S(h: X - ve(F)).out“och=F("(h)) o f
Proof. The map out” is given by the equivalence between a
fixpoint in the universe and its unfolding, so we also have an
inverse (out®)”!. The functor »* is locally contractible [10]
in the sense that the action on morphisms factors as a com-
position of two maps

(X—>Y) -2 (X >Y) > ("X - "Y)
and so also the mapping Ah.(out®) ™" o F(»*(h)) o f factors
as a composition

(X = v8(F)) = »"(X - v (F)) = (X — v*(F))
Then by uniqueness of fixpoints we get the contractibility of
S(h: X — v¥(F)).h= (out") ' o F-*(h)) o f

which in turn is equivalent to our goal by postcomposition
with out®. ]

Proof of Theorem 4.3. We define the coalgebra out : v(F) —
Fv(F) as F(force) o can;' o Vk(out®). Given any coalgebra
f:X — FX, we can extend it to f* : X — F (+*X) for any
k. Then by lemma A.3 we have that for any « the type
S(h: X — v (F)).out o h = F(>*(h)) o f*
is contractible. By clock quantification preserving contractibil-
ity and commuting with ¥ types we have that
S(h:Vk.X — v¥(F)).Vk. (out®) oh [x] = F(>"(h [x])) OfK
is also contractible. Then by~VK.X — V®(F) = X — v(F)
and that (Ak. F(>*(h [k])) o f*) = canf o F(force™) o F(h)
we obtain the desired result. More details on the calculations
can be found in [38]. O
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A.4 Omitted proofs section 5

The equational theory of boundary terms is given by =,
defined in Figure 7. This theory is used in the typing of
boundary terms, when typing systems and homogenous
compositions. More precisely, the requirement is that for
a system of boundary conditions [¢; M ... ¢, My] to be
wellformed, it must be the case that ¢; A @; implies M; =, M;,
for any i, j. Similarly, for hcomp{w[tﬁ — M’] M; to be well
typed, we must have M’[0/] =, M;.

Proof of Lemma 5.2. Throughout we assume that I' + § :
Vk.A unless otherwise specified. Through an induction on
the structure of the boundary terms, we prove the following
more general typing:

I, : VR LISIRL y [K1] F (M) 5,5y

D[AR.M[y[%), x[%], % 7[x]]]
where I'” is defined as follows
'S,y VRL[S[R]], % : VR.Z: 0[], y[K]] — H (3[]),

y: (£: Ve E[S[x] y[¥]]) — D[Ax.x[¥](£[KD]. i : ¥, i

and M is assumed to be a boundary term of type HJ in
context

§:Ay:Ti[8),%: 58yl = H8i: ¥, 07 :T[8y]

The desired typing is then the case where I' above is empty,
since we have that ¢ implies that Ax.con;(...) reduces to
AX. Mj. The T crops up because the interpretation of con-
structors adds a & : Vk.E[J[k], y[Kk]] to the context while
the hcomp case adds an interval variable and a face restric-
tion to the context for the system of the composition. In
the very first step, unfolding the list of partial elements
adds a face restriction as well. Concretely we proceed as
follows in each case. Also, we write ¢ for the substitution
[6[x1/8,y[x ]/y,x[K]/x 7[x1/7] and 7 for the same but with-
out the X component.

e Assume M = x; u. From the typing assumptions on M
we have that
d:Ay:Tix:Ei[d,y] — HE,i: ‘If,(pi,f‘ Fu:Z;;

This means that £ = Ak.ut has type Vi.E; ; [6[«], y[k]],
which is exactly the input to y;, so that y; £ has type
D[Ax. x[x](ur)], as desired.

e Assume M = con;(#,A£.M’, 7). By inductive hypothe-
sis we have that

I,y : Ve. T[S[x], y[¥]], € : VE.E x [8[%], z]

S -
F (]MIQDZ,}H@(;?,@ : D[Ax.M{ o]

This gives us the input necessary to apply &;. The t
family has a similar typing structure to u in the previ-
ous example so we get ' = A%.t7 of type V&.I[;[5[X]].
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We obtain maps
Sk : VK. Ejk[6[K],
Sk = Ak AEM o

directly from the typing assumptions and by inductive
hypothesis we obtain maps

Ry : (¢: VRE;x[8[%], T [k]]) — D[AR.Sk[%

Rie = 2¢.(M D%XHy(yé)

This means we have the required data to apply &}, and
by the definition of clock abstracted elimination lists
we have that & [f,, SR, r] inhabits D over Ax.Mo.

e Assume M = hcomp{w[xp — M’] M;. By inductive
hypothesis and the typing assumptions for the hcomp
to be well formed we have that (M})2 inhab-

Ex-1y

its D over Ax. M;o, and (]M'[)g _ - inhabits D over
XTGP
Axk. M’ in the context extended by j : I and restricted
by . The v term provides a path between Ax. Mo and
its composition with Ax. M’c, which means that the
composition in D[vj] provides a term over Ax. Mo as
desired. Finally, for the composition to be well typed,
we must verify that

(M) g5 10001 = (MODE s
An easy induction shows that the left hand side equals
g [O/J]DgXHyy and since M; =, M’[0/]], this fol-
lows from Lemma A.4 below.

o Assume M = [@o My, . . ., ¢n; My,]. In this case we have
the following typing by 1nduct1ve hypothesis:

D[Ax.Myo]

7'[%]] — H (8[x])

1(€[xD)]

', o b (Mg 5gp

Finally, in order to conclude that

s s
Lor Mgz > 0n (Mg 23]

defines a system, and so a partial element of D[Ax.Mo],
we must show that on faces of the form ¢; A @i the
judgemental equality

S — S
(]Mng,ng,y = quDg,}.—@,y
holds. Since on this face M; =5, Mj, this follows from
Lemma A.4 below. O

Lemma A4. IfT + M =, N thenT + QM[)gYHw =

s
(]ND%,Y»—)@)?
Proof. The proof is by induction on the proof of M =, N.

The interesting case is the reduction of a constructor to its
boundary, which requires showing that ¢; = T implies

(cong (2, AE. M, 7)) = (N; (%, AE. M, r)[)%,’?Hm; (13)

The left hand side of this equation is &, [f’,g, R, 7], which
under the assumption that ¢; = T equals

(NS gy [T SR T/ %]

Ex—-Yy —
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Rules for equality of boundary terms

Trt=¢

Trr=r  Vi[&F M=, M)

Lj,or M=, M T My =, M

T+ hcompihS [ —> M] My = hcomp{m [ —» M'] M,

T+ cong(t, M. M,7) = cong(t/, AE. M?,T7)

€p = [qﬂl Nl---(pmNm]
T COI’][(;, /15 M,F) =p Ni(?, Aé{ M,F)

Fl—(piET

Frep=T

'k hcompﬂ(S [¢ = M] My =, M[1/]]

Substitution operation

(x; @) (L, AE. M, 7) = M; [@[L,7]/E;]

cong (7, A& M", ") (1, AE. M, F) = con (¥ [T, 7], AE". M' (T, Aé. M, T, &), 7 [F])
(hcompim [¢p = N] No)(t,Aé.M,7) = hcompim [ = (N(t,AE M7, )] (No(t, AE. M, 7))

Figure 7. The equational theory of boundary terms is the least equivalence relation generated by the rules above. The rule for
reducing a constructor to its boundary uses the substitution also defined above.

It thus suffices to prove equality of the above with the right
hand side of (13). We omit the straight forward induction
proof of this substitution property. O

Details of higher truncation. Recall that we defined a map
a : Vi ||Alln = |IVk. A|ln. For f : V. S™1 — ||Al|,, we let
" =As.a(Ak. (f [k])(s)) and ps : Ak.s [ko] = s is the path
extracted from clock irrelevance of S$"*!. Note that from the
definition of @, we get the following reductions:

a(Ax.in(a[x])) = in(a)
a(Ax.hub(f [x])) = hub(f")
a(Ak.spoke(s [x], f [k],1)) =
hcomp’ [(i = 0) —a(Ak. (f [€])((ps ) [K])),
(i = 1) —hub(f)]
spoke(s [xo], £/, )

For ease of reasoning, we write out the reductions for the
canonical map f:

B(in(a)) = Ak.in(a [x])
B(hub(f)) = Ax.hub(As. (B(f(s))) [x])
PB(spoke(s, f,i)) = Ak.spoke(s, As. (B(f(s))) [x],1)

We show that the two maps are inverse to one another
by induction, leaving out the trivial first case. For hub we
reason as follows:

a(f(hub(f))) = a(Ax.hub(1s. (B(f(s))) [x]))
= hub(4s. a(Ax. (B(f(s))) [x]))
= hub(s. a(B(f(s))))

= hub(4s. f(s))

= hub(f)

Bla(Ax.hub(f [k]))) = f(hub(4s. a(Ax. (f [k])(s))))
= Ak’ hub(4s. B(a(Ak. (f [k])(5))) ['])
= Ak’ hub(As. (Ax. (f [x])(s)) [x'])
= Ax. hub(4s. (f [x])(s))
= Ax. hub(f [x])

Note that the only non-judgemental equality is the induc-
tively justified cancellation of the compositions i.e., the path

q: As.a(B(f(s))) = fandr : As. fla(Ak. (f [k])(s))) =
As. Ak. (f [x])(s) under the hub constructor.

We now supply the first calculation for the spoke con-
structor:

a(f(spoke(s, f,i))) = a(Ak.spoke(s, As. (B(f(s))) [x], 1))
= hcomp[(i = 0) = a (. (B(f ((Peonsts J [K])))) [x]),
(i =1) = hub(As. a(Ax. (B(f(s))) [x])]
spoke(s, As. a(Ak. (B(f(s))) [x]), i)
= spoke(s, As. a(Ak. (B(f(s))) [x]), i)
= spoke(s, As. a(B(f(s))), i)
= spoke(s, f, i)

For us to apply induction with the above path it would
need to reduce strictly to the recursive call at s, Aj. g(j)(s),
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on i = 0 and the hub case, 1j. hub(1s. g(j)(s)), oni = 1. This
is too tall an ask, but luckily it is sufficient for our purposes
that we can show such reductions up to a path. The path
used for the induction is then defined by an appropriate
composition as in the definition of the map a.

The calculation above uses two non-trivial paths. The first
is the reduction of a composition to its base, which we note
restricts to Aj. a(Ak. (B(f ((peonsts j [x])))) [x]) and reflex-
ivity on i = 0 and i = 1 respectively. The second is exactly an
application of g from above to the function input, or more
concretely the path Aj.spoke(s, As. q(j)(s)),i). The reduc-
tions of spoke then mean that this reduces to exactly the
paths we are looking for. Since pconst is given by clock irrele-
vance at a constant function it is path equal to reflexivity by
lemma A.7. Cancelling this path at i = 0 and reflexivity at
i = 1 with a composition then yields the desired path.

Bla(x. spoke(s [k].f [x],1)))
= B(hcomp? [(i = 0) = a(Ax. (f [K])((ps J) [x])),
(i =1) = hub(As. a (k. (f [x])(s))))]
spoke(s ko], As. a(Ax. (f [x])(s))), 1))
= heomp’ [(i = 0) - B(aCAx. (f D) ((ps J) K1),
(i = 1) =p(hub(As. a(Ax. (f [x])(s))))]
B(spoke(s [ko], As. a(Ax. (f [k])(5))). 1))
= hcomp/[(i = 0) = B(a(Ax. (f [K])((ps ) [K]))),
(i=1) A" hub(As. f(a(Ax. (f [xk])(s)) [«'])]
Ak’ spoke(s [kol, As. (e (k. (f [x])(s)))) [x'], 1)
= Ak’ .spoke(s [ko], As. B(a(Ak. (f [x])(s)))) [x'], 1)
= Ax’.spoke(s [k'], As. B(a(Ak. (f [x])(5)))) [x']. 1)
= Ak.spoke(s [k], f [k], i)
This time the boundary obligation is that on i = 0 the
above must reduce to Aj.Ak.r(j)(s[x]) [k] and on i = 1
it must reduce to Aj. Ax. hub(As.r(j)(s [k]) [x]). The cal-

culation is a composition of three non-trivial paths. We
first reduce the composition to its base, which reduces to
reflexivity on i = 1 and Aj. f(a(Ak. (f [x])((ps j) [x])))
on i = 0. The next path is again the path extracted from
clock irrelevance, this time the one that shows that s [ky] =
s [«’], which is exactly the inverse application of clock irrel-
evance. This reduces to reflexivity on i = 1 and the path
Aj. Bla(Ak. (f [k])((pst j) [k]))) on i = 0. At this point
the composite path has the shape refl o Aj. f(a(p’(j)) o
Aj. B(a(p’~1(j)) on i = 0 and refl® on (i = 1), meaning that
it reduces to refl up to a path in either case. The last path is
then the inductively obtained path

Aj. Ak.spoke(s [x], As. r () (s) [x], ).

The desired reduction now again follows from an application
of the equalities governing the behavior of spoke.
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Proving Theorem 5.4. We proceed by constructing a map
(h:Vk.HS) — Vk.h[k] = h[ko].

To do this we first show a slightly modified induction under
clocks principle with constant § and I'_y parameters. Using
this modified principle we construct the map in two stages:
first we provide a candidate case for each constructor and
secondly we show that the candidate terms satisfy the appro-
priate boundary condition up to path equality. The latter will
allow us to rectify the terms given by the former construc-
tions via a composition to obtain the input for the modified
principle, thus allowing us to define a map of the desired
type. The new induction principle needs a modified version
of the boundary condition, given by transporting the usual
one along the equivalence between the two, which means
that we need to, at each stage, cohere with the transport in
the earlier stages.

Before beginning the proof we need to introduce some
notation and prove a small lemma about the structure of HIT
constructors.

Lemma A.5. Let HS be a HIT with constructors taking input
YO 28]yt THS), ..., x: BN, Y] — HS,...andi: ¥,

and boundary conditions ¢; \ e;. Then there exists an equiva-
lent HIT H’ 8 with constructors taking input of the form

y: L8], x:Ei[8,y] = H'Sandi: ¥,

with boundary conditions ¢; + e; where ¢; is of the form
V(i = 0) Vv (i = 1) with i ranging over all variables in V.
We say that HITs satisfying these three criteria are of reduced
form.

Proof. Modifying the I and E — H § input is trivial, simply
take I;[] to be an iterated = type consisting of the I/ and

=Eild,y] def E{ [6,y] + E{ [8,y] +.... This procedure clearly
yields an equivalent HIT, so we make this assumption freely.

We achieve boundaries of the desired shape by adding
constructors to specify the full boundary, noting that \/(i =
0) V (i = 1) as above is the second largest element of the
face lattice specifying the entire boundary of a cube but not
the interior. We call it the total face relative to ¥. Let con; be
a constructor of H § with boundary extent ¢; and interval
input ¥;. We add a number of constructors to H’ § recursively
in the following way: Write ¢; in disjunctive normal form.
For each j € ¥; if (j = 0) and (j = 1) appear as disjuncts of
@; we add con; as is. Say that (j = 0) is missing; we then add
a constructor congj =0 with the same I and E as con;. This
new constructor then has interval input ¥ with the j variable
deleted. Now consider the face ¢; A (j = 0). If this is the total

face relative to ¥ without j, we define the boundary term of

congjzo) to be the boundary of con; restricted to (j = 0) and

proceed with the next interval variable in ¥. If it is not the

total face and is missing for instance k € ¥, we repeat the
(=0AK=0)) i1 the

procedure, defining a new constructor con;
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same way. Having recursively defined this new constructor,
we use it for the boundary at k = 0.

It is immediate that we can define mutually inverse maps
between H § and H’ § using their respective elimination prin-
ciples. O

The point of the modified boundary shape is that con-
structors with such boundaries exactly correspond to con-
structors for heterogeneous, iterated path types. This means
that for HITs of the above form we can treat the end result
(i:¥) > Alp > e] as a proper type, allowing it to appear
in e.g., 2-types. We treat it as we would path types, introduc-
ing terms of them by abstraction and eliminating from them
by application. As for path types we can compose iterated
paths, and we record this fact in the following lemma:

Lemma A.6.
Trp:T(i:¥).Alp — u] IL(i:¥),prq:u=v
Tr(.q)p:TI(i:¥).Alp — 0]

Proof. (i.q)* p =t hcomp’ [¢ = q j] (p i) o

We define the following types in context where § : A, and
D a family over Vk.H §, where u<; : &<,(J, D) as specified
below, and § : Vk.I;(5):

— . def
@[(6, D> U<y, }/) =

(x : (Vk.Z[8,y [k]] = HE))

(y : TI(E = Vx. B [8, y [x]]).D[Are.x [] (£ [x])])

(i : \Il[)

D[Ak. cong(y [x], x [x], i) [¢e = qengT,,XHy]
€,(8,D,7=7) ' 1(y : Ve [6]). Po(8, D, iz, v)
&(8,D,7r) = T(y : T,[6]). (8, D, g, A_.y)

where

&(8,D) =2 (ug, : €,(6)). Z(ug = (8, ug,)).

Cen g[n((s, (ufo, Ups e ué’n,l))

and &.,(8, D) is the prefix of the above iterated X types con-
taining fields only for the labels below ¢. The above definition
is well-founded because &, (8, —) only refers to &, (6, —) for
labels ¢ < ¢.

Lemma A.7. For each ¢ we have
cirrr, 1 II(y : VeI [6]). A_.y [ko] = ¥
cirr—cohr, : II(y : T;[8]). refl = cirrr, (A_.y)

Proof. From clock irrelevance of I; we get a proof that the
constant map from I;[5] to Vk.I;[5] has a right inverse.
Moreover it has application to «y as a left inverse with re-
flexivity as the proof. From this we obtain a proof that the
constant map is an half adjoint equivalence, from which we
can project cirrr, and cirr—ohr,. O
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Lemma A.8. Foreacht,§ andu., we have an equivalence

of types fr : 8,(8, D, u<p) = &(5,D,u<p).

Proof. We will use cirrr, to transport % (8, D, u<,, A_.y [ko])
to Pp(8, D, u<, y). Concretely we define

fiw) € Ay cirrg, ()" (' (v [%0]))

We then define &’ (4, D) as the iterated sigma type
Z(ufo : %;0 (5’ D))Z(uﬁ : (gtfl (5> D, ﬁ’o (u{’o))'
. 8},(6.D, fa)

where we wrote f(u<,) in place of

o Cug), fo (ue), - fo,_ (g, )

as we will do going forward. In fact the family f; can be
collected into an equivalence of type &’ (5,D) ~ &(5,D)
which also restricts to the < ¢ case.

Lemma A.9. Let§ : A, and h : Vk. H(S) + D type and let
t:Vk.HJ.
(a) Elimination under a single clock allows us to produce a

term of the type Elim(J, D, t) dzef%(& D) — D[t].

(b) Clock elimination with constant I; parameter allows

d
us to produce a term of the type Elim“"™' (5, D, t) o

&'(8,D) — D[t]

Proof. Case (a) is direct from typing of elimination under
a single clock, case (b) follows by composing (a) with the
equivalence f. ]

In the following we will fix D[#] to be Vk.t [ko] =t [x].

Lemma A.10. For each { we can type by as shown:

7:(9) Z 1y To[8))
(x : Vk.Z¢[8,y] — HO)
(y : II(& VK. B¢ [6, y]).D[Ak.x [x] (£ [x])]).
(l : ‘I/[)
D[ Ax. cong(y, x [k],1)]
[oe > A Aj. e[y, ALy (A_. &) [x] j.il]

de
§:A+ by =f/1yxyi1<j.cong(y,Ag.y(/l_.f) [x]J,0) : F¢(6)
Proof. Follows directly by the typing rule for con,. ]

Note that 7 (9) differs from &, (6, D, t<;) only in the bound-
ary of the final result. We bridge this gap with lemma A.11.

Lemma A.11. The terms defined in lemma A.10 satisfy the
boundary conditions of lemma A.9 (b) up to path equality, i.e.,
for each £ we have a term lemD; of type

A Ajecly. A8y O &) [k .l = (eed5=, , , [A_.v]
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in the appropriate context, and where each v, is defined as

Uy : %(5, D, l)_<[)

0 fi(ge(be)
g0+ T(8) — €' (8,D,57)

de «
ge(t) =f/1y./1x./1y.(i.|eng) (tyxy)

Proof. To arrive at the desired conclusion we need a gener-
alized version of the lemma which keeps track of how the
proof in each case coheres with the earlier stages. We prove
the following:

Q&S Ay Tox:Ve. B — HS,

y i TI(E : Vi ).D Ak x [i] (£ [x])],
yk : II(E : E¢).D[Ak. x [k] €],
y:I(E:En)yx E=y(A_. D),
i: ¥, o
Q. T+ lemDg, (M)
s (A Aj. MIAE. yk € [x] j/x])
= (M)3=2 Ay v A 7]
lemDy is then defined as

lemDg, (e) [A€. y (A_.&) /yx. AE. refl /]

we will write o for [A€. yx &[] j/x]and cfor [A_.y/y,A_.7/7].

The extra yx and § parameters provide what to do for the case
M = x; u where we will apply § to u to obtain the necessary
equality between the applications of yx and y. This allows
us to derive that lemDg,(—) commutes with substitution in
the following way,

lemDg, (M[t, A£. M, 7]) = lemDg,(M)[%, S, R, Rk, R, 7]

where
S % Ak AE M [x [x] /]
def A8
R=AAM Yoy 307
R € 2EAcAj. M o
RE A€ lemDg, (M)

and moreover we have lemDg,, (M) = lemDg,(M) for ¢’ < ¢,
whenever M only contains constructor nodes with labels
smaller than ¢’. We will use these properties for the con-
structor case of lemDg,(-).

Finally, we need to show that lemDg,(—) preserves judge-
mental equality in the sense that M =, N implies

lemDg,(M) = lemDg,(N)

This is needed to show that lemDg,(—) is well-defined in the
case of systems as in the proof of Lemma 5.2, and to define
lemDg,(—) in the case of homogeneous compositions.
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We induct on the structure of M. In case M = x u, we need

to build a path between Ak. Aj. (yx (v)) [x] j and

y(Ac.ul(A_y) [l )y, AP [E]/7]).

The clock applications on the right hand side simplify, mak-
ing the body of the lambda abstraction constant in k. The left
hand side 5-contracts to yx u, so we can conclude by setting
lemDg,(x; u) equal to ju.

In the case M = hcomp’ [ > M’] Mg, we must build a
path between Ak. Aj. hcompj' [ = M'c] Mo and

i’ INA_. O ’

Compf)[wjz] [y — (M Dﬁ’x._)y’(};’j/)f] ((]MOD%,xHy,)‘/T)'

Let p be the path connecting

Ak Aj.hcomp’ [ (]M'D%i,_,y,(y,j,)f [x] j]

(M) s 7 LD )

to the right hand side, obtained from the fact that both terms
fill the same open box. We let g be the path connecting the left
hand side to p 0, obtained by combining lemDg,(M’) and
lemDg,(M;) with hcomp’’. Note that this is well-defined
because lemDg,(—) preserves judgemental equality. By tran-
sitivity we get q - p connecting the desired endpoints.

To prove that lemDg,(—) preserves judgemental equality,
we need that lemDg,(M) when restricted by ¢ is strictly
equal to lemDg,(M’). Fortunately that is already true for g,
while p is a constant path under those conditions, so by the
right unit law we have path from q - p to lemDg,(M"). Using
an hcomp with this latter path we define lemDg, (M) so that
it satifies the strict equality.

In case M = cony (t, AE. M, T), we need to build a path be-
tween Ax. Aj. cony (t,A. M0, 7) and vy (A_.1,S, R, 7) where
S = AAE M’ [x [x] /x] and R = A& (M) T We
will work right to left by expanding the right’hana side defi-
nition. By definition we have vy = fr (gp (byr)), 50 vy (A_. T)
is equal to cirr, (A_. 1)*(ge (be) (£)), so that by cirr—cohr, (1)
the right hand side is equal to g, (by) (£, S, R, 7), let us call this
path p;. Note that p; will be a constant path when ¢, [F] = 1
as it will collapse to an equality between the boundaries of
its endpoints, specified by their type. By definition we have

g (bpr) (1, S, R, 7) equal to ((ip.lemDy [2, S, R])* (b (1, S, R))) (T),

which is defined as an hcomp and so by filling it is equal
to the base of the composition by (£, S, R, 7), let us call this
path p,. Note that when ¢y [r] = 1 we will have p, =
Aip. lemDy [t, S, R]. Finally by (%, S, R,7) is equal to

Ak.Aj.cong (£, AE. R (A_. &) [x] j, 7),

which is path equal to the left hand side by lemDg,(M") and
cony itself, we call the resulting path p;. Note that when
¢ [7] = 1g we will have p; built from ey and lemDg,(M")
instead. By transitivity, ps - p, - p1 forms a path between the
left and right hand sides.

To preserve judgemental equality, when ¢, [7] = 1F, the
path lemDg, (M) must be equal to lemDg, (e, [2, A£. M', T])
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which in turn is equal to lemDg,, (e,) [%,S,R, Rk, R, 7] by the
commuting with substitution property, and where Rx =
AéAk.Aj. Mo and R is given by lemDg,(M’). To build the
necessary path we first contract the singleton pair (R, R),
so that the only non-trivial path in the composition is p,
which as we noted matches lemD,, i.e.

lemDg, (e )[, S, R, R, &. refl, 7].

Using this, we define lemDg,(M) as an hcomp of the path
just defined and ps - p2 - ps. O

Proof of Theorem 5.4. The v, terms from lemma A.11 collec-
tively form a proof of & (4, D), so by lemma A.9 we conclude
I(t : Vk.HS).D[t] = II(t : Vk.HS).Vk.t [ko] = t[k], as
required. O

A.5 Composition Structure for Higher Inductive
Types (Sect. 5.1)

Following [21], for any HIT § : A + HJ type we define
its composition operation, comp, in terms of the trans and
hcomp operations, resulting in the following judgemental
equality rule

compfw [p—>ulu = hcompf_,(s[l/i] [o — 0(i)] (trans"H(S o up)

where v(i) is transﬁa[ivj/i] (pvi=1)(ui).

Furthermore we include judgemental equalities for trans
when applied to elements of the HIT built by homogeneous
composition or by constructors. In Section 3.4 of [21], the
authors describe how trans computes when applied to con-
structors specified by a signature of the form

c: (x:A8)(i:I) - HS[p — e]

where A(6) is a telescope including both non-recursive and
recursive arguments. They are able to treat both kinds of
arguments uniformly by working in a variation of cubical
type theory where trans and hcomp are the primitive opera-
tions for all types while comp is derived, so that they can use

trans%(é) to transport all the arguments at once. We have

kept comp as the primitive in our type theory, but we can
reuse their description as long as we show how to trans-
port the arguments for the constructors in our schema, i.e.,

provide a replacement for transiz(d).

Given a constructor declaration (T, =Y, p,e)and § : 1 —
A we have to define trans’, ¥ (t,a). The T[]
T[6i].0z15: 154

part of the telescope can be dealt with using comp, as shown
in [21] by the definition of ctrans: a transport operation
derived from composition. We are left with having to define
transgiléiili” . ¥ (t,a) where f connects t to the result of
transportfng it. It is then sufficient to show how to transport
elements of C(i) := Z[8i,[i]] — H&i for each Z in .
Here we follow the recipe for transport in function types
[30], like so

transic(l.) Vag = Ag.transhﬁi ¥ (ax (ctrans;k[§(1_i)’z[1_il] /23))
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where we make use of the fact that a; (—) is a subtree of
con(t,a, 1) so it is well-founded to recursively transport. On
top of the above, the transport operation commutes with
homogeneous composition, as described in Sect. 3.2 of [21].

A.6 Detailed version of Section 6

The standard models of both Cubical Type Theory and Clocked
Type Theory are based on presheaf categories. In this sec-
tion we recall these models and show how to model the
combined CCTT in a presheaf category over the product
of the categories used in the interpretations of Cubical and
Clocked Type Theory. One of the challenges in construct-
ing the model is to equip the types of Clocked Type Theory
(such as > (a:k).A) with composition structures as required
to model types in Cubical Type Theory.

In this paper, following the convention of Mannaa et al.
[35] (but breaking with the convention of Cohen et al. [20])
we will work with covariant presheaves. Recall that a co-
variant presheaf over a category C is a family of sets X(c)
indexed by objects of C together with a map mapping f :
¢c » ¢ inCandx € X(c) to f-x € X(c'), respecting
identities and composition:

ide - x=x

g-(f-x)=(gf)-x (14)
We write PSh(C) for the category of covariant presheaves on
C. We recall the notion of Category with Family (CwF) [25]
a standard notion of model of dependent type theory.

Definition A.12. A category with family comprises:

1. A category C. We use I', A to range over objects of C

2. A functor Fam : C°? — Set. Elements A € Fam(I')
are referred to as familiesover I'. If 6 : A — I and
A € Fam(T') we write A[o] for Fam(o)(A)

3. Afunctor El associating to eachT"and each A € Fam(TI')
a set EI(A) of elements of A, and to eacho: A —> T a
mapping (—)[o] : EI(A) — ElI(A[0]).

4. A comprehension operation mapping a family A over I'
to an object I'.A such that maps A — TI'.A correspond
bijectively to pair of maps ¢ : A — T and elements
t € Alo], naturally in A.

We often refer to a CwF simply by the name of the under-
lying category C. A CwF gives rise to a model of dependent
type theory [28] in which contexts are modelled as objects
of C, types as families and terms as elements. Recall that
any presheaf category is the underlying category of a CwF
where families over an object I' are indexed families of sets
X(c,y) fory € I'(c) withmaps f-(-) : X(c,y) = X(c', f+y)
satisfying the equations (14), and elements are assignments
mapping each y € T'(c) to t(y) € X(c,y) such that t(f -y) =
ft(y).

We recall also the category / I' of elements for a covari-
ant presheaf I" over a category C. This has as objects pairs
(c,y) where y € T'(¢) and morphisms from (c,y) to (¢’,y")
morphisms f : ¢ — ¢’ such that f -y = y’. Note that a family
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over I' is precisely the same as a presheaf over f I'. We will
also use the equivalence

PSh(C)/T = PSh(/T) (15)

which states that a slice of a presheaf category is itself a
presheaf category.

A.6.1 Modelling Cubical Type Theory. The standard
model of Cubical Type Theory [20] uses presheaves over the
category of cubes. Here, since we use covariant presheaves,
we will write & for the opposite of the category used by
Cohen et al. [20]. So & has as objects finite sets I, J, K and as
morphisms from I to J maps f : I — dM(J) where dM(]J) is
the free de Morgan algebra on the set /. Composition is the
standard Kleisli composition, using the fact that dM(-) is a
monad. From the model construction we recall in particular

the interval object I(I) def dM(I), representing the singleton
set, and the face lattice F, which at stage I is the free dis-
tributive lattice generated by elements (i = 0) and (i = 1)
for each i € I, and relations (i=0) A (i=1) = Lp.

This model construction can be extended work for any
category of the form PSh(% x D). To do so we rely on the
Orton and Pitts’ axiomatisation of models of CTT [34, 43].
Rather than recalling these axioms, we recall the sufficient
conditions summarised by Coquand et al. [23] for a presheaf
topos to satisfy these axioms. These conditions are as follows.

e The interval object I is connected, and a bounded dis-
tributive algebra structure with distinct 0 and 1 ele-
ments. Exponentiation by I has a right adjoint.

e The canonical map from F to the subobject classi-
fier is a monomorphism, and the universal cofibra-
tion T : 1 — F is a levelwise decidable inclusion.
Monomorphisms that can be described as pullbacks of
the latter are referred to as cofibrations. The interval
endpoint inclusions 0,1 : 1 — I must be cofibrations,
and cofibrations must be closed under finite union
(finite disjunction), composition (dependent conjunc-
tion), and universal quantification over I.

A cubical model is a presheaf category satisfying the axioms
above. In PSh(® x D), defining both objects as constant
on the D component, using the corresponding objects in
PSh(®)

(L, d) “ 1(1) F(L, d) € F(1)
make PSh(% x D) a cubical model, as also observed by Co-
quand et al. [23].

Given such a model, Orton and Pitts [43] express the struc-
ture sufficient to model CTT using the internal language of
the presheaf topos as an extensional type theory. We recall
here some definitions that will be relevant later. We assume
a w + 1 long hierarchy of Grothendieck universes, leading
to a corresponding hierarchy of universes a la Russell U;
in the internal language, each classifying presheaves of the
appropriate size.
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Definition A.13. A CCHM fibration (A, &) over a type T :
U, is a family A : ' — U, with a fibration structure « :
isFibT" A where

isFibTAdzef(e :{0,1})(p: I > T) — Compe (Aop)
Comp eAd=Ef((p B (u: o] - (i:1) > Ai)

—{up:Ae|p>ue=uy}

—{u;:Ae| o =>ue=u}
where e sends 0 : I to 1 and vice versa.

Notice Comp 0 A closely matches the signature of the com-
position operation from CTT.

We can then build the following Category with Families
of fibrant types, which we call Fib:

e A contextI' is a global element of U,,.

o A family over I' is a global CCHM fibration over T

e An element ¢ of a family (A, «) over I is a global ele-
ment of (y: T') — Ay.

it then follows that Fib models the type formers of Cubical
Type Theory.

Remark 2. Cubical Type Theory as presented by Cohen et al.
[20] includes specific judgemental equalities for the composi-
tion operator comp’, according to the shape of A, matching
the behaviour of the given fibration structures in their model.
The constructions by Orton and Pitts [43] do not necessarily
produce fibration structures that satisfy the same equalities.
One way to deal with this is to use alternative formulations of
these rules [30, 53]. Since these equalities are mainly relevant
for operational properties of CTT, we will ignore this issue in

this paper.

A.6.2 Modelling Clocked Cubical Type Theory. In the
previous section we saw how to model Cubical Type Theory
in any category of the form PSh(® x D). We now define
the category I of time objects and extend the model to a
model of CCTT in PSh(%€ x J). The objects of I are pairs
(&;9), where & is a finite set (to be though of as a set of
semantic clocks), and § : & — N is a map associating to
each clock a finite amount of time steps that are left on that
clock. A morphism o : (&;6) — (&’;6’)isamap o : & —
&’ such that §’c < § in the pointwise order. This can be
understood as a generalisation of the topos of trees model
PSh(w°P) of guarded recursion [10], where the indexing
category is restricted to objects where the first component
& 1is a singleton. The category PSh(J) has previously been
used to model type theories with guarded recursion and
multiple clocks [12, 35], and (in a slight variation) Guarded
Computational Type Theory [48].

The category PSh(% x ) has an object of clocks Clk
defined as CIk(I, (&;6)) = &. The can be used to model
assumptions of the form k : clock in contexts, and the types
Vk.A can be modelled as II-types. To model >, recall that this
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is a Fitch-style modal type operator and that these can be
modelled using dependent right adjoint types [19].

Definition A.14. Let C,D be CwFs andlet L : C — D be
a functor between the underlying categories. A dependent
right adjoint to L is a mapping associating to a family A
over LI" a family RA over I' and a bijective correspondence
between elements of A and elements of RA, both natural in
I.

The naturality requirement for R means thatify : I" — T
and A is a family over LT, then (RA)[o] = R(A[Lo]). Writing
() for both directions of the bijective correspondence on
elements, the naturality condition for this means that if ¢ is
an element of A over LT, then f[y] = t[Ly], and similarly for
the opposite direction.

Given an endofunctor L on a CwF C as well as a depen-
dent right adjoint R to L, one can model a Fitch-style modal
operator by modelling extensions of contexts with ticks by
L and the modal operator by R. In the case of Clocked Type
Theory, the ticks, as well as the modal operators are indexed
over an object Clk in the model: Semantically, the hypothe-
sisT F x : clock of the context extension rule forI', « : k +
corresponds to an element of the slice category over Clk.
By (15) the slice category over Clk is itself a presheaf cate-
gory and therefore carries a natural CwF structure. In fact, if
x : I — Clk is an object in the slice category, then families
over y in the slice category correspond bijectively to families
in PSh(% x ) over I'. Exploiting this, Mannaa et al. [35]
describe how to model ticks on clocks using a dependent
right adjoint » to an endofunctor « on the slice category
over Clk. In this model I, @ : k I is interpreted as the domain
of «([T'], [x]) and > («:k).A as the dependent right adjoint
» applied to [A]. The bijective correspondence on elements
then models the bijective correspondence between terms
Ia:xk+t:AandtermsT + u : > (a:k).A given by tick
abstraction and application. Tick weakening, which syntac-
tically corresponds to context projections I', @ : k — I can
be modelled using a natural transformation from <« to the
identity.

A.6.3 Composition structure for dependent right ad-
joints. Before recalling the dependent right adjoint structure
on the slice category PSh(% x J)/Clk we now give gen-
eral conditions ensuring that dependent right adjoint types
carry composition structure. The conditions are all on the
left adjoint functor.

Definition A.15. Let C be a cubical model with interval
object I and let L : C — C be a finite product preserving
functor.

1. We say L preserves the interval if there is an isomor-
phism L(I) = I preserving endpoints, i.e., such that
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the following commutes for e = 0, 1.
1 _e> I

l; lE

L1 — LI

2. We say L preserves cofibrations if Li : LA — LB is
a cofibration whenever i : A — B is, and if the dia-
gram on the right below is a pullback whenever i is a
cofibration and the diagram on the left is a pullback

cC—3 A LC —45 LA
Vol b
D—23sB LD —25 LB

The condition of preserving cofibrations corresponds to
giving an operation mapping cofibrationsI' + ¢ : Fon T to
cofibrations LT" + Lg(¢) : Fsuchthat LT.[Lr(¢)] = L(T.[¢])
as subobjects of LI" and satisfying Lr(¢[o]) = Lr(¢)[Lo].
Here [¢] is the family classified by ¢.

Theorem A.16. Let C be a cubical model, letL: C — C bea
functor preserving finite products, the interval and cofibrations,
and let R be a dependent right adjoint to L. If a family A over
LT carries a global composition structure, so does RA overT.
Moreover, this assignment is natural inT.

Note that this is a statement about global composition
structures in the model. The theorem can not be proved
in the internal logic of the topos, but can be proved in an
extension of this using crisp type theory, similarly to the
construction of universes for cubical type theory in crisp type
theory [34]. The reason is that the proof uses the bijective
correspondence of Definition A.14 which only applies to
global terms.

To prove Theorem A.16, we need the following lemma
giving an alternative description of the data of a composition
structure. The lemma uses standard CwF notation writing
p : ALA — A for the projection out of a comprehension
object, and (less standard) notation 0.A : A A[o] — [.Aif
o : A — T for the functoriality of comprehension in the first
component defined in the language of CwFs as (op, q).

Lemma A.17. LetT be global element of U, and let A : T —
U,,. To give a composition structure on A corresponds to giving,
for each global element A of U, and mapo : AXI — T, an
assignment expressed as the rule

Ar¢:F AL[e[pl]l F u: Alop]
A+ ue: Ao o (id e)] A.lo] F ue[p] = u[(ida. €) .[¢]]
Avcopuu, : Aloo (id,1—e)]

for each e € {0, 1}, natural in A satisfying
Aol F (co@uue)lpl =u[(id,1-¢).[¢]]

Proof. Given e, to give the part of isFib corresponding to
e corresponds to giving p : I — IT' + ¢ : Compe (Ao p)
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in the model. This in turn corresponds to an assignment
of morphisms 7 : A — (I - I')toterms § : A + ¢; :
Compe (A o 7(5)) natural in A. By uncurrying, the latter
corresponds to an assignment mapping ¢ : A X1 — T to
d:AF cs: Compe (Aoag(d,—)),alsonatural in A. By further
uncurrying the arguments to the composition operator and
using similar naturality arguments in each case, we arrive at
the description in the lemma. O

Proof of Theorem A.16. By Lemma A.17 it suffices to give an
assignment mapping o : A X1 — T to a rule

Arg:F AL[p[p]]l F u: (RA)[op]
A+ ue: (RA)[oo (id,e)]

Alo] F ue[p] = u[(ida, ) .[¢]]

Ar R puu, : (RA)[oo (id,1-e)]

natural in A and satisfying the equality of Lemma A.17. Using
(RA)[op] = R(A[L(op)]) the assumptions correspond to

L(AL[g[p]]) F u: A[L(op)] LA+ U : A[L(c o (id,e))]
satisfying
L(A.[¢]) F ue[Lp] = u[L((ida, €) .[¢])] (16)

Since L preserves cofibrations, by the notation introduced
after Definition A.15, L(AL[¢[p]] = L(A.D).[Le(¢[p])] as
subobjects of L(A.I). For simplicity we will leave this isomor-
phism implicit. Moreover, since L preserves finite products
and the interval, there is an isomorphism &5 : LA.I = L(A.D)
natural in A such that

LA
N (1)
éa

LAl —— =% S (A])
Then, since L(p) o éx.[Le(p[p])] = L(c) 0 & o p
L(A).L{Le(@)[pl] + u[éa.[Le(e[p]]] - A[L(c) o Eallp]
and by (17)
LA+ ue : A[L(0) o Eal[(id, €)]

We can therefore apply the composition structure for A as
in Lemma A.17 in the case of L(o) o ép : LA.I — LI, the
cofibration LA + Lg(¢) : F, and the terms u[éx.[Lr(@[p])]]
and u,, if only we can prove that

LA.[Le(@)] F ue[p] = u[éa.[Le(@[pD]][(idia, €) .[L=(@)]]

Up to the isomorphism LA.[Lg(¢)] = L(A.[¢]) the context
projection p equals Lp, and so in context L(A.[¢]) the left
hand side reduces to u.[Lp]. The right hand side reduces
using (17) to
u[L(ida, €) .Lr(¢)]

which up to the isomorphism LA.[Lg(¢)] = L(A.[¢]) equals
u[L((ida, e) .[¢])], and so the required equality follows from
(16). The composition structure for A therefore gives

LA + cf(a)OQ Le(@) ul... 1% : A[L(c) 0 & o (id, 1 —e)]
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which, since A[L(c)o&po(id,1 —e)] = A[L(oo(id, 1 —e))],
corresponds to a term

Ar R puu,: (RA) oo (id,1-e)]
To show the equality

Mg+ (cg puue)[p] = ul(id, 1~ e) .[o]]

is equivalent to showing

L(A.@) + (c5” puue)[p] = ul(id, 1) .[¢]]

which up to the isomorphism L(A.¢) = LA.[Lg(¢p)] corre-
sponds to showing that the term

LA.L2(0) F (¢f(5ye, Le(@) dlén.[Lz(e[pD]] @) [p] (18)

equals

LA.Le(¢) - u[L((id, 1 —e)).[Le(@)]] (19)

By the equality rule for the composition structure on A, (18)
equals

u[éa.[Le(elpD]][(id, 1 —e) .[Le(p)]]
which equals (19) by (17). O

A.6.4 The dependent right adjoint. We now recall the
structure of the dependent right adjoint in details. Mannaa
et al. [35] define this structure for PSh(J") but the construc-
tions carry over directly to PSh(% x J"). The structure arises
as an extension of an endo-adjunction on the slice category
as in the following lemma slightly generalised from Clouston
et al. [19], to which we refer for details.

Lemma A.18. Let C and D be CwFs and letL : C — D
be a functor between the underlying categories with a right
adjoint R. Suppose R extends to families and elements as in the
following data

1. An operation mapping families A overI' in D to families

Rram(A) over RT satisfying Rram (A[y]) = (Rram(A)) [Ry]
2. An operation mapping elements t of A to elements R (1)

of Rram (A) satisfying Rei(¢[y]) = (Rei(2)) [Ry].
Then L has a dependent right adjoint mapping families A over
LT to RA = (RpamA) [n] wheren : T — RLT is the unit of the
adjunction.

The endoadjunction on the slice category is best described
by using the equivalent description of the slice category as
PSh( f CIk). The right adjoint is the simplest to describe and
is similar to the functor » on the topos-of-trees [10]:

{F(I, (%:8[L > n]),A) ifS(A) = n+1
1

»I(L(%:;0),4) = ifS(1) =0

Here 6[A — n](A) = n and §[A — n](A) = §(A) for
A" # A and 1 in the second clause is a singleton set. This lifts
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to families and elements in the sense of Lemma A.18, for
example, if A is a family over I then

Aly) if8(1) = n+1
1 if 5(1) =0

The left adjoint can be concretely described as 4 T'(Z, (&; 6), 4)

>Fam(A)(I, (g,5),ﬂ.)(}/) = {

having as elements pairs (o, x) such that (idy, o) : (I, (&’;6"), 1) —

(I, (&;0), A) with §’(A") > 6(A) and x € T(I,(&";5),1)
considered up to the equivalence relation ~ generated by
(o1,x) ~ (0, (id,7) - x). We refer to Mannaa et al. [35] for
the details of the adjunction structure as well as an abstract
description of the left adjoint.

There is a natural transformation p4 : € — id defined as
p« (0,x) = (id, ) - x. This is used in our model to interpret
tick-weakening.

Theorem A.19. Let I' be an object of PSh(¢ X ) and
Kk : T — Clk. Suppose A is a family over the domain of «(T, k)
which carries a composition structure, then » A carries a com-
position structure as a family overT.

Lemma A.20. The category / Clk for Clk considered an ob-
ject in PSh(J") has coproducts.

Proof. The coproduct of ((&;35),A) and ((&7;"),1") is the
object ((&”;8"),A”) where A" is fresh, & is the disjoint
union of &\ {1} and &’ \ {1’} and {A”'} and &"* agrees with §
on &\ {1}, with & on &\ {1’} and maps A"’ to the minimum
of §(A) and &’ (X'). O

Proof of Theorem A.19. Recall that families and terms in the
CwF of the slice category PSh( f Clk) over an object corre-
sponding to an element ¥ : I' — Clk correspond bijectively
to families and elements of the CwF of PSh(€ X J) over I.
Since this correspondence also respects the interpretation
of the internal dependent type theory, it suffices to show
that » A carries a composition structure as expressed on the
slice category, when A does. By Theorem A.16 this reduces
to showing that « preserves finite products, the interval and
cofibrations.

Each component € 1(Z, (&; §), A) of « 1is easily seen to be

inhabited. If (o, %) and (7, %) are two elements of € 1(I, (&; ), 1),

then both of these are related under the equivalence relation
used in the definition of « to ([o, 7], %), where [0, 7] is the
copairing of ¢ and 7 out of the coproduct of their domains,
which exists by Lemma A.20. So « preserves the terminal
object.

Writing [ (o, (x,y))] for the equivalence class represented
by (o, (x,y)), the map

<«(AxB)(I (&;6),1) — (4 Ax 4B)(I,(5:5),1)

maps [ (o, (x,y))] to ([(0,x)], [(0,y)]), and the inverse maps
([(a,0)], [(z.y)]) to [([o, 7], (inl(x), inr(y)))].

For the interval, the map p ¢ : €I — I, which (as decribed
in the main text) is defined as p4 (0, x) = (id, o) - x has an
inverse which at (I, (&; §), A) maps x € I(I) to (o, x) where
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0:(&;0") — (&;0) is tracked by the identity and §” agrees
with § everywhere except at A where it is one higher. This
clearly preserves endpoints.

For cofibrations, we first show that <« preserves pullbacks
of cofibrations. Suppose that the diagram on the left below
is a pullback with i and j cofibrations.

C—2s A <«C % 44
IR T
b b
D—tsB <D 5 B

We must show that also the diagram in the right is a pullback.
Since F is constant in the time dimension, it follows, since i
is a fibration that any naturality square of the form

AL (%:8),0) 2 S a1, (g6, 1)

I I

B(I, (8:5), ) 225 B(1, (87:6), 1)

is a pullback. From this it follows that the square on the right
below is a pullback diagram.

<«C %y 4

o e ]

<«D Y B P2y B

By the pullback pasting diagram it therefore suffices to show
that the outer diagram is a pullback, which follows again by
the pullback pasting diagram applied to

«C 2y c 234

o 1]
«D "y p_tyB

and naturality of p 4.

Suppose now that y4 : B — F classifies the cofibration
i : A — B. A similar argument to the one above for I shows
that p4 : €4F — Fis an isomorphism, which preserves truth.
Then p o «(ya) classifies « i, so also < iisacofibration. O

A.6.5 Interpreting ticks and tick application. A simple
tick judgement T + x : u ~ I"” is interpreted as a map in
PSh( f Clk) from T to «I". Here, for simplicity, we keep
the clock x implicit. An element ¢ of the family » A over
I’ corresponds bijectively to an element f of A over €7,
which can then be reindexed along the tick u to interpret
tick application. A forcing tick judgement T + (x,u) ~ I’
is interpreted as a map from I' to «(I'".Clk) in PSh( f Clk),
where the domain is considered an element of the slice cate-
gory over Clk with map given by x, and I'".Clk an object with
map given by the second projection. The assumption of the
rule for forcing tick application corresponds semantically to
an element of a family » A over an object I''.Clk, which cor-
responds bijectively to an element of A over «(I’.Clk). Tick
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application is then interpreted by reindexing this element
along the interpretation of the forcing tick.

To define the interpretation of ticks, say that family A over
an object I is timeless if the map

(«(p).q[p«]l) : «(T.A) — («T).Alp]

is an isomorphism.

Lemma A.21. The families I and CIk, as well as any cofibra-
tion, are timeless. As a consequence

<«([T, TL(I)]) = «([T]).[TLT)]
in PSh( [ Clk).

Proof. As noted in the proof of Theorem A.19, cofibrations A
over I are constant in the time dimension in the sense that

for any o : ((€;6),4) — ((&’;8’),1") the map
(id,0) - (=) - A(y) = A((id, 0) - y)

is an isomorphism. This means that the inverse to the map
of the lemma can be defined to map the element ((o,y),a) €

((«T).Alp<D(L (;6), V) to [ (0, (v, a)] € «(T.A) (I, (&;6),4)

where @’ is the unique element such that (id;, o) - @’ = a. A
similar argument applies in the case of I.
In the case of CIk, first note that

«(T'.Clk) = «(T' X Clk) =~ «T x € Clk

since, as we saw in the proof of Theorem A.19, « preserves
finite products. It thus suffices to show that Clk = «Clk.
In order to prove this, we first prove that any element in
<«(CIk)(1, (&; ), A) can be represented on the form (id, k),
forid: ((&;6+1),A) — ((&;06),A) and k € & Here § + 1
is the composition of § with the successor function. This
is true, because an element represented by (o, k) where o :
((&;98),1) — ((&;0),A) and k € &’ is equivalent to the
element given by (o, k) where o now is considered a map
from ((&’;6" +1),1’) to ((&; ), A). This element is in turn
equivalent to (id, o(kx)) as required. As a consequence, we
can define an inverse to p4 to map k € CIk((&;5),1) to
[(id, ©)].

The last statement of the lemma now follows by induction
onI”. O

ForT' v k¥ : u ~ I”, let n be the number of ticks on
clock x in I' \ I”. Then the interpretation of u factors through
«" T, and a tick assumption is interpreted as the appropriate
projection 4" — <« Likewise if I' F (x,u) ~» I let n be the
number of ticks on k in T" \ T, then the interpretation of u
factors through «"(I".Clk) with tick variables interpreted
as projections. The construction tirr is interpreted using the
following lemma.

Lemma A.22. For anyn > 1 there exists a unique natural
transformation o : 4" — < such that pq o a = p'y, and
a unique  : 4"(—.Clk) — «(-.Clk) commuting with the
projection to —.CIk.
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In particular, this means that tirr is interpreted using con-
stant paths in our model. Before proving Lemma A.22 we first
give an alternative description of 4" similar to the explicit
description for « itself.

Lemma A.23. Letn > 0. Up to isomorphism, the functor €4"
maps T to the presheaf given at (I, (&;95), ) by equivalence
classes of pairs (o, x) such that (id, o) : (I, (&';8"),1') —
(I, (&;9),4) withd' (') 2 6(A) +nandx € T(L, (&";5),1")
considered up to the equivalence relation ~ generated by (o, x)
(0, (id, 7) - x). The projection p4 : 4" — <™ maps [(o,x)]

to [(o,x)].

We omit the routine proof of this, which is by induction
onn.

Proof of Lemma A.22. Suppose o : 4" — < is such that
P« © @ = pT. We will show that a([(c,x)]) = ([(0,x)]) for
any [(o,x)] € (4" T)(I,(&;6),1).

First consider the case of a representable object
I'=y(L(&";8"),1"), and an element of the form

([(o,id)]) € €"(y(L, (&';8"), 1)) (I (&;6), 7).

Thatis, (idf, o) : (I, (&";6),)) — (I, (&;6),A) and &' () >
8(A) + n and id is the identity on (I, (&’;5"), A’) which is an
element of y(I, (&€’;6"),A’). Then a([(o,id)]) must be on
the form ([(z, p)]), and since p4([(7, p)]) = (id}, 7) 0 p and
pe([(0,id)]) = (id, 0), the assumption implies (idy, 7)o p =
(idy, 0), and in particular that p is on the form (idy, p”). There-
fore

a([(o,id)]) = [(z, (idr, p))] = [(z, (idp, p’) - id)]
= [(zp",id)] = [(0,id)]

Now, consider a general [(0,x)] € (4"T)(I,(&;9),7).
That is, (id, o) : (I, (&";8"),A") — (1,(&;6), A1) and 8" (1) >
d(A)+nandx e I'(L(8";8),A). Lety : y(1,(&";8"),A") —
I be the element corresponding to x by the yoneda lemma,
ie,y(f,0) = (f,0) - x. Then

a([(o,x)]) = a([(0,y(id))])
= a(«"(y)[(o,id)])
= 4(y)(a([(0,id)]))
= 4(y)([(o,id)])
= [(0, )]
For the second statement of the theorem, recall that [35,
Proposition 7.1] states that p4 : €4(T'.Clk) — I'.Clk is an iso-
morphism. Therefore, also the projection p7 : €"(T.Clk) —

I'.Clk is an isomorphism, from which the statement fol-
lows. |

A.6.6 Semantics for HITs. We provide semantics for any
HIT definable in the schema with a direct generalization of
the method employed in [21]. To each HIT signature given
we associate a notion of algebra. An initial such algebra
is then constructed and shown to support the necessary
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structure to model the HIT. For this section we denote objects
of the time category by x, x’, ... to avoid notational clashes.

Reflecting the syntax of higher inductive types, we will
work with homogeneous composition and transport sepa-
rately. The semantic counterpoint to hcomp is the notion of
a fibrancy structure. A fibrancy structure for a type global
type A is an operation taking a face ¢ : F, an element u, : A
and a partial path p : A’ defined on the extent ¢ and equal
to uy at the endpoint 0 : I It then produces an element
ha(,ug, u) : A which is equal to u(1) on extent ¢.

Consider a list of constructors A + % constrs, consisting
of constructors (£, (Fi;E_i; ¥;; 0;;e;)) € K foreach1 <i < n,
and let A’ + § : [A]. A H,5-algebra is a presheaf A €
PSh(® x I)/A’ with a fibrancy structure hy, and for each
(6, (T; 243 ¥ @i; e;)) semantic constructors cf‘. A semantic
constructor is a map ¢; : IL(y : [I;](6)).([E:] (S, y) — A) —
[¥] — A. Given such c#’s, we can interpret the boundary
conditions given by the constructors, and the semantic con-
structors are subject to the boundary coherence conditions
generated by this interpretation.

As in the syntax, we define the semantic boundary in-
terpretation ||—|| by induction over the grammar for these
terms. We denote the list of constructors in & before the
i’th constructor by #;, and the list of semantic constructors
for these by C.;. The boundary coherence condition states
that c{‘(y, 6,i) = 1M jllc., (v, 0, i) when <p,-,j(f), which is the
direct interpretation of [@;o [|Mioll,-- ., @in ||Minl|l]. We de-
fine the boundary interpretation for the remaining grammar
as follows:

ll: (u(y, 0, D))llc.; = [0iliq,m
llcon; (7. 2EN, Dllc., = ¢ ([7], A& INTlc. [i])
lhcomp[p = u] uollc., = ha(o, lluollc_, llullc.,)

A morphism of %, §-algebras f : A — Bis anatural transfor-
mation preserving all %, §-algebra structure up to equality.
For constructors this means that f(cf‘(y, 0,r)) = clB(y,f o
0,r).

We will now define a presheaf H?", and carve out the
initial %, §-algebra as a subpresheaf H c HP"¢ following
the construction exemplified in [21]. Let p € [A] (I, x). The
presheaf HP¢ consists of formal constructor elements, and
formal solutions to composition problems. Concretely the
presheaf H?"¢(I, x, p) will contain elements of two forms:
Firstly formal constructors con;(y, 6, r), where y € [I;](Z, x, p),
r € [¥](I, x, p), [¢:](I,r) # 1F, and @ is a family indexed by
f: (Ix) = (J,x") and an element & € [E;;](J,x", f-p, f-y)
of elements of HP"(J,x’, f - p, f - v). Secondly hcomp el-
ements of the form hcomp[yy — u]uy where ¢ # 1 €
F(I),up € HP™ (I, x, p) and u is a family indexed by pairs
ofamap f : I — Jin @, such that f - ¢ = 1, and r € I())
of elements uy, € HP™ (], x, (f,id) - p). To define the action
of HP"¢ on morphisms, we first need to give interpretations
of boundary terms. While this is not formally the same case
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as for general algebras, the interpretation follows the same
structure and so we leave out the definition here. We denote
this boundary interpretation in HP"¢ again by ||—||, owing to
the fact that when the definition is complete, the two will
coincide. Let g : (I,x) — (J,x’). We define the action on
elements on HP™ as follows:

HP"(g)(con;(t,a,7)) :=

IM(g-t.gag-Plc ifpi(g-7)
coni(g-t,g.a,g-r)  else

HP"™(g) (hcomp[y) — uluo) =

Ug1 lfl#(g . F)
hcomp[g - ¢ — g.ul(g-ug) else

Here g.a is given by (9.@)ir¢ = aifgs g-u is u similarly
reindexed by the cubical component of g and C is list of
constructors con; on which the boundary interpretation is
based.

Now we carve out those elements where the families taken
as input are natural. This means that we include elements
con;(y, 0,r) where each Or¢ is in H and Oy g6 = g - Of .
Additionally, we include those hcomp [y — u] uy elements
where uy and each uyr, is in H, uyf, (gid).r = (g, id) - ug, and
(f,id) - ug = uys, for suitable maps f such that f -/ = 1p.

Lemma A.24. The presheaf H is the initial #, 5-algebra for
each § : A. As a consequence, it has a unique map to any
cubical type A with the structure of a ¥, §-algebra.

Proof. Let A be a &, §-algebra with fibrancy structure hy
and constructors semantic ¢;. We are tasked with producing
a natural transformation e : H — A, and we define e(u)
by induction on the structure of u: In the case where u =
con;(1,a,7), we define e(u) = ¢;(7,e(a),7), and in the case
u = hcomp[¢ — uluy we define e(u) := ha(p, e(u), e(u)).
In both cases, e(x) is e applied levelwise to the family x.
While making this definition, we have to verify naturality at
each stage, which follows in each case from the conditions
on the ¢;’s or the computational behaviour of the fibrancy
structures. a

Lemma A.25. The presheaf H carries a composition structure.

The proof of this lemma uses the fact that A, T and ; ; all
carry transport structures. Given those we define a transport
structure on H by initiality, following the syntactic descrip-
tion of the action of trans on constructors in Section A.5.
Combining this with the homogeneous composition struc-
ture we conclude the proof by Lemma 5 of [21].

Proposition A.26. The presheaf H supports the dependent
elimination principle of H.

This follows from Lemma A.24 as in [21].
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In addition to Lemma A.25 and Proposition A.26, we need
to verify that H supports the formation and introduction
rules, as well as the judgemental equalities These verifica-
tions are routine.

A.6.7 Verifying the principle of induction under clocks.

The principle of induction under clocks is verified in the
model by the following theorem:

Theorem A.27. Consider a HITA + H type, a type family
I,Vk.H (5 [x]) + D type and a term T + § : Vk.A. Suppose
that we semantically have an elimination list, i.e., for each
i we have a term u; : [D[Ax.con;(y [E],m, V)] over the
context

ﬂr,y:vzr,»[a [R]1,X : VR.E:[6 [Khy [K]] — H (8 [R]), ﬂ |

y: (VK.Ei[§ [kl y [K]]) — D[Ak.AE.x [K] E[K]]. ¢ : Wi
Then we can construct a term of [D] over [T .Vk.H (6 [x])].

Proof. The semantics of clock quantification of A is given by
the semantic IT over the clock object, IICIk.[A]. It is shown
in [12] this is equivalent at I, x, p to the limit

lim [A] (I, x + An, L - p, A)
n

with structure maps given by the map tick? : (I, x + A,41) —
(I, x+An). Here (&, )+ A, = (8U{A}, f[A — n]). The map
tick* is given by the identity maps, so it can be viewed as
letting a single time step pass on the clock A. Nominally such
a family depends on the choice of fresh clock A, but of course
this dependence goes away since we have isomorphisms
x+ A, = x+ A}, in the time category. Hence we will suppress
the change of A, as long as these are fresh meaning that the
environment variable is of the form ¢ - p.

The action of morphisms on HIT’s in the model can only
change the constructor type by acting on the cube compo-
nent. As a consequence of this, the structure of elements in
[Vx.H (8 [k])] are determined at each level by their structure
at 0.

It is sufficient to work with d : [Vx.A](I, x), with the
proof for general I following by pulling back along the term
I' + d : Vk.A. We start by making explicit the data of the
assumed terms u;. The input to a u; is as follows:

(a) We have a family ¢ = (t,) € [Vx.I; [x]] (L, x, d).

(b) For each j we have a family

a=(a)) € [Vk.Bi;[6[x],y [K]] = H (S [D](L,x,d,1).

This can be further unfolded as follows: We have for
eachn, f: (Lx+A;) — (J,x") and

z € [Ei;[8 [kly k1], X, f - dn. f - tn. f(D))

an element afl’f’z e [HS [kD]U. . f - dn, f(A)).

(c) The next family is indexed by j as above, a morphism
g: (I,x) > (J,x') and a family

z:= (zn) € [Ve.Ey;[6 [l y [K]1](J.x".g - d.g - 1).
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Note here that this means we have a family h == (h,) €

[VieH (S [<D)](J. %", g-d) givenby hy = a) ., . . We
then have an element b, , € [D](J,x’,g- d,h), and we
denote the family by b.

(d) An element r € ¥;(1).

When given this, we have an element
(con;(tn, an,r))n € [Ve.H (8 [x])] (I, x, d)

and we assume that we can inhabit D over this element, i.e.,
that we have

u;i(t,a,b,r) € [D](L, x,d, (con;(tn, an,1))n)-
We need to inhabit [D] at an arbitrary element
h e [Ve.H (S [x])](L x,d).

Observe that the structure of the family h is completely deter-
mined by the structure of hy. This holds because the family
is compatible with the tick maps, and these are trivial in the
cube component which means in particular that they cannot
change the outer constructor of an element of the HIT. This
means that we only have to inhabit it at families either of the
form (con;(t,, a,,r)) or of the form (hcomp[e — u"]uf).
We can do this by induction on the structure, since it is the
same for each component of the family, and can therefore
assume that we can inhabit [D] at structurally simpler fami-
lies. Explicitly, the induction is done on the structure of the
0 component in the family, so that the inductive hypothesis
says that whenever we have a family (h;,) such that hy is
structurally simpler than hgy, we can inhabit [D] over this
family. We denote the element over a family h by a(h).
We consider first the case where we are given a family

(con;(tn, an, r))n € [Ve.H (8 [k]D] (I, x,d).

Note that (t,) is forced to be compatible with tick maps
and that r is constant. This means that we have (t,), €
[Ve.I;[6 [x]1] (L, x,d) and r € ¥(I), and we have the data
of (a) and (d). The implied typing of alisa family over f :
(I, x+A,) — (J,x") and_z € [Ei;[8 [kl y [k, x", f-dn, f-
tn, f (1)) of elements a:lfz e [H(S kDU, x, f - dn, f(A)).
This is exactly the typiné of (b), so we need only to construct
the family in (c). We need this to be a family over g : (I, x) —

(J,x) and z = (zn) € [Vx.Ei;[6 [x],y [<]]](J.x",g-d. g-1).

Given this, we again define the family

hi= () € [Ve.H (8 D] U %' g - d)
by hy, := afl G hmn’ Note that this family is compatible with
ticks, and hence we obtain «((h,)) in[D](J,x’,g - d, h) by

inductive hypothesis, since hy is given by a component of
the structurally simpler a. We define

a((con;(tn, an, r))n) = i(t, a, a((hn)), 7).

Consider now the hcomp case. Since [D] is a type, it car-
ries a composition structure. The strategy for inhabiting
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[D] will be to construct an appropriate composition prob-
lem and apply the inductive hypothesis. Consider a family
h = (hcomple +— u"]uf) € [Vr.H (S [k])](I, x,d). Here
the implicit typing is as follows: For each n, we have for
each f : I — Jsuchthat f-¢ = Tands € ¥(J) an
element u}'}’s € [H [kD](J,x + An, f - dy, A) and an ele-
ment uf € [H (S [x])](J,x + Ay, dp, A). The uj family has
the right shape for us to employ our induction hypothesis
to inhabit [D] over it. Because the shape of f and s does
not depend on the time component, we also have for each
f a family in n given by (u}’s). All these families have 0
component structurally simpler, hence we can inhabit [D]
over each of them by a((ug)) and a((uj’}’i)). We will write
a((u™)) for the family given at f,i by a((u}’ll)) We can
then define a(h) = compp,1[¢ = a((u"))] a((uy)) where
o = (hfillpy syl = u"] ug).

It must be verified that « is natural in morphisms of the
category while defining it. Both because we need a to be
natural for the desired conclusion and because the recursive
calls used to define « require it. Let f : (I,x) — (J,x’).
Naturality means that f - «(h) = a(f - h), which unfolds as
follows:

e Consider a family h = (con;(,, a,,r)). By definition
a(h) = u;(t,a,b,r) where b, = a((ail’gumzn)). If f
does not trigger a boundary condition for con; we
have

f-a(h)=u(f-t,fa f.bf- -r)and

(f : h)n = COl’li((f+ /In) -y, (f+ An)-am (f + An) : r)~

Recall here that g.ay, is defined to be the family q,, is
given by composing the map index with g and acting
on the input index. Applying « to this yields u; (((f +
An) o), ((f+An).an), ', f-r) where b’ is defined from
((f + An).an) as above, ie.,

b;,z = (X((((f + An)'a)n,g+/1n,zn))-

By definition of the morphism action on a limit we
have ((f+An)-tn) = f-(tn) and ((f+44).an) = f.(an).
The action of f and f + A,, are the same on r, since they
have the same cubical component. It remains to argue
that f.b coincides with the b’ defined from the family
f.a, which already a part of the naturality of the u;’s.
We check this componentwise for the family, so we
have to show that (f.b)g. = by .. The left hand side is
il»gf"'/lns(f"%n) "_zn)),
while the right hand side is equal to & (((( f+4,).a)’

by definition equal to bys .. = a((a

Unfolding the right hand side we get oc(((a){gw1 e
which is the same as the left hand side since (g+4,) (f+

An) = gf + An.

g+/1n’zn

n)s(f+/1n)'zn)),
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If f triggers a boundary condition of con; we have by
assumption that

frah) = foutabr) = [ 1(ftfaf-bfr)

where e is the boundary term of con;. On the other

hand, the structure of H means that a(f-h) = a((|le||((f+

An) -tn, (f+An).an, (f+24,)-r)) where ||e|| is the bound-
ary evaluation for H (§ [k]). Equality of these two can
be shown by induction on the structure of e.

e Consider a family A = (hcomp[¢ — u”] uf). By def-
inition a(h) = compp, [@ — a((u")] a((ug)). If f
does not make ¢ true we have to verify that

£+ compppy g a((@)] () = a(f - h).

We unfold the right hand side:

a(f-h) =

a((hcomp[f - ¢ = (f +2An)u"] (f + An) - ug))
= compp o1 [f - @ = a(((f +24n).u™)]
a(((f +An) - ug))

= compp gy [f -9 = Faa(@)] £ a((uf)

= f - compppy [ > a(@)] (1)

The second to last step above follows by the inductive
hypothesis that « is natural on simpler families, and
the last line is exactly the left hand side of the original
equation.

If f makes ¢ true, both composition in D and hcomp
reduce to appropriate components of the input, i.e., we
have a(f-h) = a((u?fu)’l)) and f-a(h) = a((u")) s
for the right and left hand sides of the equality we are
trying to show. These agree by definition of a((u"))y,1.

This means that a assembles into a term of [D] over
[T.¥x.H (8 [x])] as desired. It is moreover clear from the
definition of « that it will validate the computation rules of
the induction principle, since the value on constructor fami-
lies was given directly by the appropriate u; and the value on
hcomp families was given by the appropriate composition
inD. |
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ABSTRACT. In this paper we combine the principled approach to programming with
modalities of multimodal type theory (MTT) with the computationally well-behaved
identity types of cubical type theory (CTT). The result—cubical modal type theory
(Cubical MTT)—has the desirable features of both systems. In fact, the whole is more
than the sum of its parts: Cubical MTT validates desirable extensionality principles for
modalities that MTT only supported through ad hoc means.

We investigate the semantics of Cubical MTT and provide an axiomatic approach to
producing models of Cubical MTT based on the internal language of topoi and use it to
construct presheaf models. Finally, we demonstrate the practicality and utility of this
axiomatic approach to models by constructing a model of (cubical) guarded recursion in a
cubical version of the topos of trees. We then use this model to justify an axiomatization of
Lob induction and thereby use Cubical MTT to smoothly reason about guarded recursion.

1. INTRODUCTION

Type theorists have produced a plethora of variants of type theory since the introduction
of Martin-Lof type theory (MLTT), each of which attempts to refine MLTT to enhance its
expressivity or convenience. Unfortunately, even extensions of type theory which appear
orthogonal cannot be carelessly combined and so expert attention is frequently necessary to
trust a type theory with the correct suite of extensions. We are particularly interested in two
families of extensions to MLTT: cubical type theories [CCHM18, ABC*21] and (Fitch-style)
modal type theories [Clo18, BCM*20, GKNB20].

Both of these lines of research aim to increase the expressivity of type theory, but along
different axes. Cubical type theory gives a higher-dimensional interpretation to the identity

Key words and phrases: Dependent type theory, modal type theory, cubical type theory, guarded recursion,
categorical semantics.
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type and thereby obtains a more flexible notion of equality along with a computational
interpretation of univalent foundations [Unil3]. Meanwhile, modal dependent type theory
(MTT) extends MLTT with connectives which need not commute with substitution, allowing
for type theory to model phenomena such as guarded recursion, axiomatic cohesion, or
parametricity [BMSS12, Shul8, ND18§].

While combining two complex type theories like this is not a task to be undertaken
frivolously, experience has shown that a principled mixture of these two type theories would
be useful. Indeed, modalities naturally appear in synthetic homotopy theory [Shul8] but
without an apparatus like MTT, these extensions must be handled in an ad-hoc way, which can
easily disrupt the desirable properties of type theory. Moreover, cubical type theory’s version
of equality validates invaluable principles like function extensionality and a cubical variant
of MTT would thus eliminate the need to postulate such principles [BBC*19, KMV21].

Prior to discussing how MTTg fuses these systems, we set the stage by introducing both
cubical type theory and multimodal type theory MTT separately.

Cubical type theory. Cubical type theory originates from the broader class of homotopy
type theories whose study was instigated by Voevodsky’s observation that the intensional
identity type could be realized as a (homotopical) path space [KL21]. This shift in perspective
justifies the inclusion of the univalence axiom which postulates an equivalence between
equalities between elements of a universe and equivalences of the denoted types. While
univalence has many pleasant consequences (function extensionality, effectivity of quotients,
etc.), the addition of such an axiom disrupts crucial properties of the type theory. In
particular, it is not possible to compute in such a theory. In order to rectify this issue,
cubical type theory was introduced and shown to simultaneously support computation and
validate the univalence axiom.

Cubical type theory extends MLTT with an interval object I along with a function
space—a path space—to hypothesize over it. Intuitively, I abstracts the interval [0, 1] and
this connection is enhanced by the addition of operations, e.g. 0,1 : 1. Accordingly, I — A
classifies lines in A and by iterating we obtain squares, cubes, or arbitrary n-cubes in A.

While homotopy type theory recasts the identity type from MLTT as a path in a space,
cubical type theory begins with paths and forces them to behave like an identity type. We
therefore isolate a subtype Path4(ag, a1) of paths I — A whose values at 0 and 1 are ay and
ay. By further equipping A with Kan operations, Path4(ag, a1) becomes a new model for the
identity type. The Kan operations are subtle and complex but without them Path4(—, —) is
not even an equivalence relation. The flexibility afforded by these Kan operations, however,
allows cubical type theory to support a computational effective interpretation of univalence.

MTT and Fitch-style modal type theories. We now turn from cubical type theory
to modal type theory. Like cubical type theory, the motivations for modalities—a type
constructor which does not necessarily respect substitution—are semantic; many models of
type theory have further structure which does not directly commute with substitution, but
would still be useful to internalize. For instance, the global sections comonad of a presheaf
model is frequently essential for working internally to the model [CBGB15, LOPS18, Shul§|,
but it almost never commutes with substitution.

Unfortunately, much of the convenience of MLTT hinges on the fact that all operators
do commute with substitution, so introducing a modality tends to disrupt nearly every
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property of importance. In order to cope with this contradiction, modal type theories like
MTT [GKNB20] have carefully isolated classes of modalities which can be safely incorporated
into type theory while preserving properties such as canonicity and normalization [Gra21].
In fact, MTT can be instantiated with an arbitrary collection of (weak) dependent right
adjoints [BCM™20]. The metatheory of MTT applies irrespective of the choice of mode theory,
and therefore MTT can be seen as a general modal type theory, suitable for instantiation
with a wide variety of different modalities to specialize the type theory to capture particular
models.

In practice, MTT is parameterized by a mode theory, a 2-category used to describe
the modalities in play. The objects of the mode theory correspond to individual copies of
MLTT linked together by the modalities, the morphisms of the mode theory. The 2-cells
of the mode theory induce natural transformations between modalities. For instance, in
order to model the global sections comonad we pick a mode theory with one mode m, one
modality u, and a collection of 2-cells shaping this modality into a comonad, e.g., 2-cells
u—pop and p—>idy, subject to several equations. Upon instantiating MTT with this
mode theory we obtain a type theory with a comonad already known to satisfy many
important metatheorems.

Towards Cubical MTT. In [GKNB20], each mode of MTT contains a copy of MLTT.
Unfortunately, the type theory therefore inherits the well-known limitations of MLTT: the
identity type is difficult to work with, function extensionality is not satisfied. One can resolve
these issues by adding equality reflection to MTT, but this disrupts the decidability of type-
checking. Moreover, several modalities arise in the context of homotopy type theory [Shul§]
and adapting MTT to these models requires simply postulating univalence, thereby conferring
the same set of difficulties.

We introduce MTTp, a unification of Cubical type theory and MTT. To a first approxi-
mation, MTTg replays the theory of MTT, after replacing MLTT with cubical type theory.
One thereby obtains a modal type theory with different modes—now copies of cubical type
theory—connected by arbitrary dependent right adjoints. Moreover, each mode now satisfies
univalence and function extensionality.

Beyond this, a computation rule for Kan operations in modal types is needed for
computation (and thus for normalization), but it is not immediately well-typed. Indeed,
a key challenge in combining MTT with CTT is exactly to capture sufficient interactions
between modal and cubical aspects for this rule to be well-typed, whilst not making greater
demands than the intended models can bear.

The switch from using MLTT to using CTT in MTT also improves modal types. For
instance, in [Gra21] special care is taken to include crisp induction in order to validate the
modal counterpart to function extensionality. While this addition preserves normalization
and canonicity, modal extensionality is independent of MTT. In MTTg, by contrast, the
corresponding principle is simply provable (Theorem 3.1).

We show that models of MTTg can be assembled from certain models of cubical type
theory connected by right adjoints. In particular, given coherent functors f, : C;, —Cy,
there is a model of MTT which realizes context categories as PSheget(Cr) and modalities
as right Kan extension (f,)«. This ensures, for example, that despite the complexity of both
MTT and cubical type theory, it is easily shown that MTTg, appropriately instantiated,
models cubical guarded recursion [BBCT19, KMV21]. Indeed, we show that the cubical
underpinnings of MTT improve the presentation of guarded recursion in MTT [Gra21].
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The development of this theory of models also implies the soundness of MTTg. We
further conjecture, but do not prove, that the normalization results of [Gra21] for MTT and
[SA21] for cubical type theory can be appropriately combined into a normalization proof for
MTTq.

Contributions. We contribute MTTg, a synthesis of cubical type theory and MTT, and a
foundation for multimodal and higher-dimensional type theories. In section 2 we recapitulate
the basics of cubical type theory and MTT and in section 3 we present the definition of
MTTg and further prove the aforementioned modal extensionality principle. Finally, in
section 4 we introduce the model theory of MTTH and further show that cubical presheaves
and certain essential geometric morphisms assemble into models. We then apply this theory
to cubical guarded recursion in section 5 and explore the improved presentation of guarded
recursion.

2. CUBICAL AND MULTIMODAL TYPE THEORY

We now recall the essential details of cubical type theory [CCHM18] and MTT [GKNB21].
We focus mostly on the portions relevant for MT T and refer the reader to the existing
literature for a more thorough introduction. Readers familiar with both systems may safely
proceed to section 3.

2.1. Cubical type theory. CTT begins by extending MLTT with a primitive interval I
and algebraic structure to mimic the real interval [0, 1]. A term of type A which assumes
dimension variables i, j, k : I corresponds to n-cubes (lines, squares, cubes) in A. Concretely,
we add a new context formation rule I',7 : I and a new syntactic class of dimension terms

F'kFr: I
(Abstract interval) r,s:1 == i|0|1|1—r|rVs|rAs

We further identify dimension terms by the equations of De Morgan algebras.

Next, we add path types: a dependent product over the interval. The rules for this new
connective are given in Figure 1 and—just as with dependent products—path types enjoy (8
and 7 rules stating e.g. (Ai. p)(r) = p[r/i]. In addition to 8 and 7, paths are equipped with
further equalities reducing them at endpoints, e.g., given p : Path4(a,b) then p(0) = a : A.

Out of the box, paths define a relation on types which is reflexive and symmetric and
which validates extensionality principles such as function extensionality. They are not,
however, transitive and it is this deficiency that leads to the Kan composition operation
which forms the backbone of CTT. Intuitively, this composition operation lets us complete
an open box (an n-cube missing certain faces) to an n-cube. In order to formalize this
geometric intuition we add the face lattice IF, a class of propositions, which we use to codify
the open boxes to be filled. We therefore add another syntactic class I' - ¢ : F:

(Face lattice) ¢, :F == L |T|(r=0)|(r=1)¢Ve| oAt

Elements of F are identified by the equations of distributive lattices as well as the
additional equation (r =0) A (r=1) = L.

Elements ¢ : F are used to restrict a context by assuming them, denoted I', ¢. This
allows us to locally force ¢ to hold so that, e.g., i : I, (i = 0) F i =0 : 1. We can take
advantage of an assumption ¢ in our context through systems. The rules for systems are
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I'Fa:A T'Fb: A Ii:Ikp:A I'kr:I 't p: Path4(a,b)
I’ Path4(a, b) I'F Xi. p: Patha(p(0),p(1)) Lkp(r): A

Ioiba;: A DggNprFag=ay: A
FipoVorE{¢oag,¢1a1}:A LL-{}:A

Th¢:F T,i:IFA T,¢i:IFu:A T Fug: Al0/i] ¢ uf0/d]]
'+ comp’y [¢ — u] ug : A[1/i] [¢ — u[1/d]]

Figure 1: Selected rules from CTT

given in Figure 1; intuitively they state that to construct an element in I',\/,; ¢; F u : A,
it suffices to construct elements I',¢; - u; : A that agree on the overlap. An element
constructed through this amalgamation restricts appropriately e.g., I', ¢; - u = u; : A.

We are frequently concerned with the behavior of a term after some assumption ¢—its
boundary—and therefore introduce notation for it. We write I' - a : A [¢ — u] as shorthand
for (1) a being a term of A and (2) under the assumption ¢, a = u : A. With this machinery,
we can now formulate the Kan composition rule, shown in Figure 1. This one principle is
sufficient to prove the properties we expect of identity types, including J (path induction).!

We review the proof that path equality is transitive to give the reader a sense of the
rule. Let A be a type that does not depend on any interval variables, and suppose a,b,c: A,
p : Patha(a,b), and ¢ : Pathy(b,c). We form three lines in A: The paths p and ¢ as well
as the constant a line. Using these we form a system depending on ¢ and j given by
{(#=0)a,(i=1)q(y) }. The path p forms an extension of this system at j = 0, and so
we can form the path Ai. comp’, [(i = 0) — a, (i = 1) — ¢(j)] p(i), which will reduce to the
j = 1 part of our designed system, i.e., a at ¢ = 0 and ¢(1) = ¢ at i« = 1, thus proving
transitivity. We think of the input data as an open box with bottom p and sides given by
the system; in this analogy the composition forms a lid completing the outer square.

Remark 2.1. Given x,y : A, we write x = y when there exists an element of Path4(x,y).

2.2. Multimodal type theory. To a first approximation, MTT is a collection of copies
of MLTT for each m € M, connected by dependent adjunctions [BCM*20]. MTT is
parameterized by a mode theory M [LS16], a strict 2-category. Each object m,n,0: M is
assigned to a distinct mode: a copy of MLTT complete with its own judgments (I" cx @ m,
I'EM:Acm,...). Many of the rules of MTT (dependent sums, inductive types, etc.) are
mode-local and taken as-is from MLTT; the interesting features of MTT arise from allowing
modes to interact with each other.

Lynlike in MLTT, however, path induction reduces on reflexivity only up to a path.



6 F. AAGAARD, M. KRISTENSEN, D. GRATZER, AND L. BIRKEDAL

L {utHAan F{utkFa:Aan
TH{(u|A)am I' - mody(a) : (u| Ayam

D{ut-Aan
Foz:(p|A) cxam Fa:(p|A),{u}Fz:Aan

in —m vio—mn ' exam F{u},{vit+Aao F{ptkFa:(v]|Aan
Dox:(u|(v]|A)FBam Iy:(pov|A)Fb: Blmody,(y)/x] @m

I' - let, mod,(y) < ainb: Bla/z|Qm

Figure 2: Selected rules from MTT

Modes are connected to each other by modalities: a morphism p : n— m induces a
modality sending types A from mode n to types (1 | A) in mode m. The actual presentation
of modalities is necessarily complex because of dependence: given a type I' - A @ n, there
is no obvious choice of context in mode m for (i | A). MTT resolves this tension in Fitch-
style [Clo18] and pairs each modality with an adjoint action on contexts. In particular, given
a modality p : n—m, we can obtain a new context I', {u} ex@n from I' ex @ . Further
rules turn —, {u} into a functor between categories of contexts and substitutions at modes n
and m; intuitively a left adjoint to the modal type former (u | —). See the introduction and
formation rules for (u | —) recorded in Figure 2.

The elimination rule for (u | —) is complex because we cannot ‘reverse’ the introduction
rules without violating the admissibility of substitution. Instead, MTT annotates each
variable in the context and replaces I,z : A with I',z : (11 | A). One can access a variable
annotated with p if and only if it appears behind precisely —, {u}. The elimination rule uses
these annotations to implement a modal induction principle and allows one to reduce the
process of constructing an element of Bla/x| for some I'.{v} F a: (| A) @m to the case
Blmod,,(y)/x| for some fresh y : (v o uu | A); see the precise rule in Figure 2.

Thus far we have not mentioned the (2-)categorical structure of M, but it is this
additional structure which allows us to control the behavior of modalities. In fact, the
operation sending a modality p to —, {u} is 2-functorial so that, e.g., I', {u},{v} =T, {nov}.
This fact is reflected into types; the assignment p +— (— | —) is essentially pseudo-functorial.
Consequently, a 2-cell o : p— v in M induces a substitution I', {v} F {a}r : ', {u} @m
which in turn produces a collection of functions (u | —) — (v | —). By modifying the
equalities and 2-cells of M, we can force (i | —) to become, e.g., a comonad, a right adjoint,
etc.

MTT also extends dependent products to hypothesize over types annotated with modal-
ities other than id, i.e., to abstract over x : (u | A) [GKNB21]. While these modal dependent
products are convenient, we refrain from discussing them here for simplicity.

3. MTTp

Cubical multimodal type theory (MTTg) enhances MTT with a better behaved identity
type and univalence by combining it with CTT. Like MTT, MTTg is parameterised by a
mode theory, i.e., a 2-category of modes, modalities, and 2-cells. Whereas MTT has a copy
of MLTT at each mode, MTTg has a copy of CTT. A guiding principle in the design of
MTTg is that cubical and modal aspects should be orthogonal to each other. In particular,
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INT/EXC FACE/EXC
I'kr:L,am I'Fo:F,am
D{utErt:1,an D A{ut k" Fyan
SB/EXC-FACE
SB/EXC-INT I'ko¢:F,am
LoD, {pu} o, T {pu},i: I, am Lo, {u} b ry s T {u}, " am
SB/EXC-FACE-INV
SB/EXC-INT-INV 'k¢:Fpram
Do{ul,i:L,Eo? i1, {u}an Lo{u}, ot =7t T 0, {u}an
TERM-EQ/COMP-MOD
Lyi:Lp,{utHAan k¢ :Fpam Do,i: L, {utFu: Aan
I {p} Fuo: Al0/i]an Lo, {p}t ul0/i] =wuo: A[0/i]Qn

'+ compz@w [¢ — mod,,(u)] mod,,(up) = mod,,(comp’y [¢" — u[o* o TH]]ug) : (u | AY[1/4] @m

Figure 3: Selected rules of MT T, presupposing p: n—m and I' cx @ m.

the primitives of each system should interact as little as possible with primitives from the
other. To realize this, we add certain exchange principles in subsection 3.1 which are then
applied in subsection 3.2 to define composition for modal types.

We detail the novel aspects of MTTg and refer to Appendix A for an exhaustive account.

3.1. Cubical exchange. The orthogonality principle of MT T dictates that the interval
should be minimally impacted by the action of a modality on the context. Accordingly,
we add exchange operations. Concretely, given a dimension term I' F r : I,, @ m, we add
a new dimension term I', {u} F r# : I, @ n, see INT/EXC in Figure 3. We demand that this
operation is a morphism of De Morgan algebras and is lax natural, e.g. (r A s)* = r# A st
and r#°” = (r#)”. Using this operation, it is possible to derive the exchange substitution
Lyic L, {p} oy T {p},i: L, @m, see sB/EXc-INT. Finally, we add an inverse to this, see
SB/EXC-INT-INV, making I, 7 : I,,,, {p} isomorphic to I', {u},i : I;, once again in accordance
with the orthogonality principle.

The case is entirely symmetrical for elements of the face lattice and the corresponding
restricted contexts. Concretely, given a face I' - ¢ : F),, @ m, we add a new face I', {u}
oF : F,, @n, see FACE/EXC. Similarly to before, we require this operation to be a morphism
of bounded lattices and be lax natural, but we further require that it matches with the
corresponding operation on the interval via the equation (r = 0)* = (r* =0). Thus, —*
commutes with everything but dimension variables, meaning that ¢* is precisely —* applied
to every dimension variable in ¢. Just as before, we can derive a substitution, to which we add
an inverse, making I', ¢, {u} and T, {u}, ¢* isomorphic, see SB/EXC-FACE and SB/EXC-FACE-INV.

As we will see shortly, these rules are sufficient for composition in modal types, but
one may still wonder if there would be merit in the addition of inverses to r* and ¢*; after
all, this would be in line with our orthogonality principle. It turns out, however, that such
an addition would lead to a significant restriction of what models are valid, in particular,
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it would invalidate our model of guarded recursion in section 5, and we thus refrain from
making such an addition.

As mentioned, the exchange operations respect the 2-categorical structure of the mode
theory, and since the exchange substitutions are derived from the simpler exchange operations,
they inherit this property. We now record one such coherence explicitly for future use.
MTTp inherits a weakening substitution from CTT: 19: T, —I'. On may show that the
two canonical substitutions I', {u}, p# — T, {u} are equal. Explicitly, we equate the direct
restriction substitution 1% to ¢ .{u} o 7.

3.2. Composition in modal types. Now we can tackle the problem of composition in
MTTg. Composition is, as the other cubical rules, added to the system locally and satisfies
the same computation rules familiar from CTT for standard type formers. Modal types will
support a computation principle similar to that of inductive types, allowing us to commute
mod,,(—) with comp. Thus the status of composition in modal types is similar to that of
natural numbers, where composition is a formal operation that reduces on canonical forms,
as opposed to e.g. dependent sums.

The desired ‘reduction’ is TERM-EQ/coMP-MOD. We take a moment to show that the
conclusion of this rule is well-typed and that the result has the expected boundary.

Inspecting the assumptions of this rule, we note that all but one are completely equiva-
lent to a composition problem in (u | A) where the input terms are of form mod, (v) and
mod,, (ug)—with the exception that the assumption u[0/i] = g is slightly stronger than
necessary—so it is clear that the left-hand side of this equality is well-typed. That the right-
hand side is well-typed is more subtle. We would like to show that mod,,(comp 4 [¢" — u[o, o T,]] uo)
is well-typed. Inspecting the rule for composition in Figure 1, we see that we must first
verify the following;:

(1) T, {pu} k¥ :F,an

(2) T, {u}, ot i : Iy = ufo” o 7#] : Alo#] @n

(3) T, {u} Fup: Aj0/i] @n

(4) T, ¢, {u} Fu[0/i] = up : A[0/i]@n

All of these are immediate results of the premises of TERM-EQ/coMP-MoD. In particular,
item 4 is precisely the aforementioned stronger premise.

Assured that both sides of TERM-EQ/coMmP-MOD are well-typed, we show that that the
right-hand side of this equality satisfies the same boundary condition as the left-hand side,
i.e., that the right-hand side is equal to mod,,(u)[1/i] under ¢.?

First, we observe that in context I', {u}, ¢ cx @ n we have the following:

compy [¢" — u[o* o TH]] ug = ulo* o TH][1/i] = u[l/i][T]
Next, we recall that weakening by an assumption of the face lattice commutes with
face exchange. Given that the former is silent in our notation and the latter is not, this

leads to the somewhat odd equation I', ¢ - mod,(m) = mod,(m[7,]) : (1| A) @m when
I, {u} = m: Acm. Combining these two equations, we have the following in context I, ¢:

mod,, (comp 4 [ — u[o" o 7] ug) = mod,,((comp 4 [¢" = u[o™ o TH]] ug)[7,]) = mod,, (u[1/i])

2This requirement is a further sanity check on the rule; without this equality the right-hand side would
not solve the same composition problem as the left and the equation would be highly suspect.
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3.3. Extensionality principles in MTTg. Function extensionality in MTTg follows
directly from function extensionality in CTT, since the rules used in CTT are all available
mode-locally in MTTg. We will now prove modal extensionality, which cannot be proven in
MTT and cannot be stated in CTT:

Theorem 3.1. Given u : n — m and a pair of terms I' = a,b : Acn, where A is the
elements of some term of the universe, there is an equivalence modext,; : (1t | Patha(a, b)) ~
Path<u|A> (modu(a), mod“(b)).

Proof. We define the map modext,; and show it to be an equivalence by constructing an
inverse. Fix I' b m : (u| Patha(a,b)) @m and T+ r : I, @m. We wish to construct
modext, »(m)(r). By modal induction it suffices to consider the case where m = mod,(p)
for some I',{u} F p : Patha(a,b) @n. Because p lives in a locked context whereas
does not, we need an exchange operation. We form I',{u} F r# : I, @n, and define
modext, »(m)(r) = mod,(p(r*)). Towards verifying that we obtain an inverse using path
induction, note that for I, {u} F ¢ : A@n we have that

modext. .(mod,,(refl(c))) = refl(mod,(c)).

Next we define a map modext;é in the inverse direction.® By based path induction
along with careful modal induction, it suffices to define only modext;}b(reﬂ(mod p(a))). In
this case we define modext;lll(refl(modu(a))) = mod,,(refl(a)). Furthermore, by calculation:

modext;é (refl(mod,(c))) = mod,(refl(c)).

Note that we obtain only a path rather than a judgmental equality because path induction
computes only up to a higher path in cubical type theory.

Lastly, we prove that these maps form an equivalence. Let I' - m : (i | Path4(a, b)) @ m.
We are to find a path between modext;i(modexta,b(m)) and m. It suffices to do so when
m = mod,,(refl(c)) for some I', {p} - ¢ : A@n where we compute:

modext;cl(modextc,c(m)) = modext;g(reﬂ(modu(c))) = m.

For the reverse direction, let I' - p : Path(,, 4y(mod,,(a), mod, (b)) @ m. We need a path
between p and modext, ,(modext, ; (p)). We again reduce to the case where p = refl(mod,,(c))
and compute from there: modextc7c(modex’c;61 (p)) = modext. (mod,,(refl(c))) = p. []

4. SEMANTICS OF MTTnh

Section 3 toured through MTTg informally, but in fact, MTTg can be presented as a
particular generalized algebraic theory [Car78]. This automatically gives rise to a category of
models—a variant of the standard categories with families [Dyb96]—with several desirable
properties such as the initiality of syntax. However, MTTq is complex and the induced
definition of model is nearly intractable to manipulate, let alone construct.

We fracture the definition of model into more manageable pieces, making heavy use of the
natural models of MTT [Awo18, GKNB21]. In order to construct these models, we introduce
cubical MTT cosmoi. This is a more compact structure supplementing MTT cosmoi [Gra21]
with the ingredients necessary to internally construct a model of CTT [OP18, LOPS18]. In

3We will only need path induction and modal induction rather than path abstraction to define modext;};,
meaning that it can also be defined in MTT.
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practice, cosmoi are easier to obtain and suffice for the most important models e.g. those in
cubical presheaves.

4.1. Models of MTTH. We now present the definition of a model of MT T with mode
theory M. To begin with, we require a strict 2-functor [—] : M°P — Cat, known as
the modal context structure. Intuitively, this 2-functor assigns each mode to a category of
contexts. From this viewpoint, the functor [u] : [m] — [n] sends a morphism p : n—m to
the adjoint action —.{u} contexts and the 2-cells [a] interpret the natural transformations
{a}. We now specify the remaining structure on top of this functor.

Mode-local structure. Each mode [m] should contain a complete model of CTT, and we
specify this in the language of natural models [Awo18] which provides a concise description
of the connectives of type theory.

As a model of CTT, [m] has an interval object I,,, : [m]. Just as in CTT, we require
that I, is a De Morgan algebra and that all products — x L, exist.

Next, we require a pair of presheaves Tp,, T, : PSh([m]) representing respectively
the collection of terms and types in a given context. Moreover, there is a projection map
Tm * Tm — Tm which sends a term to its type. This universe is closed under dependent sums,
products, etc. Each mode also contains an interpretation of the face lattice F,, : PSh([m])
and face restriction which is used to specify the composition operations. While complex,
this piece of the model is unchanged from CTT so we omit further details.

Modal types. Next we turn to the modal aspect of a model: modal context extension and
modal types. Both of these structures are specified exactly as in MTT [GKNB21], with the
small caveat that we require an additional equality for composition operation on modal

types.

Cubical exchange. Finally, we must address the interaction of the functors [u] and
the intervals and face lattices. Mirroring the syntax, we require natural transformations
I, : y(I,) —[u]*y(I,) that are pointwise morphisms of De Morgan algebras and that
assemble with y(I,,) into a lax natural transformation. From this, we can define a morphism,
which we require to be have an inverse:

(Tl Lo, (2) = [ (T X Ty ) — [p] () X I,

The above is replayed for face lattices: We require natural transformations I, :
F,, — [p]*F,, that are pointwise morphisms of bounded lattices and that assemble with
F,, into a lax natural transformation. From this can be defined a canonical morphism
(] (T [@]im) — [1]-[F v (#)]n, which we require has an inverse.

4.2. Cubical MTT cosmoi. Even after the repackaging of models detailed in subsection 4.1,
a model of MTTq is still a complex object. There are two orthogonal aspects to this
complexity: (1) constructing the models of cubical type theory in each mode and (2)
constructing the network of modalities and their actions on contexts. Fortunately, there
already exists a technique to simplify (1); rather than construct a model of cubical type
theory directly, [OP18] and [LOPS18] have shown that any topos satisfying a handful
of axioms supports a model of cubical type theory. Moreover, (2) is partially addressed
in [Gra2l] by the notion of an MTT cosmos which abstracts several of the difficulties of
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constructing a model of MTT. We now unify these two ideas to define cubical MTT cosmoi
and prove that they induce a model of MTTq.

MTT cosmoi. We will first recall the definition of MTT cosmoi and prove that they induce
models of MTT.

Definition 4.1. A cosmos is a pseudofunctor F': M — Cat that takes objects to locally
cartesian closed categories and morphisms to right adjoints. We denote the left adjoint to

F(p) by Fi(w).

A cosmos abstracts from the basic situation we encountered in subsection 4.1: a 2-functor
F' picking out categories of contexts and the actions of modalities between them. In this
case, we were primarily concerned not with the category F(m), but with presheaves over
F(m). After all, it is the category of presheaves which hosts types and terms and where
we formulate structures like context extension. Careful inspection reveals that we only
require the locally Cartesian closed structure of PSh(F(m)) when formulating the rest of
the structure of a model, so it is natural to require only that each mode of a cosmos is locally
Cartesian closed. Indeed, on top of this skeleton we can transport more of the structure of a
model to cosmoi:

Definition 4.2. An extensional MTT cosmos is a cosmos F’ such that each mode is equipped
with a morphism 7, : 7, — T representing inducing a universe closed under dependent
products, sums, booleans, and extensional identity types. We further require that each map
F(u) : F(n)— F(m) induce a dependent right adjoint [BCM*20].1

We have leveraged same intuition as natural models to regard 7,, (respectively Ty,) as
the collection of types (resp. terms), but without any representability requirements (they
cannot be stated in LCCCs). Requiring closure of these universes under the connectives of
MTT then ensures that an MTT cosmos induces a model of MTT in the sense of [GKNB21].
Prior to proving this, however, we require the following standard category-theoretic fact:

Lemma 4.3. Let C be a 2-category and F' : C— Cat be a pseudofunctor such that each
F(f) is a right adjoint Fy(f) - F(f) then the left adjoints extend to a pseudofunctor
F : C°°P —; Cat.

Theorem 4.4. An extensional MTT cosmos induces a model of extensional MTT with modal
context structure is pseudonaturally equivalent to the pseudofunctor of left adjoints induced
by Lemma 4.3. If the pseudofunctor of left adjoints is a strict 2-functor, it is equal to the
modal context structure.

Proof. Fix an extensional MTT cosmos F' : M — Cat. By Lemma 4.3, the left adjoints
Fi(p) assemble into a pseudofunctor Fj : M°P — Cat. We may strictify this functor to
get a strict 2-functor Fy : M®° —; Cat and a pseudonatural equivalence of categories
a: R Hﬁ We claim that ﬁu models extensional MTT.

For each mode m, we define Athe universe of types and terms as /t\he Yoneda embedding of
the universe already present in Fi(m): T, = y(@m(7m)). Because Fi(m) is finitely complete,
this is a representable natural transformation. Moreover, since both «,, and y preserve
LCCC structure, this universe is closed under the types in the types cosmos: dependent

4These are essentially the same as modal types in MTT, further equipped with a syntactically ill-behaved
but semantically convenient elimination rule.
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right adjoints for each u, dependent sums, products, booleans, and extensional identity types
etc. Thus by [GKNB21, Theorem 7.1] F} models extensional MTT. []

Cubical cosmoi. An MTT cosmos F' interprets each mode as an LCCC F'(m) because locally
Cartesian closed structure is sufficient to specify the connectives of MTT. Unfortunately, it
is not sufficient to apply the techniques of [OP18] and [LOPS18] and internally construct a
model of CTT. We therefore isolate the notion of a LOPS topos,® containing precisely the
required structure. We further define cubical cosmoi as particularly well-behaved networks
of LOPS topoi.

Definition 4.5. A LOPS topos is an elementary topos £ with a hierarchy of universes,

an object of cofibrations Fg < and a tiny interval object Ig subject to the Orton-Pitts
: 6

axioms.

Theorem 4.6 [LOPSI18|. There exists a model of CTT in every LOPS topos.

Consider a cosmos F' : M — Cat such that each F'(m) is a LOPS topos. Theorem 4.6
then implies that each mode is a model of cubical type theory, but on its own this is
insufficient to conclude that F' assembles into a model of MTT; we must ensure that each
F(u) properly preserves interval objects and face lattices. In order to isolate what further
properties we must impose on F', we briefly revisit how one interprets constructs in cubical
type theory such as systems and face restrictions in a LOPS topos.

Extending a context X : £ by an interval variable is given product: X x Ig. The
structure of this context extension and of dimension terms more generally follow directly
from the universal property of products along with the De Morgan algebra structure on Ig;
a dimension term in context X is realized by a morphism X — I¢. Similarly, an element of
the face lattice context X is interpreted by a morphism. X — F¢. Restricting a context by
such a face is given by pullback:”

{(X[¢} ——1

| "

X —— L F¢

Returning to our original question, we can now isolate some of the additional structure
required by a cosmos valued in LOPS topoi to induce a model of MTTg. In particular,
a right adjoint between LOPS topoi will correctly model a dependent right adjoint which
appropriately respects cubical structure when its left adjoint satisfies the following conditions:

Definition 4.7. A morphism of LOPS topoi is a geometric morphism Fy 4 F' : £ — &’ along
with an isomorphism of De Morgan algebras ap : Fi(Ig/) = I¢ and of bounded distributive
lattices BF : Fi(Fg/) =2 Fe. The maps ar and S are required to be compatible in the sense
that /BF OE(— = 0) = (— = 0) oQp.

5Named after the authors of [LOPS18]

6In fact, we make use of a slight strengthening of axioms presented by [OP18] in order to ensure that I¢ is
an internal De Morgan algebra rather than a connection algebra.

"We have used the familiar set-comprehension notation for restriction by a face. Because F¢ is a subobject
of 2, this coincides with the standard interpretation of this notation in a topos.
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Remark 4.8. Whilst F(I¢) is a De Morgan algebra, we make no assumption that it be
isomorphic to Ig,. Doing so would correspond to adding an inverse to INT/EXC, but as
mentioned in subsection 3.1, this is not valid in the model of guarded recursion in section 5;
explicity, the right adjoint later does not preserve the interval. The case is the same for the
object of cofibrations.

We now have built up the machinery necessary to define the desired fusion of LOPS
topoi and MTT cosmoi:

Definition 4.9. A cubical MTT cosmos F : M — Cat is an extensional MTT cosmos
satisfying the following additional restrictions:

e F(m) is a LOPS topos for each mode m,
e F(u) is a morphism of LOPS topoi for each modality pu,
e The interval and face lattice isomorphisms are pseudonatural.

Theorem 4.10. Any cubical MTT cosmos F' induces a model of MTTg with modal con-
text structure pseudonaturally equivalent to the pseudofunctor of left adjoints induced by
Lemma 4.8. If the pseudofunctor of left adjoints is a strict 2-functor, it is equal to the modal
context structure.

Proof. A cubical MTT cosmos is in particular an extensional MTT cosmos, meaning that
all the rules from extensional MTT can be modelled with the strictified 2-functor ﬁ by
Theorem 4.4. Equivalence preserves being a LOPS topos, and thus Fi(m) ~ Fi(m) = F(m)
is a LOPS topos, implying we can model all the mode-local rules added from CTT (including
composition structures for all non-modal types) with Theorem 4.6. It thus remains to
construct the exchange principles and composition structures on modal types.

We claim that Fu (or rather, the pseudofunctor of right adjoints F induced by the dual
of Lemma 4.3) also has the cublcal components of being a cubical MTT cosmoi. We have
already argued that F(m) is a LOPS topos since it is equivalent to F(m), the fact the
naturality squares of these equivalences commute up to natural isomorphism is enough to
show that F' (1) is a morphism of LOPS topoi, and the pseudonatural coherence of the
isomorphisms is preserved since the equivalences cohere pseudonaturally.

As a consequence of this, we have at (iach mode m : M a De Morgan algebra and a
bounded distributive lattice IA( ) ﬁ( ) F(m) and for each modality p : n—m coherent

Ly and Bp, « Fi (1) (F pg,) =

structure-preserving isomorphisms oz P : Fy(p)(T F(m)) =
Fx Fn):
To define the interval exchange operation, take a dimension term r : I'—1 Fm)’ and

define I, r(r) as the composite:

~ i ) . Sy
A~ B i

)

The naturality of I, follows from the functoriality of ﬁ(,u), and they cohere lax naturally
since the isomorphisms cohere. To see that it defines morphisms of De Morgan algebras,
consider the concretely the case of A. Preservation is then the commutativity of the following
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diagram:

E(p)(F) —————— F() T X Tpgy) = Fi)pin) 4= 15
Fi(p)((r, ) Fi(p)(A)
The right rectangle commutes since the « P(u) Preserves A, and the left triangle commutes
by the uniqueness of morphisms to products. Preservation of the other connectives follow
similarly.
The final thing to verify for intervals is that the uniquely determined dashed arrow in
the following diagram has an inverse:

~ 1 ~

Fi(p)(T) Fy(p)(T

) X Iﬁ(n)
ﬁ(n)(mﬁ l@
Iﬁ(n)

~

Fi(u)(I x T5,,)) ——— Fi(p)(
O B ) ()

This follows from « Pl being invertible and ﬁx(u) preserving finite limits.

Replaying these arguments for the face lattices completes the construction of the exchange
principles.

Lastly, we will construct the compositions structures on modal types. For this, we note
that the model of extensional MTT obtained from Theorem 4.4 supports an inverse operation
to mod,,(—) such that every element of a modal type is of the form mod,(a). Therefore, the
equation TERM-EQ/COMP-MOD can be taken as-is to fully define a composition structure. []

—

Fon) oz,

4.3. Cubical presheaves. The intended model of cubical type theory is a variant on the
standard presheaf mode with types interpreted as a variant of Kan cubical sets [CCHM18]—
particular presheaves on the cube category [J realized as the Lawvere theory of De Morgan
algebras. One immediate benefit of the internal construction of a model of CTT is to generalize
this result from cubical sets to presheaves valued in cubical sets [OP18]. Meanwhile, networks
of presheaf categories connected by the essential geometric morphisms induced by functors
between base categories are known to induce models of MTT [GKNB21, Section 8]. In fact,
a consequence of Theorem 4.10 is that these two results can be essentially combined, thereby
giving rise to the most important models of MTT.

Proposition 4.11. Let C and D be small categories, let F': C—D be a functor, and write
F*, Fi, and F, for precomposition respectively left and right Kan extensions of F' X idg.
(1) The presheaf categories PSh(C x O) and PSh(D x O) are LOPS topoi.

(2) The adjunction F* 4 F, induces a morphism of LOPS topoi.

(3) If Fy is lex the adjunction Fy 4 F* induces a morphism of LOPS topos.

Before proving the above proposition we recall some standard lemmas.
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Lemma 4.12. Let C and D be small categories and F' : C— D a functor. Left Kan extension
of functors sending X : C— Set to F\(X) : D—Set is lex iff (F' | d) is filtered for each
d :D. We note that this implies in particular that (F | d) is connected.

Proof. Fix a finite diagram of functors X : Z—[C, Set]. We can identify Fi(lim X)(d) with
the colimit of the diagram (F' | d)—C—Set sending f : F(¢)—d to (limX)(c). By
assumption, this is a filtered colimit and thus it commutes with finite limits. Since limits
are computed pointwise in [C, Set], we may identify (lim X)(c) = lim; X;(¢) and compute:

F[(“m X)(d) = colim(c,f);(md) Iimi;I XZ(C)
= Iimi;I colim(c’f):(pid) XZ(C)
= IimizIE(Xi)(d) D

Lemma 4.13. Let F : C—D and F' : C'—7D'. Then (F x F' | (d,d)) is equivalent to
(Fld)x (F'"]d) for eachd:D and d : D'

Lemma 4.14. Consider a diagram F : A x B—C where B has a terminal object by. Then
the colimit of F(a,b) over A X B is isomorphic to the colimit of F(a,b1) over A, naturally
in A.

We can now prove proposition 4.11:

Proof. Note first that PSh(C x O) = [(C x 0)°P, Set] = [C°P, cSet] = PShcget(C). Letting
I,F : cSet be the interval respectively face lattice from [CCHM18, Section 8.1], we define
Ic(c,I) =1(I) and Fe(e,I) =1(I) for ¢: C and I : 0.

For (1) these topoi satisfy the Orton-Pitts axioms as noted in [CRS21]. To see that the
intervals defined above are tiny we proceed as follows: Using the Yoneda lemma along with
the fact that I is naturally isomorphic to [—, {i}]g shows that y(c,I) x I = y(c, I + {i}),
and we thus calculate:

XYe, 1)

I

[y (e, 1), X7]

(e, I) x I, X]

[y(e, I +{i}), X]

X(e, I+{i})

(ide x (= +{i}))"(X)(c, )

The above is natural in X, and thus exponentiation by I is (naturally isomorphic to) the
precomposition functor (ide x (— 4+ {i}))*. As this functor has a right adjoint, we have
shown that I is tiny.

We write me, mp the projections C x J— [ and D x J— [ respectively. For the
second (respectively third) requirement we show the following:

i1 1R

I

e F* (resp. F)) preserves finite limits.

o L: F*omy =2 nf (Fiowh = 7))

e This isomorphism is an isomorphism of De Morgan algebras at I and of distributive lattices
at .

The remaining conditions of a morphism of LOPS topoi follow automatically from the
naturality « (resp. ).

For the first item, we note that F'* preserves all limits since it is a right adjoint, and
that F preserves finite limits by assumption.
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Next, the desired isomorphism F* (7} (X)) = 75(X) can be taken to be the identity,
justified by the following computation:

F(mp(X))(¢, 1) = mp(X)(F(c), I) = X(I) = me(X) (¢, I)

It is clear that this isomorphism preserves the De Morgan algebra structure when X =1
and the distributive lattice structure when X =TF.

It remains to consider these conditions for Fi. We construct Fi(nj(X)) = 75, (X) as the
composite of a string of natural isomorphisms:

Fy(mg(X))(d, I) = colim(e, 11y, y.(rxidy(a,ny) T (X) (e, I')

(
= colim(., 1), ):(Fxidi(a,n) X (I')
(
(

=~ colim (C, ) ( )) (Fl,d IdJ,I X(I/) lemma 4.13
= colim(. y.(pray X (1) lemma 4.14
~ X(1)

= mp(X)(d, 1)

In the above calculation, the fourth isomorphism is obtained by observing that colim(c, ).(ryq) X (1)
is a constant diagram over (F | d); because F is lex lemma 4.12 ensures that (idox F' | (d, I))
is connected, and hence so is (F' | d). The isomorphism then follows from the observation
that colimits of constant, connected diagrams are isomorphic to the value of the diagram.
We must argue that this is an isomorphism of De Morgan algebras when X =1 and of
distributive lattices when X = . Chasing an element through this string of isomorphisms, we
send an element of the colimit in(( 17 (1,9)) (%) to X(g)(z). One can verify that this preserves
the relevant structure when X is appropriately specialized. We illustrate the simple case of
interval endpoints: The 0 endpoint of Fi(I¢) at (d, I) is given by in(y, iq)(0 : I(1)) where fo
is an arbitrary object of the (necessarily non-empty) category (F | d). It is clear that this
pair is mapped to 0 : Ip(d, I) via the morphisms above. L]

We can package all of the above results into the following:

Theorem 4.15. Let f: M — Cat be a strict 2-functor, write F*(u), Fi(u), and Fy(u) for
the precomposition, left Kan extension, and right Kan extension respectively of f(u) X idm,
and write F*, Fi, and Fy for the induced pseudofunctors.

e The network of morphisms of LOPS topoi given by the adjunctions F*(u) - Fy(un) induces
a model of MTTg over M with modal context structure equal to F*.

e The network of morphisms of LOPS topoi given by the adjunctions Fi(p) = F*(u) induces
a model of MTTh over M°P with modal context structure pseudonaturally equivalent to

F if each Fi(p) is lex.

Proof. By Theorem 4.10, it is sufficient to show that F (respectively F*) is a cubical MTT
cosmos. By Proposition 4.11, each PSh(f(m) x O) is a LOPS topos, and each adjunction
F*(p) 4 Fi(p) (respectively Fi(p) = F*(p)) is a morphism of LOPS topoi, and we thus need
only verify that the interval and face lattice isomorphisms cohere pseudonaturally.
Consider first the case of the adjunctions F*(u) 4 Fi(p). In this case, each interval
(respectiely face lattice) isomorphism is the identity, and thus since the left adjoints form a
strict 2-functor, the interval objects (respectively face lattice objects) form a strict 2-natural
transformation, which in particular is also a pseudonatural transformation.
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Consider next the case of the adjunctions Fi(u) 4 F*(u). To prove pseudonaturality, we
need to prove coherence with identity, composition, and 2-cells. The proofs are similar, and
we illustrate them with the identity case. Since Fi(u) is a pseudofunctor, there is a natural
isomorphism Fi(1m) = idpsh(f(m)x0)- We must prove that at the interval (respectively face
lattice) object, this is the same isomorphism as the one constructed in Proposition 4.11.

The isomorphism in the proof of Proposition 4.11, Fi(u)(7g (X))(d,I) = ﬂ'}'@(m) (X)(d, 1),
may be specified as follows: It is uniquely defined by its value upon precomposition with
the components of the colimit colim (17 y.(f(u)xidi(d,1)) T(';Z(m)(X)(C, I'), and this value is for

=)t

each ¢: f(m), I' : O, and (g,¢) : (d,I)— (f(n)(c),I") equal to
X(0) : 75 (X) (e, ') = X(I') — X(I) = 7}, (X)(d, ).
The isomorphism Fi(1,,) = id is constructed from the fact that both Fi(1,,) and id are
left adjoints to F* (1) = idpsn(f(m)x0)- Concretely, it is the counit:

€1,, * Fi(Lm) = Fi(1m) o F* (1) —idpgh (f(m)x0)

Precomposing with the components of the colimit colim(. 17y y.(f(u)xidi(d.1)) F;(m) (X)(c, I,
we get X (1) as before, which shows that the two isomorphisms are the same, and thus the

identity condition for pseudonaturality is satisfied. []

5. PROVING AND PROGRAMMING WITH GUARDED RECURSION

We now turn from theory to practice® and consider guarded MTTo. We briefly recall
guarded recursion. The core idea of guarded recursion [Nak00] is to use a modality »
(pronounced ‘later’) to isolate recursively produced data to prevent its use until work is done,
thereby ensuring productivity. This modality is equipped with operations making it into an
applicative functor [MPO08| which satisfies Léb induction, a powerful guarded fixed-point
principle:

next: A—n» A (®):»(A— B)—((»A) — (»B)) lob: (A — A)— A

In particular, lob allows us to define an element of A recursively but because the
recursively computed data is available only as » A, the usual problems with fixed-points are
avoided. We consider a variant of guarded recursion which further includes an idempotent
comonad O along with an equivalence O » A ~ A. This last property ensures that guarded
type theory can construct coinductive types through Lob induction [CBGB15].

To encode guarded recursion in MTT, we instantiate the theory with a particular mode
theory and extend it with a pair of axioms. As a result, we obtain a highly workable guarded
type theory supporting the relevant modalities and operations. Similar work was done for
extensional MTT in [GKNB21, Section 9]; here we show that the improved notion of equality
in MTTg results in an improved experience.

Concretely, we work in the mode theory My, a poset-enriched category which is concisely
defined by Figure 4. Using the substitutions induced by 2-cells, we define:

A= (0| A[{1 </}]) next(z) = mody(A[{1 < ¢}])

While ® is likewise definable, lob cannot be defined MT T and must be axiomitized (Figure 5).
In order to justify its inclusion, we provide a model of MTTg over M, with Lob induction.

80r at least, slightly more practice-adjacent theory!
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v
T doy<1l 1=~0d
Sl
~_ 1<é ~v=~0o/
1)

Figure 4: Mg: a mode theory for guarded recursion. Reproduced from fig. 11 of [GKNB21]
I'xat 'FAat 'exat 'kAat 'EM:»A— Aat
F'kHlob:(»A— A) — At I'Flob(M) = M(next(lob(M))) : At

Figure 5: The rules of Lob induction.

5.1. Soundness of Lob induction in MTTg. Letting w be the poset category for the first
infinite ordinal and 1 the terminal category, we define the strict 2-functor f : M, — Cat by

ft) =w fls) =1 f(8)(x) =0 f)(n) =n+1 f()(n) =+
From this, we define the pseudofunctor F' : M, — Cat by F(m) = PSh(f(m) x O) and
F(u) = (f(11) % id0)s, which by Theorem 4.15 induces a model of MTTg F. This model is
almost the same as the model defined in [GKNB21, Section 9.2], but F uses cSet-valued
presheaves. Since the cubical and modal aspects of MT T are orthogonal, considerations
in the Set-based model that do not involve identity types carry over to F. In particular,
because Lob induction holds in the Set-based model, it also holds in FDO

5.2. Programming with guarded MTTg. To see that MT T can not merely replicate
but also improve on work done in MTT, we now show that Lob induction not only gives a
fixpoint but a unique one. In [GKNB20, Theorem 9.5] this is proven for extensional MTT
(by introducing equality reflection), but because of modal extensionality, we can now prove
it with nothing but MTT and L6b induction. Similarly, the results from [GKNB21, Section
9.4] about guarded and coinductive streams in guarded MTT may also be proven in guarded
MTTg without equality reflection.

Theorem 5.1. lob(M) is the unique guarded fixpoint of M : wEI(A) — EI(A), i.e.
(A:U)(z: EI(A)) — Pathg 4y (M (next(z)), ) — Pathg ) (lob(M), )
Proof. Supposing A : U, we intend to use Lob induction to find a term of
(7 : EI(A)) — Pathgy 4y (M (next(z)), z) — Pathg(4)(lob(M), z)

To this end, given terms f : »((x : EI(A)) — Pathg4)(M (next(z)), x) — Pathg(4)(lob(M), 7)),
z : EI(A), and p : Pathg4)(M (next(z)), r), we must define a term of Pathg(4)(lob(M), z).
We can construct the term

[ ® next(x) ® next(p) : »Pathg 4 (lob(M), z).

By Theorem 3.1, this gives a term of Path, g 4)(next(lob(M)), next(z)). Using that function
application preserves paths and that lob(M) is a guarded fix point we then obtain the paths

lob(M) = M (next(lobM)) = M (next(x)) = x. ]

9This can also be verified by hand as is done in [BBC*19].
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6. RELATED WORK

MTTg builds upon two distinct strands of work: cubical and modal type theories. Even
though both of these lines of research are ongoing, several proposals have already been made
which combine elements of both.

Modal homotopy type theory. Several version of homotopy type theory extended with
modalities have been proposed [Shul8, RFL21]. These type theories aim to increase the
expressivity of HoT'T and allow it to better capture some aspects of homotopy theory. Unlike
MTTg, however, these theories tend to be specialized to various modal situations. They
build in the structure of one specific modality and are hand-crafted to have manageable
syntax for that situation. In contrast, MT T follows MTT and works for a class of modalities,
and provides usable syntax in each case. Moreover, prior type theories in this tradition
expand “book HoTT” [Unil3] and therefore do not enjoy the good computational properties
we conjecture for MTTq.

Modal cubical type theory. In order to extend cubical type theory with an internal
notion of parametricity, Cavallo [Cav21, Part IV] has proposed a variant of (cartesian) cubical
type theory extended with connectives and a handful of modalities to capture parametricity.
Like MTTq, this cohesive parametric cubical type theory combines cubical type theory with
Fitch-style modalities. While morally the system is a specialization of MTTH to a cohesive
collection of modalities, Cavallo takes advantage of several specifics of the intended model
to add various equations to the theory.

Separately, another Fitch-style type theory, clocked type theory, has been extended to a
cubical basis [KMV21]. This theory is used to present guarded recursion, similarly to section 5.
Unlike guarded MTTpg, guarded clocked type theory includes several specialized axioms, a
more sophisticated collection of guarded modalities, and an account of the interaction of
HITs with parts of the modal machinery.

The extra equations and properties of the modalities in both systems prevent MT T
from directly recovering either parametric cubical type theory or clocked cubical type theory.
The core aspects of both, however, are similar to MTTg and we believe that MTT4 gives a
means of systematically generalizing these calculi to other modal situations.

7. CONCLUSIONS

We contribute MTTq, a general modal type theory based on cubical type theory and MTT.
The system can be instantiated to a number of modal situations while still maintaining
computationally effective interpretations of univalence and function extensionality.

While in this work we have introduced the theory and characterized a class of models
for it, in the future we hope to investigate further metatheoretic properties of the system.
In particular, both MTT and cubical type theory enjoy normalization [Gra21, SA21], and
we conjecture that these proofs can be combined and generalized to apply to MTTg. The
introduction of cubical cosmoi takes the first step in this direction: cosmoi are a crucial
ingredient of the proof of normalization for MTT. In a separate direction, we hope to
investigate the behavior of more of the mode-local structure of cubical type theory such as
higher inductive types and other novelties of cubical type theories.
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APPENDIX A. RULES oF MTTq

We here present the official syntax and rules of MTTg. For the sake of brevity, we omit
a number the rules, especially those lifted from MTT or CTT; in particular, we omit the
following:

e The rules for dependent sums, booleans, universes.

e The equations stating that the interval is a De Morgan algebra.

e The equations stating that (—)* for interval terms is a morphism of De Morgan algebras.

e The equations stating that that face lattice is a bounded distributive lattice,

e The equations stating that (—)* for faces is a morphism of bounded lattices,

e Miscellaneous equations commuting substitutions past term formers or governing the
composition of substitutions.

At the end there is a section on derived definitions some of which we will use throughout
to ease notation.

Context formation.

CX/EMP CX/LOCK CX/EXT-TYPE
w:n—m I'exam in—m ' ex@m F{u}-Aan
1 cxam F{p} exan F(u| A) exam
CX/EXT-INT CX/FACE-RES
I'exam I'exam I'¢:F,am

'L, cx@m [.[¢] ex@m
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Context equality.

CX-EQ/COMP-LOCK

hin—m v:io—n I'exam

F{pov} =TA{u}{r} xao

Substitution formation.

SB/COMP
INAJEcxam

F'Eéo:Aam
I'Féod:Eam

AFE:=Zam

SB/WEAK-TYPE

hin—m I'cx@m

F{u}-Aan
C(u|AET:Tam

SB/WEAK-RES
I'exam

SB/LOCK
nin—m

'Fo¢:Froam

F. AAGAARD, M. KRISTENSEN, D. GRATZER,

L,

AND L. BIRKEDAL

CX-EQ/ID-LOCK
I'cxam

{1} =T cxam

SB/ID SB/EMP
I' exam I'exam
I'Fid:T'am T'F!:1am

SB/WEAK-INT
I'exam
'L, Tam

A cx@m TFé:Aam

I.[¢] F¢: Tam

SB/KEY

WV :in—m aivV—U

CA{utbof{u}: A{u}an

I'exam

F{p}tt+A{atr:T{rian

SB/EXT-TYPE

pnin—m

I'' A ex@m TFé:Aam A{ptEAan

F{u}Fa:Ao{u}]an

F'Féa:A(u|A)am

SB/EXT-INT

A cxam F'Ed:Aam

I'r:L,am

'kér:AlL,Qm

SB/FACE-RES

A cxam T'Fo:Aam AF¢:F,,am

Lo =T:F,am

T'Fo.g]: Allp]@m

SB/EXC-INT-INV
win—m

SB/EXC-FACE-INV

I'exam Whin—m T

cx@m

I'¢:F,am

F{p}I, Fot :T0y{u}an LA{u}.[o"]

Frt T gl {u} an
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Substitution equality.

SB-EQ/COMP-LOCK
Wwin—m vio—n A coxam F''Eé:Aam

F{povitFo{puov} =o0{ut{v}: A{uov}iao

SB-EQ/ID-LOCK
A cxam 'Eéd:Aam
FFof{l}=6:Aam

SB-EQ/LOCK-COMP
Hin—m INAJEcxam 'Ed:Aam AFE:Zam

T {u} F (€00){u} = &} o o4u} s EAu} o

SB-EQ/LOCK-ID SB-EQ/ID-KEY
win—m I'exam Lin—m I'cx@m
F{u}Fid{p}=id: T{p}tan F{p}F{lr=id:T{u}an

SB-EQ/NAT-KEY
W, vin—m a:v—L A cxam 'Ed:Aam

F{u} F{ataoo{u} =0{v}o{alr: A{vian

SB-EQ/COMP-KEY
WV p:n—m Q:v—L B:p—v I'exam

F{p}F{aoB}r ={alro{B}r :T.{p}an

SB-EQ/WHISK-KEY
Ho, 41 1 —>m Vo, V1 10— Q] — o B:vi—1y I'exam

C{poovo} F{axBir = {atr{vi} o {Blrquoy : T{miovitao

SB-EQ/EXT-TYPE-BETA
VA cxam F'Eé:Aam A{ptFAan F{utka: Ad{p}an
I'tHtoda=6:Aam

SB-EQ/EXT-TYPE-ETA
A cxam A{utFAan F'Fd:A(u|A)am
F'Fo=(T0d)vold] : A(u] A)am

SB-EQ/EXT-INT-BETA SB-EQ/EXT-INT-ETA
I'' A ex@m T'd:Aam I'tr:L,am I''A cxam I'6:AlL,am
ITHYodr=6:Aam L= (1 06).vi[d] : AL, am
SB-EQ/EXC-INT-LEFT-INV SB-EQ/EXC-INT-RIGHT-INV
win—m T'exam win—m I'exam

Il {utFotoo,=id:T.L,{u}an F{pt L, Foyoot =id: T {u}.I, an
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SB-EQ/EXC-FACE-LEFT-INV
Win—m I' cx@m 'E¢:Fpam

Igl{p}t F o7, =id: T.[¢]{u} an

SB-EQ/EXC-FACE-RIGHT-INV
pHin—m I' ex@m '¢:Fpam
TAu}[¢t) F ot =id: T.{u}.[¢" an

SB-EQ/FACE-RES-UNIQ
I''Acxam AF¢:F,am FFo:T.[¢p]@m
LF6= (1% 06).[¢] : T.[¢] @m

SB-EQ/FACE-RES-BIN
A cxam L'Ed,6:Aam TF ¢, Fyam
Fr'Fovy=T:F,am [.[¢] F do M=o t®: Aam [.[¢Y] F do W=¢ot¥: Aam
F'kEd=¢:Aam

SB-EQ/FACE-RES-NULL
A cxam I'EyE:Aam r-L=T:F,am
F'Eéd=¢:Aam

Interval formation.

INT/JOIN INT/MEET INT/BOT
T'exam I'tr,s:Lyam I'exam I'r,s: I, @m I'exam
I'trvs:I,,am I'tFrAas:I,,am I'HO:L,am
INT/TOP INT/INV
I'exam I'exam I'kr:L,am
'F1:1,am rc(1—-r):Iy,am
INT/EXC INT/VAR
win—m I'exam I'kFr:I,am I'exam

F{ptbrt 1, an L, vl I, @m
INT/SB
')A cxam I'td: Aam Arr:L,am

L'kFrd]: L, am
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Interval equality.

INT-EQ/EXT-INT-BETA INT-EQ/RES-EQ

I''Acxam 'éd:Aam I'kr:L,am T'cxam I'tr:L,am
'k Vé [6T] =7T.: ]Im Qm F[(T = 0)] - T[T(T:O)] =0: I[m Qm

INT-EQ/EXC-COMP INT-EQ/EXC-ID

pin—m Vio—n I'exam 'kr:L,Q@m I'exam I'kr:L,am
FA{utA{vErtY =) l,00 TErl=r:T,am

INT-EQ/EXC-KEY
W,V :in—m Q:vV—l I'exam 'kr:I,,Qm

F{u} Fr’{alr]=r*:I,an

INTE-EQ/EXC-SUB
vVin—m I''A cxam T'td:Aam 'tr:I,am

CAu} Ertof{u}] =r0)* : I, an

INT-EQ/FACE-RES-BIN
I'exam I'tr,s:I,am ¢,y :Fnam I'tovy=T:F,am
L.[¢] Fr[1?] = s[1?] : L, @m L[] F r[t¥] = s{t¥] : Ly @m
I'Fr=s:1,,am

INT-EQ/FACE-RES-NULL
I'exam I'ktrs:I,,am 'EL=T:F,am

I'tr=s:1,,am

Face formation.

FACE/EQ FACE/JOIN
I'exam I'kr:I,am I'exam ko, v:Fpnam
I'E(r=0):Fy,am F'Fovy:F,am
FACE/MEET FACE/BOT FACE/TOP
' exam I't¢,¢v:F,am I'exam I'exam
I'FoAY: Fpam I'L:F,am 'ET:F,am
FACE/EXC
Win—m I' ex@m 'F¢:F,am

F{ut kot :F,an

FACE/SB
I''Acxam F'Fd:Aam Ak ¢ :F,am
I'F¢lo]: Fp,@m
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Face equality.

FACE-EQ/NON-CONTR
I'exam I'tr:L,am
F'F(r=0A((1-7r)=0=L:F,am

FACE-EQ/EXC-COMP FACE-EQ/EXC-ID
phin—m vV:io—n I'exam '¢:F,am I'exam '¢:F,am
I {py v}t ot = (¢")" :Foao0 IFol=¢:F,am

FACE-EQ/EXC-KEY
WV in—m Q:V—U I' exam I'-¢:F,,am

F{utF¢"[{alr]=¢* I, an

FACE-EQ/EXC-EQ
Lin—m I'exam F'kEr:L,am
F'F(r=0t=@t=0):F,an

FACE-EQ/EXC-SUB
Win—m A coxam F'Eé:Aam I'Fo:Fpam

T{u} F o*[0{u}] = o0 : F,an

FACE-EQ/RES-EQ-TOP FACE-EQ/EQ-ZERO
T'exam I'¢:F,am T'exam
Lol F [P =T : Fpp@m F'E0=0)=T:F,am

FACE-EQ/FACE-RES-BIN
I'xam '+ ¢,%,x0,x1 : F @m 'rFovy=T:F,am
T.[¢] F xo[t®] = xa[t?] : Fpp @2 L[] F xo[1¥] = x1[1¥] : Frn @ m
I'Exo=x1:Fnam

FACE-EQ/FACE-RES-NULL
I' exam 't x0,x1:Fp@m 'EL=T:F,,am
I'txo=x1:F,am

Type formation.

TYPE/PI
win—m I'exam F{u}-Aan F(u| A FBam
I'(p|A) —-Bam

TYPE/PATH
I'exam I'L,FAam I'ka: Alid.0] @m C'Eb: Alid.1]@m
I' - Path4(a,b) @ m
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TYPE/MOD
win—m I'exam F{u}FAan
CH{(u|Aam

TYPE/SYS
I'exam I't¢,v:F,am Fr'Fovy=T:F,am
Llp|-Aam I.[y] - Bam D.[p Ap] F AN [o]] = BI®Y [y]] @ m

F'E{¢p Ay B}lam

TYPE/SB
I''Acxam T'Fd:Aam AFAam
I'F A6l @m

Type equality.

TYPE-EQ/SYS-TOP
I'exam

F'k¢:Fpam L.[T]FAam L.l¢]F Bam L.[¢] - AR® [T]]=Bam

TH{TA¢BY}=A[d[T]am

TYPE-EQ/FACE-RES-BIN
I'exam I'Fo,:Fpam 'Covy=T:F,am
'k A Bam L.[¢] - A[t?] = Bt®]am I.[y] F A[Y] = Bt¥] am
I'FA=Bam

TYPE-EQ/FACE-RES-NULL
I'exam I't1l=T:F,am 'HA Bam
'FA=Bam

Term formation.

TERM/PI-LAM
Win—m
I'exam F{u}-Aan Lp|] A FBam F(u|A)FEb:Bam
FEAGb): (n]|A) - Bam

TERM /PI-APP
win—m T'exam

F{u}FAan (| A FBam F'Ef:(p|A) —-Bam F{ptra:Aan

'k f(a) : Blid.a] @m

TERM /PATH-ABS
I'exam lL,-Aam I'L,Fa:AQm
I' - A(a) : Path4(a[id.0], afid.1]) @ m

27
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TERM /PATH-APP

I'cxam I'L,+FAam
I'Fa: Alid.0jam L'-b: Aflid1]am '+ p:Pathg(a,b) @m Pkr:Lyam

I'Ep(r) : Alid.r] @m

TERM/MOD-MOD
[:n—m I'cxam F{u}FAan

F'{u}Fa:Aan
I' - mody(a) : (u| A)yam

TERM/MOD-LET
pin—m vio—n I'exam F{ut{viFAao F{ptta:(v|A)an
C(u| (v]|A)EBam F(uov|A)Fb: B[t.mod,(vg)] @m
I' - let, mod,(_) < ain b: Blid.a] @ m

TERM/SYS-BIN

I' cx@m
F'Fovy=T:F,am Lo Fa: A% am
D¢ AY]E alp? [g]] = [t 9] - At @m
F'E{¢apb}:Aam

I'FAam I'Fo,¢:Fnam
L.y Fb: ARY]am

TERM/SYS-NULL
I'cxam '-Aam '-L=T:F,am
r{ }:Aam

TERM /COMP
I' exam L, Aam 'k¢:F,,am L)L, Fu: A[T¢ In]@m
DFoug: Afid.0jam  T.[¢] F ufid.0] = ue[1?] : A[12.0] @ m
'+ comp [¢p — u]ug : Alid. 1] @ m

TERM/VAR
Win—m I'exam F{u}rFAan
Cip| A)Ap}Eve: At {ut an

TERM/SB
I''Acxam FEé:Aam Aba:Aam
'k ald] : Ald]@m

Term equality.
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TERM-EQ/PI-BETA
win—m I'exam
F{u}tkFAan (| A FBam F{puttFa:Aan Fi(u|AEb:Bam
I'F A(b)(a) = blid.a] : B[id.a] @m

TERM-EQ/PI-ETA
Win—m
I ex@m F{u}rFAan I'(u|A)F Bam 'Ef:(u|A) - Bam

DF f=AUT(vo) : (1] A) = Bam

TERM-EQ/PATH-BETA
I'exam I'L,-Aam I'L,Fa:Aam 'kr:L,Qm
T'F Xa)(r) = alid.r] : Aflid.r] @m

TERM-EQ/PATH-ETA
I'cxam L, Aam
'k ag: Afid.0]@m I'kap: Afid.1]@m 't p: Pathg(ag,a;) @m

I'Fp=Xp[)(v))) : Path(ag,ar) @m

TERM-EQ/MOD-BETA

pin—m vio—n I''ex@m F{ut{vik-Aao C(u| (v]|A)EBam
F{ut{rvira:Aco F(uov|A)Fb: B[t.mod,(vg)] @m
I' - let, mod,(_ ) < mod,(a) in b = blid.a] : Blid.mod, (a)] @ m

TERM-EQ/EXT-TYPE-BETA
A cxam F'Eé6d:Aam A{ptEAan F{utFa:Ap{u}]an

FA{u} Fvolda{p}t] =a: Ald{p}tam

TERM-EQ/SYS-TOP
' cx@m 'FAam 'k¢:Fpam
NTlFa: A[TT] Qm Lol Fb: A[T¢] @m .| F a[T¢ [T]]=0b:Aam
F'E{Ta¢b}=ald[T]]: Aam

TERM-EQ/COMP-FACE
'exam L, Aam F'ko¢:F,am L] Ly Fu: AR® I,] @m
I'Foug: Alid.0] @m .[¢] F ufid.0] = ug[1?] : A[1¢.0] @ m F'Fo=T:F,am
I'F comp [¢ — u]up = ufid.[¢].1] : Alid.1] @ m

TERM-EQ/COMP-MOD
I'exam win—m
L, {u}FAan C'ko¢:Fpam L] Ly {pu} Fu: AR Ly {p} an
D Au}bFug: Afid.0{p}an  T.e){u} F ulid.0{u}] = uo[t?® {u}] : A[t®.0.{u}] an
I' F mod,, (comp [¢p! — u[o, o 7,]] ug) = comp [¢ — mod,,(u)] mod,,(ug) : (i | A)[id.1] @ m
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TERM-EQ/COMP-PI
I'exam win—m
PL,F(p|A) — Bam F+¢:F,am LolLp - f:((n] A) — )[Td’ In]@m
' fo:((p]A) — B)lid.0jam I.[¢]  f[id.0] = o1 : (| A) — )[ Olam
FA{p}Fay: Alid.1{pu}]@m w = (hfill" [] a1[o,])[0"] - A[i/1 — 1] v (1 —i): A

L F (comp[¢p — f] fo)(a1) = comp[p — f(u[t® 4. {u}])] fo(v[id.0.{p}]) : Blid.1] @ m

TERM-EQ/FACE-RES-BIN
I'exam o, v:Fpam 'E¢ovy =T:Fpam '-Aam
'ta,b:Aam L.[¢] F a[t?] = b[1?] : A[t?] @ m L[] Fa[t¥] = b[1¥] : AtY] @ m
I'Fa=b:Aam

TERM-EQ/FACE-RES-NULL
I'exam 'L=T:F,am T'FAam I'ta,b:Aam
I'Fa=b:Aam

Derived Definitions.

SB/PLUS-INT SB/EXC-INT
A cxam F'Eé:Aam Win—m I'exa@m
DI, b 6.0, = (5o 19).v) : AL, @m Ty, {u} o, =1 {u}vh : T{p}I, am

SB/EXC-FACE
phin—m I'xam '¢:F,am

Dol Au} - 7 =19 (k6] : T{ud 6P m

APPENDIX B. MODELS OF MTT

Definition B.1. A modal context structure on a mode theory M is a strict 2-functor
[—] : M°P — Cat such that for each mode m : M, [m] has a terminal object.

Definition B.2. A modal natural model on a modal context structure consists of
e for each mode m : M, a presheaf 7y, : PSh([m]),

e for each mode m : M, a presheaf T,, : PSh([m]),

e for each mode m : M, a natural transformation 7, : 7o — T,

such that

e for any modes m,n : M and each modality y : n—sm, it holds that [u]* 7 : [u]*Tn — [u]*Tn
is a representable natural transformation.

The type formers are the same as those in [GKNB21, Section 5.2] and [Awol8] except
for identity types which we do not have and path types which will come later.

Definition B.3. A modal interval structure on a modal context structure consists of

e for each mode m : M, a De Morgan algebra I, : [m],
e for any modes m,n : M and each modality u : n— m, a natural transformation of De
Morgan algebras 1, : y(L,,) — [u]*y(I,),

such that
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e the preshaves y(I,,) and morphisms I, assemble into a lax natural transformation
[—]—Set® : M — Cat, where Set°® : M P — Cat is the functor constantly
equal to Set°P,

e for each mode m : M and context I' : [m], the product I" x I,,, exists,

e for any modes m,n : M, each modality p : n— m, and each context I' : [m], the uniquely
determined dashed arrow in the following diagram has an inverse:

T
r [T ———— [pu]I x I,
1
[1]
T — [u]m .t T
I'xI, [u](T xI,) — I,

L, rx1, (m2)

[ L, rx1,.

I'xI, —— 1,
T2

Definition B.4. A modal face structure on a modal interval structure consists of

e alax natural transformation F : [—] — Set°P : M°P —; Cat, where Set°? : M“°P —; Cat
is the functor constantly equal to Set°P,

e for each mode m : M, a natural transformation Eq?, : y(I,,) — F,,°P,

such that

e [ factors through BDisLat®P, the functor constantly equal to the opposite of the category
of bounded distributive lattices,

e for each mode m : M, each context I' : [m], and each interval term r : I'— I,,,, it holds
that Fy,r(Edp,r(r)) = Edp g0 L (1),

e for each mode m : M and each context I' : [m], it holds that Eq?nvp(O) =T, where 0 is
from I,, being a De Morgan algebra, and T is from [F,,(I") being a bounded lattice,

e for each mode m : M, each context I : [m], and each interval term r : T'— I, it holds
that Eq?n,r(r) A Eq%vr((l —r)) = L, where (1 —r) is from I,,, being a De Morgan algebra,
and A and L are from F,,(T") being a bounded lattice.

Definition B.5. A modal restriction structure on a modal face structure consists of

e for each mode m : M, each context I' : [m], and each face ¢ : y(I') —F,,, a choice of
pullback of the form:

such that

e for all modes m,n : M, each modality p : n—m, each context I" : [m], and each face
¢ : y(I')—F,,, the uniquely determined dashed arrow in the following diagram has an
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inverse:

(1T [¢]) \
(AT [Fur(6)]) |

y([ul 19, 1) y(Tifﬂ’;ﬁ?))l T

r ———
y([1IT) For(d)

Here, the commutativity of the outer square follows from the following calculation:

Fur(e) o y([u] 19, 1) = Fo([u] 14, 1) (Four(4))
= ((F o [u]) (1%, 1) 0 Fur) (6)
= (Furg.. © Fm(ﬂ,r))(cﬁ)

= Fu,r.[@m(}’(ﬁ%r) °¢)

= ]FM,F-[QS]m{T)
=T.

Remark B.6. For each mode m : M, each context I' : [m], and any faces ¢, ¢ : y(I') — F,,
with ¢ < 1, consider the following diagram:

Y(Tf@,r) y(T%F)l JT
y(0) ¢ 2 Fu
¢

We can calculate

Yoy(th 1) =Fm(1h 1))
> Fo(19,1)(0)

=¢o Y(Tﬁm,r)
=T,

and thus ¢oy(Tf1 r) = T, implying the outer square commutates, and we thus get a canonical
morphism I'.[¢],, — T.[¢)] .

Definition B.7. A modal face sturcture and a modal natural model (both on the same
modal context sturcture) has systems if
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e for each mode m : M, each context I' : [m], any faces ¢,¢ : F,,(I"), each presheaf
X : PSh([m]), and each commuting diagram

Y(I.[¢ A Ylm) ———— y(I.[¢]m)

Y(F[¢]m) E— y(r'[¢v¢]m)

\X

where the arrows in the inner square are the canonical morphisms following from ¢ Ay < ¢,
ONY <P, dp< PV, and Y < ¢V, if X is representable or F,, there exists at most
one morphism y(I".[¢ V ¥],) — X such that the diagram commutes, and if X is 7, or
7, there exists exactly one such morphism,

e for each mode m : M, each context I' : [m], and each presheaf X : PSh([m]), if X is
representable, IF,,,, or Ty, there exists at most one morphism y(I".[L],,) — X, and if X is
%m there exists exactly one such morphism.

Definition B.8. A path structure on modal interval structure and a modal natural model
(both on the same modal context structure) is a direct translation of the rules for path types,
and we will thus not give the details.

Definition B.9. A composition structure on modal restriction structure is a direct transla-
tion of the rules for composition, and we will thus not give the details.
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