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Abstract

Due to the wide use of communicating mobile devices, mobile ad hoc net-
works (MANETS) have gained in popularity in recent years. In order that the
devices communicate properly, many protocols have been proposed work-
ing at different levels. Devices in an MANET are not stationary but may
keep moving, thus the network topology may undergo constant changes.
Moreover the devices in an MANET are loosely connected not depending on
pre-installed infrastructure or central control components, they exchange
messages via wireless connections which are less reliable compared to wired
connections. Therefore the protocols for MANETSs are usually more com-
plicated and error-prone. In this thesis we discuss different models and
their underlying theories which will facilitate the verification of protocols
for MANETS.

Process calculi have been used successfully as a formal method to verify and
analyze functional behaviors of concurrent systems e.g. free of deadlock,
and they also have been extended with probability to verify quantitative
properties e.g. “the sent message will arrive at the destination in 5 seconds
with probability no less than 0.99”. In this thesis we extend the frame-
work to deal with special issues in MANETSs e.g. mobility and unreliable

connections. Specially speaking,

1. We first propose a discrete probabilistic process calculus with which
we can model in an MANET that the wireless connection is not reli-
able, and the network topology may undergo changes. We equip each
wireless connection with a probability, and moreover we allow these
probabilities to be changed according to some mobility rule to model
the changes of the network topology. The semantics gives rise to Prob-
abilistic Automata (1) (PA), thus allowing us to use PCTL (2) or PCTL*



(3) to express properties of protocols. We also propose several variants
of bisimulations and simulations letting us abstract some details of pro-
tocols as well as the mobility of the network topology. The theory is
then applied to a protocol for distribution of IP addresses (Zeroconf
(4))-

. Secondly we extend the discrete probabilistic process calculus in sev-
eral directions: i) Generalize the notions of mobility rules which allow
to change part of a network topology depending on an exponentially
distributed random delay and a network topology constraint. ii) Intro-
duce stochastic time behavior for processes running at network nodes.
iii) A novel abstraction is proposed where several broadcasts may be
simulated by one. The semantics is a combination of discrete and con-
tinuous probability, nondeterminism, and concurrency, thus giving rise
to an Markov Automaton (5) (MA). Several variants of bisimulations
and simulations are also defined some of which are defined over dis-
tributions. We show how to use the theory by applying it to a leader

election protocol.

. Various behavioral equivalences and their logical characterizations have
been proposed to combat the infamous states space explosion problem
of PAs, but unfortunately it is well known that the behavioral equiv-
alences are strictly stronger than the logical equivalences induced by
PCTL or PCTL*. We address this problem in this thesis by intro-
ducing a sequence of strong bisimulations, which will converge to the
PCTL or PCTL* equivalence eventually. This work is then extended
to weak bisimulations and simulations. Since CTMDPs can be seen
as continuous-time extension of PAs, we also extend the work to the

continuous setting in a natural way.

. Recently, MAs have been proposed as a compositional behavior model
supporting both probabilistic transitions and exponentially distributed
random delays. Moreover two variants of weak bisimulation are also
defined in (5) and (6). In this thesis, we introduce both early and

late semantics for MAs based on which we define the early and late



weak bisimulation respectively. We also show that the early weak
bisimulation coincides with the previous variants while the late weak
bisimulation is strictly coarser than them, thus the late weak bisimu-
lation enables us to reduce the state spaces of MAs even further. This
work is also extended to simulations. For future work we will discuss

logic characterization for both early and late weak (bi)simulations.
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Chapter 1

Introduction

In this chapter we first introduce the mobile ad hoc networks and their characteristics,
then we briefly present the classic process calculi and their applications in protocol
verification, and we also show how the theory of process calculi can be extended with
quantitative information to deal with randomized behaviors. Bisimulation and its log-
ical characterization is discussed in Section 1.3 together with simulation and its logical
characterization. We summarize our achievements of this thesis in Section 1.4 as well

as the organization of the following chapters.

1.1 Mobile Ad Hoc Networks

Mobile ad hoc networks (MANETSs) are composed by a lot of mobile devices which
can communicate with each other via wireless connections. The mobile devices in
an MANET are self organizing without the need of any pre-installed infrastructure or
central control components, thus an MANET is supposed to be more fault tolerant
compared to wired local area networks (Ethernet), since devices may crash or even
leave the network. Due to the wide use of communicating mobile devices, MANETS
have gained in popularity in recent years, and the application area is broad, spanning
from ambient intelligence, wireless local area networks, sensor networks, and cellular
networks for mobile telephony.

Due to the lack of pre-installed infrastructure and central control components, the
protocols of MANETS are usually more complicated and error-prone than those for Eth-

ernets, which makes the rigorous verification of these protocols difficult and necessary.
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Compared to Ethernets, MANETSs have the following characteristics:

1. Local broadcast.
The key communication primitive in an MANET is message broadcast but, dif-
ferent from Ethernets, broadcast in wireless networks is local, hence only devices
within the communication range of the emitting device can receive a message,

while all the other devices out of the transmission range cannot.

2. Mobility.
The devices in an MANET are not stationary but keep moving, moreover they

may also crash, therefore the connectivity topology undergos constant changes.

3. Unreliable connection.
A wireless connection is not as reliable as a wired connection i.e. we cannot
guarantee that a broadcast message will reach all the devices even if they are
in the transmission range of the emitting device. Since the messages exchanged

through wireless connections may get lost during transmission.

4. Unidirectional.
The wireless connection is usually unidirectional instead of bidirectional, since
the devices in an MANET may have different transmission ranges. If a device A
can deliver messages to a device B, we cannot say that B is also able to deliver

messages to A, because B may have a smaller transmission range than A.

5. Separated Connectivity.
Connectivity should not be part of a protocol i.e. when designing a protocol we
cannot make any assumption on the network connectivity, the protocol should
work properly for any possible situation. But the specification of a protocol may
refer to certain conditions about the connectivity. For instance, we may specify
properties like “the messages broadcasted from a device A will eventually reach a
device B as long as B is connected to A either directly or via some intermediate

devices”.
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1.2 Process Calculi and Probability

Process calculi have been a popular framework and much used in the specification and
verification of parallel and distributed software systems. During the last three decades
several variants of process calculi have been proposed, the most important of which are
CCS (Calculus of Communicating systems (7, 8)), CSP (Communication Sequential
Processes (9)), and ACP (Algebra of Communicating Processes (10, 11, 12)). As the
extension of CCS, the m-calculus is developed in (13, 14, 15) by Milner, Parrow and
Walker which allows channel names to be transferred via channel names, it is able to
model concurrent systems where the interconnection between processes may change
during the computation. All these process calculi have very simple syntax and few
operators by which we can describe both specification and implementation of concurrent
systems. To describe the behaviors of processes, each process calculus is equipped with
an operational semantics, usually in the form of a labeled transition system introduced
n (16). One advantage of process calculi is that they have an algebraic basis enabling
us to model and analyze concurrent systems in a formal and rigorous way.

Process calculi have been applied successfully to verify functional properties of con-
current systems, for example we may check whether a system is free of deadlock or
not, and whether a certain message will reach all the devices eventually or not. But
in many systems we are also interested in the quantitative properties of them, not just
their functional properties, for instance we want to know what is the maximal prob-
ability of a system reaching deadlock states, and what is the minimal probability of
a certain message reaching all the devices in 5 seconds. In order to do so, a variety
of extensions of classical process calculi have been proposed (17, 18, 19, 20, 21, 22),
whose semantics gives rise to different models. Depending on i) whether the time is
discrete or continuous, and ii) whether nondeterministic choices are allowed or not, we

can divide probabilistic models into several categories as follows:

1. Discrete-time Markov Chain (DTMC) or fully probabilistic systems.
The DTMC is a probabilistic extension of the labeled transition system where all
the transitions are associated with probabilities. As indicated by its name, the
time is discretized as steps in DTMCs. The model has been studied in (19, 23, 24).
Fig. 1.1 (a) is an example of DTMC such that s can evolve into s1, s2, and s3

with probability 0.5, 0.2, and 0.3 respectively. Note that we omit the labels of
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the transitions and all the transitions of s;(1 < < 5) in Fig. 1.1. For models

with transition labels, refer to (25) for a good overview.

2. Probabilistic Automata (PA) or Markov Decision Processes (MDP).
Probabilistic automata can be seen as extensions of DTMCs with nondeterministic
choices, and have been studied in (1, 26, 27). In a PA, each state may have several
nondeterministic choices, after choosing a transition it will reach certain states
with specified probabilities. Fig. 1.1 (b) gives an example of PA where s has
two nondeterministic choices, either choosing the left transition or the right one.
Suppose s chooses the right transition, then it will evolve into s4 and s5 with

probability 0.6 and 0.4 respectively.

3. Continuous-time Markov Chain (CTMC).
Similar with DTMC, the CTMC is an extension of the labeled transition system
where each transition is associated with an exponentially distributed random
variable. Such transitions are called Markovian transitions, and the variable
associated with each transition is called the rate of it specifying the duration
of the Markovian transition. CTMC has been widely used as the underlying
model to analyze performance-oriented systems, such examples include TIPP (28),
PEPA (29), EMPA (30), stochastic m-calculus (31), IMC (32), StoKlaim (33), and
Stochastic Ambient Calculus (34). Fig. 1.1 (c) shows an example of CTMC where

s has three Markovian transitions with rates 5, 2, and 3 respectively.

4. Continuous-time Markov Decision Processes (CTMDP).
The CTMDP can be seen either as an extension of CTMC with nondeterministic
choices, or as a continuous-time variant of MDP where all probabilities are re-
placed by exponentially distributed random variables. In a CTMDP, each state
will first choose a transition nondeterministically from all available transitions,
then it will delay for some time and evolve into certain states with specified
probabilities. This model has been studied in (35, 36, 37), and applied in many
fields such as stochastic scheduling (38, 39) and dynamic power management
(40). Fig. 1.1 (d) gives an example of CTMDP where s has two nondeterministic
choices: either s chooses the left transition first and then evolve into s1, s9, and
s3 with rates 5, 2, and 3 respectively, or it chooses the right transition first and

evolve into s4 and ss with rates 6 and 4 respectively.
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N
@g "

DTMC PA/MDP
/] m

) CTMC (d) CTMDP

Figure 1.1: Different probabilistic models.

Besides the models mentioned above, a new stochastic model, called Markov automata
(MA), has been proposed by Eisentraut, Hermanns, and Zhang in (5) recently. MA can
be considered as a combination of PA and IMC, we will discuss MAs in Chapter 6. The
probabilistic models can be further divided into alternating models and non-alternating

models, we defer the detail discussion to Chapter 4.

1.3 (Bi)Simulation and Logical Characterization

As mentioned before both implementation and specification of a concurrent system
can be described using process calculi. Usually the specification Spec of a concurrent
system is more abstract than the implementation without considering many details,

while the implementation Impl is more complicated describing the system at a lower
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level. In order to establish the relation between the specification and implementation, a
number of behavioral equivalences, called bisimulation equivalences, have been proposed
(7, 8, 41). Refer to (42, 43) for a good overview of variants behavioral equivalences.
There are two main kinds of bisimulation equivalences: strong bisimulation and weak
bisimulation. Intuitively, two systems are strongly bisimilar iff they can mimic the
behavior of each other stepwise, while in weak bisimulation this condition is relaxed
such that two systems are weakly bisimilar iff they can mimic the “observable” behavior
of each other stepwise. With these notions we can check whether Impl is a correct
implementation of the given Spec.

Bisimulation equivalence is very important for verification purpose, especially to
deal with the infamous state space explosion problem. Usually the properties of a sys-
tem can be expressed by a kind of logic e.g. the Computation Tree Logic (CTL) or
Extended Computation Tree Logic (CTL*) (44). Two bisimilar systems are guaranteed
to satisfy the same properties, thus can be grouped together. In other words, bisimu-
lation can be characterized using the logic equivalence, see e.g. (45). Therefore if Spec
and Impl are bisimilar, then whenever Spec satisfies some property, we can be sure that
Impl also satisfies the same property and vice versa. Since Spec is more abstract than
Impl, it contains less states and is preferable for verification purpose.

Usually a complicated system is built upon several smaller components via parallel
operator, thus one desirable property of bisimulation equivalences is congruence w.r.t.
the parallel operator, it enables us to split a complicated system into several compo-
nents, and then analyze these components one by one. Suppose that we have a system
specification Spec which contains two components: Spec; and Specy. There is also an
implementation Impl built upon Impl; and Impl,, which are implementations of Spec;
and Spec, respectively. We want to know whether Impl is a correct implementation
of Spec or not, i.e. whether Spec and Impl are bisimilar. Instead of checking Spec
and Impl directly, we can split the problem into two smaller ones and verify whether
Impl; and Spec; are bisimilar (i = 1,2). If the answer is yes, and the bisimulation is a
congruence, then we can guarantee that Spec and Impl are also bisimilar.

For two systems Spec and Impl to be bisimilar, Spec need to mimic the behavior of
Impl stepwise and vice versa. If we relax this condition and only require one direction
mimicking, we will obtain the concept of simulation, that is, Spec simulates Impl iff

Spec can perform whatever behavior Impl can perform, but the reverse is not required
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to hold, therefore simulations are preorders instead of equivalences. Depending on
whether we consider all the behaviors or just the observable behaviors, we will obtain
strong simulation and weak simulation respectively as in the bisimulation scenario. The
simulation can also be characterized by some proper fragment of logic, for instance in
(46) YCTL™, the safe fragment of CTL™, is used to characterize strong simulation. In
other words, if Spec simulates Impl, then for any formula ¢ of VCTL*, Spec satisfies ¢
implies that Impl satisfies .

Since bisimulations and simulations have been used successfully for verifying con-
current systems, there have been lots of efforts to extend them and their logical char-
acterizations to probabilistic systems during the last two decades, for both discrete
models (1, 2, 24, 25, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57) and continuous mod-
els (29, 32, 54, 58, 59, 60, 61). The extension is not trivial for probabilistic systems,
especially when both nondeterministic choices and probabilistic choices occur simul-
taneously, for instance in PAs and CTMDPs. For PAs, bisimulations and simulations
are characterized by variants of Hennessy-Milner logic in (62) and (57) respectively,
but as pointed out in (1) the bisimulations cannot be characterized by a probabilistic
extension of CTL i.e. PCTL (2, 3). For CTMDPs, the first logical characterization re-
sult is presented in (37). Unfortunately the strong bisimulation is only sound, but not
complete w.r.t. continuous-time stochastic logic (CSL) equivalence where CSL is a con-
tinuous extension of CTL, in other words, two strongly bisimilar systems are guaranteed
to satisfy the same CSL formulas, but two systems satisfying the same CSL formulas
are not necessarily strongly bisimilar. We will address these problems in Chapter 4 and

Chapter 5.

1.4 Contributions and Overview of the Thesis

In this dissertation we aim at developing probabilistic broadcast calculi for modeling
and analyzing protocols for MANETs and establishing the necessary probabilistic se-
mantic models for doing so. We summarize our contributions in each chapter and give

an overview of the thesis as follows:

e In Chapter 2 we present a probabilistic broadcast calculus for MANETs whose

connections are unreliable. In the calculus broadcasted messages can be lost
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with a certain probability, and due to mobility the connection probabilities be-
tween two nodes may change. If a node at a location broadcasts a message, the
network will evolve into a network distribution depending on whether nodes at
other locations receive the message or not. Mobility of nodes is not arbitrary but
guarded by a probabilistic mobility function. We define two notions of bisimulation
equivalence, they are called weak bistmulation and weak probabilistic bisimulation
respectively. In both cases, it is possible to have equivalent networks which have
different connectivity information. Then we examine bisimulation relations be-
tween different probabilistic mobility functions, which enables us to abstract the
mobility functions as well. We also extend these work to simulations. In this
calculus the time is discrete and each model may have nondeterministic choices
of probabilistic transitions, thus corresponds to a PA according to the semantics.

Finally we apply our calculus on a small example called the Zeroconf protocol.

e Based on the calculus presented in Chapter 2, we introduce a continuous time
stochastic broadcast calculus for MANETSs in Chapter 3. The mobility of nodes
in a network is modeled by a stochastic mobility function which allows to change
part of a network topology depending on an exponentially distributed delay and
a network topology constraint. We allow continuous time stochastic behavior of
processes running at network nodes, e.g. in order to be able to model randomized
protocols. The introduction of group broadcast and an operator to help avoid
flooding enable us to define a novel broadcast abstraction. By the introduction
of the continuous time stochastic behavior it turns out that the semantics of
our calculus is a combination of discrete and continuous time probability, non-
determinism, and concurrency and thus gives rise to an MA. We also define two
notions of weak bisimulation congruences one of which is over networks while
the other one is over network distributions. Finally, we apply our theory on an

example of a leader election protocol.

e Since each model in Chapter 2 is a PA, in Chapter 4 we will address the prob-
lem of verifying PAs. Specifically, we will discuss the logical characterizations of
bisimulations and simulations w.r.t. PCTL* and its sublogics, which is the most
often used logic for expressing properties of PAs. Even though various behavioral

equivalences have been proposed before, as a powerful tool for abstraction and



1.4 Contributions and Overview of the Thesis

compositional minimization for PAs, unfortunately these behavioral equivalences
are well-known to be strictly stronger than the logical equivalences induced by
PCTL or PCTL*. In Chapter 4 we will introduce novel notions of strong bisimu-
lation relations, which characterizes PCTL and PCTL* exactly. We then extend
to weak bisimulations characterizing PCTL and PCTL* without next operator,
respectively. Further, we also extend the framework to simulations. Thus, we
will bridge the gap between logical and behavioral equivalences (preorders) in the

setting of PAs.

In Chapter 5 we extend the work in Chapter 4 to continuous-time PAs i.e.
CTMDPs. We study the branching time equivalences and preorders for CTMDPs,
and the logical characterization problem of these relations w.r.t. CSL. For strong
bisimulation, it is known that bisimulation is strictly finer than CSL equivalence.
In Chapter 5, we first propose the notion of weak bisimulations for CTMDPs
and show that for a subclass of CTMDPs, weak bisimulation is both sound and
complete w.r.t. the equivalence induced by the sublogic of CSL without next
operator. We then propose a sequence of i-depth bisimulation relations charac-
terizing a sequence of sublogics with bounded until similar as in Chapter 4. The
i-depth bisimulation equivalences converge to the CSL equivalence for arbitrary
CTMDPs. Further, we extend the framework to simulations and their character-
izations as well. Another notable contribution in Chapter 5 is the notion of a
parallel composition operator for CTMDPs, moreover, we show that both strong

and weak bisimulations are congruence relations with respect to it.

Since the semantics introduced in Chapter 3 gives rise to MAs, in Chapter 6 we
will talk about related problems for MAs. MA and its weak bisimulation was
first proposed by Eisentraut, Hermanns and Zhang in (5), and later on Deng
and Hennesy proposed another notion of weak bisimulation in (6), enjoying the
nice property of being a reduction barbed congruence, i.e., it is compositional,
barb-preserving and reduction-closed. In Chapter 6 we propose two different
semantics for MAs called early semantics and late semantics respectively, and
then we introduce early and late weak bisimulation based on the semantics. We

show that the early weak bisimulation coincides with the weak bisimulations in
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(5) and (6), and the late weak bisimulation is strictly coarser than them, thus

using late weak bisimulation we can reduce the state space even further.

e We conclude the thesis in Chapter 7.
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where Article 8 is an abstract version of Article 1, and Article 6 is a journal version

of Article 3. Chapter 2 to 6 of this dissertation are based on Article 1-5 respectively.

Article 7 does not appear explicitly in this dissertation, but it can be seen as an initial
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attempt to investigate the stochastic broadcast calculus, which later on leads us to

develop the theory in Article 2.
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Chapter 2

Discrete Model

In this chapter we introduce a discrete mobility model for wireless networks where
one location may be connected to another with a certain probability. Moreover these
probabilities are not fixed but can be changed dynamically to reflect the fact that the
connection topology of a wireless network may change due to node’s movement, node’s
crash and so on. We first motivate the work in Section 2.1. The syntax and semantics
of the calculus is introduced in Section 2.2 and 2.3 respectively. In Section 2.4 we
introduce weak (probabilistic) bisimulations, while weak (probabilistic) simulations are
discussed in Section 2.5. The notions of bisimulations and simulations are extended to
probabilistic mobility functions in Section 2.6. We show the application of our theory
by applying it on the Zeroconf protocol in Section 2.7. This chapter is concluded with

related work in Section 2.8.

2.1 Motivation

Mobility and local wireless broadcast has been studied in e.g. the calculi: CBS* (63),
the w-calculus (64), CMN (65), RBPT (66), and CMAN (67, 68). All these calculi only
deal with node connectivity in two modes: either two nodes are connected or discon-
nected. It is often assumed that when a node at location [ is within the transmission
range of another node at location k, then the node at [ can receive messages broad-
casted from k with probability 1, otherwise with probability 0. Here we refine this
assumption and equip a connection with a probability, since in an unreliable medium

we cannot guarantee that the broadcasted messages will always be received even within
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2. DISCRETE MODEL

Figure 2.1: Connectivity example.

Figure 2.2: An example of mobility.

the transmission range. For example, in Fig. 2.1 the dashed circle denotes the trans-
mission range of k, every node at a location within the circle, such as [ and m, may
receive the messages broadcasted from k, but the node at location n outside the circle
cannot. Intuitively, although both [ and m are in the transmission range of the node at
location k, it is more reasonable to let the nodes receive messages from k with different
probabilities since m is further away from k than [. In our calculus, the connectivity
of this network can be denoted as {{(0.9,1), (0.5,m), (0,n)} —— k} if nodes at I,m,n
can receive messages from k with probability 0.9, 0.5, and 0 respectively.

In order to model mobility we let connection probabilities between the nodes at

locations change, and the changes are also probabilistic. For instance, the node at
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location m in Fig. 2.1 may move closer to location k with a certain probability in which
case the node at m will be able to receive messages from k with a higher probability.
In practice, when verifying properties of a mobile network it will be reasonable to
assume that mobility within a network is not arbitrary but respects certain rules or
distributions. Therefore we introduce a probabilistic mobility function (PMF) which
defines the mobility rules of all possible connections within a network. A PMF returns
the probability for a connection evolving from one value into another. For example, if
in a PMF the connection probability from [ to k is given by Fig. 2.2, then we know that
it can change from 0.9 to 0.6 with probability 0.2 or stay at 0.9 with probability 0.8,
that is:
0.2 : {{(0.6,1),(0.5,m), (0,n)} — k}

(2.1)
0.8 : {{(0.9,1), (0.5,m), (0,n)} — k}

{{(0.9,1),(0.5,m), (0,n)} — k} — {
Hence we equip mobility with probabilities, and after each mobility action the network
will evolve into a distribution with the probabilities specified by the given PMF. We
expect that usually a PMF can be obtained based on measurement of case studies.

Our network calculus consists of concurrent processes (nodes) communicating in-
ternally over channels at (logical) locations and broadcasting messages to processes at
neighboring locations over probabilistic connections that may change probabilistically
over time as outlined above. The semantics is a combination of probability, concur-
rency, and non-determinism. Formally the labeled transition system semantics gives
rise to a probabilistic automata as outlined in (1).

We also define two (weak) bisimulations along the lines of (56) and (1) respectively,
as a novelty the bisimulations are parameterized by a PMF. The first weak bisimulation
makes sure that two bisimilar networks have the same probability for every property
(specified by pCTL* in (56) for instance) while the second bisimulation, called weak
probabilistic bisimulation, only guarantees that they have the same maximum and
minimum probabilities for each property. This work is also extended to simulations
and (bi)simulations between PMFs.

Another important contribution is the introduction of unknown probabilities. Since
we are dealing with open systems where contexts may contain new nodes and infor-
mation about connection probabilities, we cannot in a network specification expect to

know the probability of all possible connections. We integrate unknown probabilities in
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our theory in order to deal with these cases. Intuitively a connection with an unknown
probability means that the probability for the connection can be any value allowed by
the given PMF.

2.2 The Calculus

We presuppose a countable set N of names, ranged over by x,y, z and a countable set
L of location names, ranged over by k, [, m, and n. In addition, we also suppose a finite
set of probabilities p including 0 and 1 ranged over by p, o', p1 .... We define a location

connectivity set, ranged over by L, K..., as an element of

{p D) [le L} |pep}

where L C £ is finite. We use

L) = {I| (p,1) € L}

to denote all the locations in L. The convex combination of location connectivity sets
> icr willi is defined by
{0 > wipi=p}

i€l,(pi,l)€L;
where [(IL;) = I(L;) for any i,j € 1.
The syntax of processes P, ranged over by p,q,r..., is defined by the following

gramimar:

p,qu=0]Act-p|lz=ylp,q|vzp|pllq|A
Act == (z) | y(z) | (2) | y(z)

where action (x) represents broadcasting a message x, while the reception of a broad-
casted message is denoted by (x); y(z) denotes sending a message x via the channel y
and y(z) represents receiving a message = on channel y. Process 0 is the deadlocked
process; Act - p is the process that can perform action Act and then behave as p;
[* = y]p,q behaves as p if names z and y match and as ¢ otherwise; vxp means that
name z is bounded in the process p; in composition p || ¢, the processes p and ¢ can
proceed in parallel and can also interact via shared names; we assume that there is a
countable set of constants which are used to denote processes. By giving an equation

d . .
such that A =) p we say that constant A € &/ will behave as p, where &/ is a set of
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2.2 The Calculus

Table 2.1: Structural congruence of processes (discrete).

pll0=p plla=qllr  @lallr=pl(glr)
VIVYp = vyrap vap || g =va(p | q),x ¢ fnq)

process constants, and A is required to be guarded in p. As usual we often leave out a
trailing 0. Structural congruence of processes, =, is the least equivalence relation and
congruence closed by the rules in Table 2.1 and a-conversion.

The set of networks .4 is defined by the grammar:
E,F:=0||p);|{L+—1}|vaE | E| F

Here |p|; is a process p at location [; v E and E || F are restriction and parallel com-
position respectively which have the standard meaning; {LL — [} denotes connection
information, i.e. if (p, k) € LL, the node at location k are connected to [ and can receive
messages from nodes at [ with probability p. We use E, F,G... to range over .4 .
Let € C 4 denote the set of networks which only contain connectivity information,
called connectivity networks and ranged over by C,C1, ..., it is defined by the following
syntax:

C:={L+—1}|C]| C.

Moreover let ZZ C .4 denote the set of networks which does not contain connectivity

information i.e. & is defined by the following syntax and ranged over by B, By, .. .:
B:=0]|pli|vzB|B| B.
A network distribution is a function
AN —[0,1]

satisfying

| =Y u(E) <1

Eev
Let ND denote the set of distributions over .4, ranged over by p, i1 . ... The support
of p,

Supp(p) = {E | p(E) > 0}

17
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Table 2.2: Structural congruence of networks (discrete).

E|0=F vzvyE = vyvzE {—1}=0
lvap)i = valpli E|F=F|E )i = laip=4q
ENRIG=E|(FIG)  vaE||F=vz(E| F)z ¢ n(F)
{Ly — k} | {Ly— k} = {1 ULy — k}, (L) NI(Ly) =0

Table 2.3: Definition of function [

loc(0) =0 loc(|ply) = {1} loc({L —1}) =10
loc(vzE) = loc(E) loc(E || F) = loc(E) Uloc(F)

is the set of networks in p with positive probability. Sometimes we also write {(p; :
E;) | p(E;) = pi} to denote p. If pu(E) = 1, then p is the Dirac distribution dg. Given
a real number x such that a - |u| <1, a- p is the distribution such that (a - pu)(E) =
a- p(E) for each E € Supp(p). Moreover = g + p2 whenever for each E € Supp(u),
wW(E) = p1(E) + po(E). Parallel composition of network distributions g || i’ is defined

as a distribution such that

(I W)E || F) = p(E) - ' (F)

for any E || F. Given an equivalence relation R on networks, p R p/ iff u(S) = p/(S)
for each S € A7 /R where u(S) = > pcgu(E).

A substitution {y/z} can be applied to a node, network, or network distribution.
When applied to a network distribution, it means applying this substitution to each
network within the distribution. The set of free names and bound names in F, denoted
by fn(E) and bn(FE) respectively, are defined as expected. Structural congruence of
networks, =, is the least equivalence relation and congruence closed by the rules in
Table 2.2 and a-conversion. = is extended to network distributions as expected. Let
loc(E) denote the set of locations located in a network which is defined inductively by
Table 2.3. Differently, [(E) is used to denote all the location names appearing in F
including those in connectivity information, its definition is the same as loc(E) except
that [({L — 1}) = (L) U {l}.

In the following, we use Pro(k — [) as an abbreviation of the probability with

which the node at location k can receive messages from [. As mentioned, we assume
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that mobility is not arbitrary but respects certain rules. These rules are given by a
function

M:LxLxpxp—Ry

called a probabilistic mobility function (PMF)!, the probability for Pro(k — [) chang-
ing from p to p' is given by M(k,l, p,p’). We assume there is a given M throughout
this chapter.

Let Gk be the underlying directed graph for Pro(k —— [), where vertices are
possible values of Pro(k —— 1) and where there is an edge from state p to p’ iff
M(k,l,p,p) € (0,1], and we ignore nodes with 0 in-degree and 0 out-degree. For
example, if Gg,_; is defined by Fig. 2.3, then we know that if the current value of
Pro(k — 1) is 0.5, it could change to 0.6 with probability 0.3 or to 0.7 with proba-
bility 0.2. Without causing any confusion, sometimes we also use Gg,__,; to denote the
set of nodes in the graph Gy, ,;, this set is called the support of Pro(k —1). A PMF
M is valid if for all Gy, Gr—; # (0 and for each p € Gy,

Z M(k, 1, p, p') = 1.
P EGr—s
This is not a restriction to the expressions of PMFs, since if
> MkLpp) <1,
P EGK—INp'Fp
then the probability of Pro(k +—— [) will not change with probability
1—- Z M(k’lap’pl)
P EGr——iNp'#p
intuitively, therefore we can always add extra rule such that
Mk, Lp,p)=1— > Mkpp)
PEGR—iNp'#p

which makes the M valid.
Since the location set £ is infinite, it is not reasonable to let users define the mobility
rules of all the connections. Instead we allow users to only define the mobility rules

of connections which they are interested in. We call those finitely many rules defined

'R« is the set of real numbers in [0,1]
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Figure 2.3: An example of a PMF.

by users explicit mobility rules, and those connections for which no rules are defined
we let have implicit mobility. For all the connections with implicit mobility, we say
that they can connect or disconnect with probability 1. Formally, if the mobility rule

of Pro(k — 1) is implicit, we assume that
Gr— = {0,1} and M(k,1,1,0) = M(k,1,0,1) =1
by default. In the following, we only consider valid PMFs and let
G; = {k € L | mobility rule of Pro(k — [) is explicit}

which is finite for each [.

We use E(k,l) to denote the connection probability from & to [ in the network E.
When the requested probability is known in E, FE(k,[) returns this value, otherwise it
returns 0g,__,; denoting an unknown probability, i.e.

E(k:,l):{gk =01

We use D;(F) to denote the set of connectivity information from some locations to [ in
E, that is D;(FE) is the smallest set such that E(k,l) # 0x_; and (E(k,1), k) € D|(F)
for each k € L.

We introduce the well-formed networks w.r.t. a given PMF as follows:
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2.2 The Calculus

Definition 1 (Well-formed network). Given a PMF M, the set of well-formed networks
A is defined inductively by:

1. 0,|pli € A,
2. vcEe N if Ee N,
3. {L — 1} € A if for each (p,k) €L, p € Gy,

4. E || F e if EJF € A with loc(E) Nloc(F) = 0 and there does not exist
I,k € L such that E(l,k) # 0;x and F(l,k) # 0.

Clauses 1 and 2 are trivial. Clause 3 says that we can only have connectivity
information which is allowed by the given M. Since the given PMF M defines not only
the mobility rules, but also all the possible probabilities of each connection, this allows
us to omit some impossible states. Clause 4 has two restrictions: i) loc(E)Nloc(F) = ()
guarantees that each location name is unique, we disallow networks like |p]; || |¢];-.
In this case we will write |p || ¢]; instead, since otherwise processes p and ¢ may not
receive the coming messages at the same time even they are at the same location,
which is against our intuition. This will be explained in more details in Section 2.3. ii)
The other condition says that we cannot have duplicate connectivity information in a
network, which is used to guarantee that we will never have inconsistent connectivity
information for a connection. For instance networks like {{(p, k), (p’,k)} — [} with
p # p' are not well-formed. In the sequel we only consider the set of well-formed
networks.

We generalize network distributions to contain unknown probabilities. In the fol-

lowing let

01,02 2= p | Oy | (1 —Op—1) | 01- 02

define the set of generalized probabilities which may contain unknown values. The

generalized network distribution, GND, is defined inductively as follows:
1. € GND if y € ND;

2. € GND if there exists o and p1, ue € GND such that

p=0-p1+ (1 —0)- ps.
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Without causing any confusion, we also use pu, u/, p1,- to range over SND. For a
generalized network distribution p, we may substitute unknown probabilities in p with
known probabilities. In order to do so, we introduce the operator e such that ;e D;(E)
is a distribution equal to p except that any unknown probability 0, ,; in u has been

replaced with the probability p if (p, k) € D;(F). Formally,

(1 o Dy(E))(F) = (u(F)) ® Di(E)

for each F' € Supp(p) where e is overloaded to deal with generalized probabilities such
that

L. oo Dy(E) =pif o= p;
2. Op—10Dy(E) = pand (1 -0 ) e Dy(E) =1—pif (p,k) € Dy(E);

3. (01 02) @ Di(E) = (01 @ Di(E)) - (02 @ Di(E)).
To show how e works, we give an example as follows:

Example 1. Let
p=A{0k—1: E1,(1 = 0p—y1) : Ea},

E={0.9,k)} — 1},

apparently Dy(E) = {(0.9,k)}. After applying e with parameter Dy(E) to p, we will be

able to substitute the unknown probability O, in 1 as follows:

e {(09, k)} = {ak,_ﬂ (] {(09, k)} . El, (1 - ak,_>l) ° {(09, ]{3)} . EQ}
== {09 : E1,0.1 : E2}

2.3 Labeled Transition System

In this section we introduce the labeled transition system semantics for our calculus;
the semantics is parameterized by the given PMF M. The semantics of networks is
defined based on the semantics of processes. We begin with the semantics of processes.

Define a set of actions for processes, A,, ranged over by «,,, by:

ap i=vi(z) | () | viy(z) |y(z) |7

where vZ(x) denotes that a process broadcasts a message x; () means that the process

receives a message; vZy(zr) and y(x) are used to denote point-to-point communication,
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2.3 Labeled Transition System

that is, vZy(x) means sending a message x on channel y while y(x) denotes receiving a
message on channel y. The Z can be either {z} or an empty set (), when Z = {z}, = is
bound, otherwise it is free. As usual 7 is the internal action.

Table 2.4 gives the labeled transition system of processes. Note that we adopt
a late semantics, i.e. the bound name of an input becomes instantiated only when
inferring a communication. Rule (pPAR) says that in process p || ¢, p can be executed
independently with ¢ if the performed action is not broadcast and reception. Rule
(pBRD) means that ¢ can receive broadcasted messages from p which is in parallel with
g. Rule (pPRE) is straightforward illustrating that Act - p can execute Act, and then
evolve into p. Rule (pLOS) means that any non deadlock process Act - p can perform
a reception action (x) as long as x € fn(Act - p), but if Act is not a reception prefix i.e.
Act-p is not intended to receive a broadcasted message, it will simply discard the coming
messages and stay unchanged. Similarly, in (pZERO) we allow the deadlock process 0 to
be able to receive messages but without any impact. The intuition to introduce (pLOS)
and (pZERO) is that broadcast actions in our calculus are non-blocking. Together with
other rules we can guarantee that a process can broadcast a message no matter if there
are recipients or not. This is different from the point-to-point communication where
an output and input must synchronize with each other. Rule (pCON) indicates that
the behavior of a process constant defined by A o p is decided by the behavior of p.
Rule (pCOM) is the standard point-to-point communication where two processes can
communicate via the same channel. Rules (pIF) and (pELSE) are the conditional rules,
that is, [z = y]p, ¢ will behave as p if x = y, otherwise it will behave as ¢. Intuitively,
Rule (pREC) means that two processes in parallel can receive broadcasted messages
simultaneously. Rule (pOPEN2) is the standard scope opening rule of the 7-calculus
in (69), while (pOPENT1) is its counterpart in a broadcast scenario. Rule (pRES) says
that an action a;, will not be affected by the restriction operator whenever its free
names are not bound. Rule (pSTR) illustrates the fact that two structural congruent
processes have the same behaviors, with rules defined in Table 2.1, we can deduce the
symmetric rules of (pPAR), (pBRD), and (pCOM).

Based on the semantics of processes, we define the semantics of networks. First we

define a set of actions A, ranged over by «, by:

ax=vi(z,K)Ql | (z,K) <l |7
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Table 2.4: Labeled transition system of processes (discrete).

oy ;
plla—714q
viy) / () / ~
N U =
—=p q —+~<q> gn{{z}ufn(g)} =10 (pBRD)
vily
plla—=p | d{y/z}
v g fu(Act-p) Act# (1)
—————— (bPRE) ® (pLOS)
Act -p—p Act -p —= Act-p
«a def vZy(z) y(z)
Sy A= YRR g B
E————L (pcoN) PP 979 (,00Mm)
A—=p plla—vi(p || ¢'{z/z})
= pf z=ylp,aqd a#y
PP (pIF) =yl - 7Y (pELSE)
[z =alp,q — P q—q
(=) / (z) /
% Rt
o (PZERO) P p(m) 179 (pREC)
0-—=0 plla—=p|d
(1‘) / Qp /
vrp EAIN P vap <2y vap/
p=q-2q=p Pﬂpl T#y
————— (pSTR) vay(a) (POPEN2)
= vap —= p/

The actions of networks include only broadcasts, receptions and internal actions. In
addition, connectivity information is attached to each broadcast and reception action.
vi(z,K)Ql denotes that a node at location k receives a message broadcasted from [
with probability p if (p, k) € K; (2, K) <! means that the node at location k receives a
message from location [ with probability p if (p, k) € K.

Table 2.5 gives the labeled transition system of networks. Rules (nREC1), (nTAU),
and (nBRD) illustrate that the behavior of a node is determined by the behavior of
the process located inside the node. Specifically, Rule (nREC1) deals with receptions.
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Whenever p can perform a reception, |p|; can receive broadcasted messages from any
location k. Since the value of Pro(l — k) is currently not known in |p];, thus after
receiving a message from k, it will evolve into a generalized distribution where ;.
is used as a placehold. Note that (nREC1) is the only rule where unknown probability
is introduced. Later we will show that these unknown probabilities can be resolved
completely. Rule (nTAU) is straightforward saying that if p can perform an internal
action 7, then [p|; is also able to perform 7, and evolve accordingly. Rule (nBRD) is
the counterpart of Rule (nREC1) which deals with broadcasts. Since the process p is
located at [, when it broadcasts a message x to the outside of the network, it should
notify others where the message x is from. Also in network |p|;, nothing is known
about the connectivity information, thus an empty set is attached which gives us the
network action vz (x,)@Ql.

Rule (nREC2) has the same intuition as Rule (pREC) in Table 2.4, but needs more
explanation. First, two networks E and F' in parallel can receive a broadcasted message
together, moreover E may contain connectivity information which is not unknown
in F' and vice versa, hence when put them in parallel, they should learn additional
connectivity information from each other. At the moment when E performs a reception,
and evolve into p1, it has no way to know the connectivity information in F, therefore
the resulting distribution p; may contain unknown probabilities which are known in
F, similarly for F. This justifies why we need to update py with D;(F) and uo with
Dy(E). It is worthwhile to note that the only unknown probability occurring in gy
and pg are of the form 60, for some k, thus it is enough to consider D;(F') and
D;(E). As we said before, the connectivity information in E || F is the union of the
connectivity information in E and F, thus in the resulting reception of E || F, the
attached connectivity information is updated to L UK. Note here that the well-formed
condition guarantees that (L) NI(K) = @, so we can simply merge L. and K together
without causing inconsistency. To show how (nREC2) works, we give an example as

follows:

Example 2. Let E = |(z)-p|; and F = {{(0.5,1)} — k}, then according to (nREC1)
and (nPRO1), we have the following transitions:

p Dy

{Or—i: 01,1 =Op—1) : E}Y =10,

E (z,0)<k
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Figure 2.4: A mobility transition.

e (z,{(0.5,))})<k I

Combining these two transitions according to (nREC2), we have the following transition
of E|| F:
,{(0.5,0)})<k
E | F SO 651 F 05 E | F).
Obviously, although that the value of Pro(l —— k) is unknown in E, it is known in

F, hence it is also known in E || F. When putting E and F in parallel, the resulting
distribution p will be updated by substituting 0y, with probability 0.5.

Rule (nMOB) indicates that the connectivity information in a network can be
changed according to the PMF M parameterizing the semantics. This rule is novel
which makes our mobility model different from the previous mobility models, for in-
stance the mobility model adopted in (65, 67, 68). The usage of rule (nMOB) is shown

in the following example.

Example 3. Suppose we have a network E with E(l,k) = 0.8 and we also know from
the given PMF M that
M(l,k,0.8,0.9) = 0.3,

M(l, k,0.8,0.7) = 0.2,
M(1, k,0.8,0.8) = 0.5,

then we have the derivation in Fig. 2.4 with E1(l,k) = 0.9, Es(l,k) = 0.7.

Rule (nSYN) deals with synchronization and broadcast, in that a network can
broadcast a message to any neighbor network where each node may receive with a

certain probability. For the same reason as in (nREC2), the location connectivity set
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in the resulting action is the union of the two location connectivity sets in the syn-
chronizing actions. Rule (nOPEN) is similar as Rules (pOPEN1) and (pOPEN2) in
Table 2.4 dealing with name restriction. Rule (nPAR) means that two networks in
parallel can execute independently, in our calculus only the internal action 7 need not
to be synchronized with others. Rule (nPRO1) explains how a connectivity network
adds its information of how nodes at destinations will receive messages with a certain
probability to the semantics. Since according to (nREC2) and (nSYN), these informa-
tion will be propagated until all the other networks in parallel get notified. On the
other hand, (nPRO2) shows that a network only containing connectivity information
of a certain location cannot offer connectivity information of other locations. In this
case it is still able to perform a reception but with empty connectivity information,

otherwise we may block the execution of a network, refer to the following example.

Example 4. Let
E = |(z)-pli,

F={{(0.5,m)} — n}

such that | # n. According to (nBRD), we have E et |pli. If we do not have Rule

(nPRO2), F can only perform a reception emitting from n i.e.

F (z,{(0.5,m)})<n P

)

thus (nSYN) cannot be applied, and the E || F will not be able to perform a broadcast

l
from | which is for sure not what we expect. By introducing (nPRO2), we have F M

F, and then Rule (nSYN) can be applied.

As we mentioned before, we treat networks like |(x) - p]; || |[(z) - ¢]; as a non well-
formed network, since otherwise according to Table 2.2 and 2.4, the processes at [ may

not receive messages simultaneously. Refer to the following example.

Example 5. Let
E=1(=)-pli | L(x)- gl
then according to (pPRE) and (nREC1), we have the following two transitions:

L@) ol E0 0 ol (= 0i) L) - plids
(@) a0 10k g (1= Ok) - (@) - i)
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Table 2.5: Labeled transition system of networks (discrete).

(=)

p—p
O (nRECT)
pli —— {0 —k: P11 — O—p = P11}
(z,L)<l (@,K)<l
E——m F=—m (nREC2)

B F SO e Dy(F)) || (52 0 Di(E))

{(p, D} ¥ &} = Mk, p, ) = {0 1)} ¥ KD}

vy (y,L)yal (z,K)<l -
B RS N U fn(F)) =

B | F 0 (e Dy(F)) || (uafy/a} o Di(E)))

. g (el
P T (HTAU) v (z,L)Ql (DOPEN)
Il = [P veE ———
T E &
B2k (paw) — 2 Efnle) o prg)
E|F—up|F veE — vap
va(x)
P . Q))@lp (uBRD) B (nPRO1)
Ip)i ———— [P']s {K+— k} ——— {K+— k}
o, — 1+ k
E=FSm=m o - (nPRO2)
E — {Kr— k} —— {K+—k}
By applying (nREC2) E has a transition as follows:
Or—k - Ok s pJo Il Lalis
(a,0)<k Ok - (1= O —) Sl (=) - ali,
E——=
(1= 0h—k) - Ok cL(@) el | Lale,
(1 — 0l»—>k) . (1 — 0l»—>l<:) : E

Obviously, in the networks |pl; || [(x)-q]; and [(x)-pli || |g]i, the processes (x)-p and
(x) - ¢ did not receive messages even that they are located at the same location l. This
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18 against our intuition, and should be avoided.

The following is a more complicated example to illustrate how the rules in Table 2.4

and 2.5 can be used.

Example 6. Assume there is a network E = Fy || FEs || E3 where

Ey = [(y) - pli,
Ey = [(z) - (@) ]r | {{(0.6,k)} —> 1},
B3 = |(z).(x)]m || {{(0.8,m)} — I}.

Intuitively, we have that after the node at location | has broadcasted the message y, E
will evolve into a distribution p where the probability for both nodes at locations k and
m receiving y is 0.6 - 0.8 = 0.48, the probability of only the node at location k receiving
y is 0.6 - (1 —0.8) = 0.12 and so on. We show how to obtain p based on the labeled

transition system in Table 2.4 and 2.5.

(2).(e) 5 () (PRE)
{Or—1: {2 k), (1= Op—y 2 [(2) ()] %) }

o (nREC1)
AN

[(2)-() ]k

({0.6,8) — 13 WOSODL e 6 01— 1} (nPROI)

(e {(0.6,5) 1) (nRECZ)
By —————{(0.6 : [(z)] || {{(0.6,k)} —1}),(0.4: Eq)}

Similarly, for F3 we have the following transition.

(2).(2) 2 (@) (pPRE)
(Ot = @) )y (1= Ot = [(2)-(2) 1)}

(z,{(0.8,m)})<l

() () | 222, ey
{{(0.8,m)} — I} {{(0.8,m)} +— I} (nPROI)

By SAOSIDL 0.8 [ ()] || {{(0.8,m)} — 1}), (02 : E3)}

(nREC?2)

By combing transitions of Es and Es3, we get the following transition according to
(nREC2): Es || E; (2,{(0.6,k),(0.8,m)} )<l

0.6-0.8 :[{x) ] [| [{x)Jm [| {{(0.6,k), (0.8, m)} — I}
0.6-0.2:[{z) ] [| {{(0.6,k)} — 1} || B3

0.4-0.8 B || [(2)]m || {{(0.8,m)} — 1}
0.4-0.2:E || By

Il
=
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Finally, we get the following transition of E.

(y).p W, P (pPRE)

(w0l (nBRD) (2.{(0.6,%),(0.8,m)})<
) Z, .0,k),(V.o,m <
B 275 p)y Ey || E3 [ (nREC2)

(4,{(0.6,k),(0.8,m)})@l (nSYN)
el Il wiy/x}

E

2.4 Weak (Probabilistic) Bisimulation

Similarly as in Section 2.3 where we define the semantics of processes and networks
separately, in this section we will first define weak bisimulations for processes and then

later for networks.

2.4.1 Weak Bisimulation

Bellow follows the definition of weak bisimulation for processes where we let = denote

(5)* representing an arbitrary number (including 0) of 7 actions in sequence. We define
(0% T (03 T
provided that o # 7.

Definition 2 (Weak Process Bisimulation). An equivalence relation R C P x P is a

weak process bisimulation if p R q implies that whenever p SN o then:

1. if oy = () or y(z) then there exists q =2 ¢ such that p'{z/x} R ¢{z/x} for
each z € N;

2. otherwise there exists ¢ == ¢ such that p' R ¢'.

Two processes p and q are weakly bisimilar, written as p =~ q, if there exists a weak

process bisimulation R such that p R q.

Definition 2 is a conservative extension of the weak bisimulation defined in (69).
Clause 1 says that whenever p can perform an input or reception, ¢ should be able to
mimic it by performing the same action via a weak transition. Since in principle the
received message x can be any one in N, p and ¢ are weakly bisimilar if they behave
the same no matter which message is received, thus the resulting processes p’ and ¢’
should be in R under each substitution. Clause 2 is similar except we do not need to
consider all the possible substitution since no bound name appears in this case.

As usual we first prove the following lemma in order to prove the congruence of =.
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2.4 Weak (Probabilistic) Bisimulation

Lemma 1. 1. pm)p’ iff p = vaq andqﬂ)p’;

vry(x

2. p—>>P, iff p = vaq (mdqﬂp' where y # x.

Proof. The only if direction follows by induction in the latest inference of p SN P
and the if direction is due to (pSTR), (pOPEN1), and (pOPEN2) of the transition
system. [

The following theorem shows that the weak process bisimulation is a congruence.
Theorem 1. = is a congruence.
Proof. To prove Theorem 1, it is sufficient to prove that p ~ ¢ implies:

e Act.p = Act.q;

o [z=ylp,r~ [z =ylgr;

o w=ylrprlz=yrqg

® UID R VIQ;

pllr=~qlr

We take the last two cases as an example, and prove the following set
R=A{wz(p [l r),vi(qg [l ) |p~q}

to be a weak bisimulation. Let
po =vi(p | r) and g0 = va(q || 7),

obviously (po, o) € R. Suppose pg 2o, Py, we analyze by cases as follows:

e o, =(y), y ¢ . By (pBRD) we have

-p ), p' and r LN Since p ~ ¢, we have ¢ W, q and p' ~ ¢’. By (pBRD)

vi(q | ) LN vi(q || r'{y/z})

and clearly

vi(p' | r{y/=}) Rvid || v'{y/x});
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_ pﬂ)p’ and 1 s 4 Since p ~ ¢, we haveq@)q/ and

p{z/x} = ¢'{z/x}
for any z € N. By (pBRD)
vilq | ) s (g {y/a} || )

and clearly

ve(p'{y/a} || 7) Rvid {y/a} || 7).

e o, =vy(y), y € . Then py = vyv(z\ {y})(P || '), the following proof is similar

to the one above.
o o, =vy(y), y ¢ . By (pBRD) we have

- p —>Vy<y> p' and r ﬂ r’. Since p ~ ¢, we have ¢ —>Vy<y> ¢ and p' ~ ¢. By

(pBRD) and (pRES)
vi(g || 1) 2% vi(d || 7 {y/a})
where y ¢ (2 U fn(r)), and clearly

vip' | ¥{y/x}) Rvid | ¥ {y/x}).

- p &), p and r Y 1 Since p ~ g, we have ¢ 2, ¢" and

pz/x} ~ q'{z/x}

for any z € N. By (pBRD) and (pRES)
vir(g || r) 2 vi(q {y/x} || )
where y ¢ (U fa(p) U fn(q)), and clearly
v {y/z} || ') R v {y/x} || 7).

e the other cases are similar and are omitted here.
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2.4 Weak (Probabilistic) Bisimulation

Figure 2.5: Two weakly bisimilar states in fully probabilistic processes.

Before we introduce the definitions of weak bisimulation of networks, we first give
some definitions from graph theory which will be used in the following. A subgraph
SG of G, is called strongly connected if for each pair (p,p’) of states in SG there
exists a path fragment pppi...p; of nodes in SG and M(l, k, pj, pjt1) > 0 for 0 <
Jj < i with p = po and p' = p;. A strongly connected component (SCC) denotes a
strongly connected subgraph such that no proper superset of it is strongly connected.
A bottom SCC (BSCC) is a SCC from which no state outside this SCC is reachable.
If probabilities are in the same BSCC, like for instance the nodes 0.6, 0.8 and, 0.9 in
Fig. 2.3, they can for sure evolve into each other, or in probabilistic terms, they can
evolve into each other eventually with probability 1.

In our weak bisimulation equivalence, we as usual abstract from internal steps which
in our case also involve the probabilistic mobility steps changing connection probabili-
ties. In order to capture that a connection probability for sure (with probability 1) can
evolve into another, we introduce the relation —. Let — be the least relation closed

by parallel composition, restriction and structural congruence such that

{0} — &} = {0, D} — F}

if p and p’ belong to a BSCC of Gj_;. Intuitively, we abstract from immediate
mobility steps (probably infinitely many), and thus make the mobility rule simpler.
This is inspired by the weak bisimulation defined on fully probabilistic processes in

(24), we illustrate this by an example as follows:

Example 7. Consider the fours states s1, s2,S3, and s in Fig. 2.5, suppose we assume

that they satisfy the same properties, for instance they can satisfy the same set of
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atomic propositions. Then according to the weak bisimulation in (24 ), we can prove that
S1, 82,83, and s are all weakly bisimilar. Recalling that si1, s, s3, and s are equivalent,
now consider the mobility rule of some connection Pro(l —— k) in Fig. 2.3 which
can be seen as a fully probabilistic process. If we consider the states 0.6, 0.8, and
0.9 satisfy the same property at which the node at | can receive messages from k with
probability 0.6, 0.8, or 0.9, then we can simplify the mobility rule by replacing states
0.6, 0.8, and 0.9 and their correspondent transitions with a single state with self loop
of probability 1. At the mew state the property is held i.e. the node at | can receive

messages from k with probability 0.6, 0.8, or 0.9. This is exactly the same as allowing
(o)} > k} = {{(#,1)} —> k} for any p,p' € {0.6,08,09}.

Following (1) we define the weak transition == as follows:

Definition 3 (Weak Transition). We use E == u to denote that a distribution u is
reached through a sequence of steps some of which are internal. Formally == is the

least relation such that, E == 1 iff either
1. a=71 and u=6g, or
2. E% p, or

3. there exists a transition E i i such that

p= > W(E) pw

E’eSupp(p')
where E' == g if B = «, otherwise E' == pp and B =T.

Clause 1 says that a weak 7 transition can be an empty sequence, and the resulting
distribution is dz. Clause 2 indicates that the set of strong transitions is a subset
of the weak transitions, the distribution p can be reached without going through any
intermediate networks. Clause 3 means that E can first evolve into ' via a transition
labeled with 3, and then each network E’ in the support of y/ will continue evolving
into ppr via weak transition labeled with 7 if § = «, otherwise via weak transition
labeled with « if 8 = 7.

According to Rule (nREC1) in Table 2.5, there might occur unknown probabili-
ties during the evolution of networks, since a network may not always contain enough
connectivity information to resolve them. Therefore before introducing the weak bisim-
ulation we need to resolve all the possible unknown probabilities. In order to do so, we

introduce the following definition:
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2.4 Weak (Probabilistic) Bisimulation

Definition 4. Let ox: A X € — A be defined inductively as follows:

1. ExC=EifC=0,

2. ExC=(ExC)) xCyifC=C| Co,

3. ExC=EFEifC={{(p,k)} — 1} and E(k,l) # Oy,

4. ExC=FE|[{{(pk)} — 1} if C={{(p,k)} — 1} and E(k,1) = Op—s,
for any E and C where we write E < C' instead of < (E,C).

Intuitively, £ o« C' denotes a network behaving like E but obtaining new infor-
mation from C. Clause 1 is trivial, since if the second parameter is 0, F can obtain
no connectivity information from it, thus will stay unchanged. Clause 2 means that
if we supply E with connectivity network C' || C’, then it makes no difference if we
supply E with C first, and then C’. Since according to the well-formed condition, the
connectivity information in C' and C” is disjoint. If the given connectivity information
has already known in F, it will simply be ignored by E which is shown in Clause 3,
otherwise in Clause 4 the connectivity information will be adopted by E. The following

example illustrates how o« works.

Example 8. Let
E=pli | {{(06,0)} — K},

C ={{(0.8,0)} — k} [ {{(0.5,m)} — n}.

Since C' contains connectivity information for both Pro(l — k) and Pro(m —— n),
after applying oc with parameter C to E, E should be able to obtain the connectiv-
ity information of Pro(m —— n) from C, and ignore the connectivity information of
Pro(l — k) since it has been known in E. We show how o can do so step by step

according to Definition 4:

ExC=(Fx{{(08,1)} — k}) < {{(0.5,m)} — n} Clause 2
=FE o {{(0.5,m)} —> n} Clause 3
=FE || {{(0.5,m)} —> n} Clause 4

Let

€, = {C €€ ‘ V/{?,l.(l,/{? e L iff C(/{?,l) 7& 9kr—>l)}
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be the subset of ¥ which comprises all the connectivity networks C' such that for all
I,k e L, C(k,l) # 0, . Here C is constrained since it contains no extra connectivity
information beyond that for pairs in L, this condition guarantees that %7 is finite

whenever L is finite. Refer to the following example:

Example 9. Suppose that the mobility rule of Pro(l — k) is given by Fig. 2.2, and
Pro(k —— 1) is always equal to 1. Let L = {l,k}, then €1 should be comprised of the
networks which only contain connectivity information of Pro(l — k) and Pro(k —— 1),

N (0.6, — k} || {{(1, k)} —> 1},
€ = 07,0} — k) | {{(LK)} — 1,

{0.9,0} 7= K} | {1, k)} — 1}

If we do not require that the networks in €1, to be the smallest ones, then networks like

{{00.6,0)} — K} [ {{(1, k), (p,m)} — 1}

for some p and m will also be in €, which makes €7, infinite even that L is finite.

Let Cp,rx range over 6 gyui(ruik})- According to (nRECT) and (nREC2) in Ta-
ble 2.5, when FE M 1, there might be unknown probabilities in p where all the un-
known probabilities are of the form of 6;,_, with | € loc(E). Note that loc(E) C I(E),
therefore we can make sure that no unknown probability will appear after &' o< Cg gy
performing receptions from k. Similarly, when F M) 1, the unknown probabilities
which might appear in p are of the form 6,, ,, such that n € loc(F). Additionally, it
must be the case that m € loc(E) according to (nBRD) and (nSYN), thus no unknown
probability shows up after £/ o< Cfg . performing broadcast actions. The same argu-
ments apply to F' too, thus we can guarantee that all the unknown probabilities will
be eliminated after applying oc with parameter Cg g to £ and F', provided that we
only consider reception actions from k.

Below follows the definition of weak bisimulation of networks.

Definition 5 (Weak Bisimulation). An equivalence relation R C A x AN is a weak
bisimulation if E R F implies that for each k € L and Cg ) whenever E o< Cg g, N
w1 then:

1. if a = (z,L) <k, then there exists F' < Cg py == 15 such that for each y € N,
p{y/a} R pofy/a};
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VI Q
2. if a« = va(x,L)Ql, then there exists F' < Cg % o such that py R po;

3. if a =7, then there exists F' < Cg 1 == g such that iy R ps.

Two networks E and F are weakly bisimilar, written as E =M F, if E R F for some

weak bisimulation R.

Clause 1 requires that if nodes at locations I(L) in network E can receive a message
from location k with specific probabilities, then nodes at locations (L) in F' must be
able to receive the same message from the location k£ with the same probability. Since
k might be any location, and in particular one not appearing in either £ or F', the
resulting distributions p; and pe may risk containing unknown probabilities. These
unknown probabilities can only be of the form 6, ., where | € [(E) U I(F) which
justifies that Cg gy, is enough to substitute all the unknown probabilities. Clause 2
means that if ' can broadcast a message from the node at location [ with receivers at
locations [(L), then F' can also broadcast the same message from the node at location
m to (L) with the same probabilities, m is not required to be the same as [ i.e. we
abstract from the emitters of broadcast actions. Clause 3 deals with internal actions
and is standard except for the use of Cg g

The following example illustrates how we can obtain connectivity information from

the given PMF.

Example 10. Suppose the mobility of Pro(k — 1) is explicitly defined by Fig. 2.3,
then {{(0.7,k)} — 1} M 0 since by Definition 5,

{07, K)} = 1 =0 i {{(0.T. 1)} = 1} =™ {{(p,k)} = 1}

for any p € Ggy; = {0.5,0.6,0.7,0.8,0.9}, which obviously does not hold. But if the
mobility of Pro(k v 1) is implicitly defined, then we know {{(p,k)} ~ 1} =™ 0 where
p is 0 or 1, since Pro(k 1) will be either 1 or 0.

According to Clause 2 in Definition 5, two broadcast actions are not distinguishable
if the only difference is their emitters. Therefore if two locations have the same mobility,
and the processes located at them are weakly bisimilar, then the two nodes are also

weakly bisimilar.

Example 11. Suppose that M is a PMF where all the connections have implicit mo-
bility, then for all locations | and k, |p|; ~™M |q|x provided that p =~ q, since
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(a) (b)

Figure 2.6: Two equivalent mobility.

and k have the same mobility rules. Furthermore if there is a location m such that
the mobility of Pro(m —— 1) and Pro(m —— k) is not implicitly defined, but is given
by Fig. 2.6 (a) and (b) respectively, then still we have |p|; =™ |q|i provided that
p =~ q. Since for any C1,Cy € € such that Cy(m,l) # O and Co(m, k) # Ok,
whenever Cy(m,l) = p with p € {0.8,0.9,1}, there exists C) such that Cy — C} and
Ch(m, k) = p, i.e. we can always make sure that the node at m can receive messages
from | and k with the same probability.

In general if the node at m can always receive messages from or broadcast messages
to I and k with the same probability, then | and k have the same mobility, thus the
following result holds:

p =~ q implies |p|; =~ |qli.

Observe that in Definition 5, it is necessary to take the Cg gy into account, oth-
erwise we would obtain a more restrict weak bisimulation. After applying o with

parameter Cg g we can make sure that
E « Cgpip(m,n) = Opn iff F o< Cp pr(m,n) = 0nsn,

i.e. if a connection probability is unknown in £ o< Cg gy, then it is also unknown in

F « Cg pp and vice versa. Refer to the following example.

Example 12. Consider two networks:

E = @) | {0, R)} = 1} and F = | {z)
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and assume all the mobility rules are implicitly defined. If we do not consider Cg pp,

then we will conclude that E #™ F since E M)

F'. But intuitively, this is wrong, since from both E and F' all other locations can receive

which cannot be simulated by

the message x from | with probability 1 or 0. By taking Cg ) into consideration, we

can eastly check that E and F' are weakly bisimilar.

The following lemma related to bound names is used to prove the congruence of
M

~
~

z(z, L)@

V:l>uz'ﬁEEuxE’ and B/ 2222

Lemma 2. F

Proof. The only if direction follows by induction in the latest inference of F < y and
the if direction is due to (nSTR) and (nOPEN) of the transition system. O

Let p x C ={(p: E x C) | u(E) = p}, the following lemma shows that we
can always associate extra connectivity information to networks while preserving the

bisimulation equivalence.
Lemma 3. F < C =~ F « C for any C provided that E ~™ F.

Proof. We prove by structural induction on E and F. The base case is trivial. Let

E' =F xCand F/' = F « C. Now assume that
l
El X CE’7F/,l M Iu&

for some Cgr pr, then we need to prove that there exists

xz,lL)<l
F/ X CEQF’,Z :( ) ,t/2

such that
M
did/ry 2 ly/a)
for any y € N. It is not hard to see that for each Cgs pr;, there exists Cg p; and c’

such that
E, X CE/,F’,l =F x CE,F,l X Cl

and
F' Cprg=F xCgry .

Note that by definition of Cg r;, E o< Cg r; contains enough connectivity information
to resolve the unknown probability which may appear after performing (x,L) <[, as
result

L)<l
E < Cg ry &l)d, H1
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such that I € L and p1 o< €' = pf. Since E ~™ F, then there exists F

1L/)al
CE,F1 % po such that

p{y/zy &M pofy/x}
for any y € N. As for any k,
(E o< Cg.pp)(k,l) =g iff (F o< Cgp)(k,1) = Ope,
SO
(E x Cp,pyox C")(k,1) = gy iff (F o< Cppyox C')(k,1) = Ops
(z, L)<l

for any k, therefore there exists F' o« Cpr g1y === i such that ps o ¢ = pf. By

induction

(1 oc C){y/xy =™ (p2 o< O"){y/a},
that is, ) {y/r} ~™ ph{y/x} for any y € N. Other cases are similar and omitted
here. O
Let ~™ be the largest weak bisimulation, we show that:

M

Theorem 2. =" is a congruence.

Proof. Let

D(E)= | {Di(E) 1}
lEl(E)

as a network which only contains all the connection information of .

It is sufficient to prove that
R = {(vi(E | @), vi(F || G)) | E ~™ F)
is a weak bisimulation. Let Ey = vZ(E || G), Fy = vz(F || G) and suppose
FEyx C 3 po (*)

Obviously, Fy R Fy. The proof is by analysis of the derivation of (x). We write C' as
the abbreviation of Cg, ,; in the following.

1. a=(z,L)«l, x ¢ 7.
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2.4 Weak (Probabilistic) Bisimulation

e Suppose

xz,lL)<l ~
Fooc 0B 10 = v || ps | D(Eo x O)),

where 1 and pus do not contain any connection information, hence we infer:

(z,L)<

(B | D(G)) o ¢ 2% 1 | DBy x €),

(z,L)<

(G| D(E)) o ¢ 2% 1 | DBy x C).

Since E ~™M F. then
(E x D(Q)) x C &M (F x D(G)) x C
by Lemma 3. Note here
ExD(G) = E|D@)
and
FxD(G) = F || D(G)
because Ej is well-formed. Then we have
(E | D(G)) x € = (F || D(G)) x C.
So
(z,L)<l

(F [ D(@)) o € 2L 1 (2.2)

and p1 | D(Eg o< O){y/x} =™ pa{y/x} for all y € N. Since

L)<l
w1 DBy x C),

(G| D(E)) x C
by (nREC2) we have

q w0 (2.3)

where G = G' || D(GQ) and p3 = ph oL with L = Dy(Ep < C). Also
Fyoc € = vi(G | (F | D(G)) x C)),

so we can now combine transitions 2.2 and 2.3 using (nREC2) and (nRES),

and obtain the following transition:

(z, L)<l
E———.

FoxC=vz(F|G) xC v (pa || p1s)

and va(uy || ps || D(Eo o< C){y/a} R vE(ps || ps){y/=}-
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e The other cases are similar.

2. a=(y,LYal, y ¢ z.

o Suppose By oc C L% 1y = vi(ui{y/a} || ps || D(Eo o C)) where

(z,L)<

(E | D(G)) o € 2% 1 | DBy x €),

(y,L)@

(G || D(E)) & € 22 g || DBy o C),

Since E =M F, we have (E || D(G)) x C ~M (F | D(G)) < C and
z,L)<i
(F || D)) o C 222 (2.4)

such that p || D(Eg o< C){y/x} ~™M po{y/x} for all y € N. Since

(y,L)@

(G || D(E)) & € 22 g || DBy o €),

by (nSYN) we have

G el (2.5)
where G = G || D(G) and p3 = p4 e L. Similarly, by knowing that
FyoxC = vi(G || (F || D(G)) x C)), we can combine transitions 2.4 and
2.5 using (nSYN), and get the following transition

Lyar
Fp o C 2% L3 (us{y/z} || )
such that
vi(u {y/x} || ps || D(Bo x C)) R vi(ua{y/x} || ns)
for all y € N.
e Suppose By oc C L% 1y = vi(ui{y/a} || ps || D(Eo o C)) where
Lyal
(E | D(G)) x ¢ 2 | DBy x €),

(z, L)<l

(G [| D(E)) ox € ——— p3 || D(Ep x C).
Since E ~™M F, we have (E | D(G)) « C ~M (F || D(G)) « C and

(F || D(G)) x € L2 (2.6)
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2.4 Weak (Probabilistic) Bisimulation

such that py || D(Ey o< C) ~™M pg. Since

(z,L)<

(G| D(E)) o ¢ 2% 1 | DBy x €),

by (nREC2) we have
a w0 (2.7)
where G = G’ || D(G) and ps = p4 o L. Since
Fooc C = va(G | (F || D(G)) x C)),

so we can now combine transitions 2.6 and 2.7 using (nREC2) and (nRES),

and get the following transition:

JLyam ~
Fp o C 229 i (o || ps{y /)

such that

vE(p || ps{y/z} | D(Eo ox C)) R vi(ps || ps{y/a}).

3. a=vy((y,L)Ql) and y € 7.

v JLya@l -
Suppose By oc ¢ 28, 0 = (|| wafy/a}) || D(Ey o C) where

v JLyal
(E || D(G)) & ¢ LD 1 D(Ey ),
xz,lL)<l
(G || D(E)) o ¢ 2% s || D(Ey )

and y ¢ 2Ufn(G)(a-conversion rule may be used if necessary). By Lemma 2,

(vzU{y})(E1 || G) such that E = (vy)Eq,

we know Ej

y, L)@l
(y,L)

(Br [ D(G)) x C p || D(Eg o C).

Since E ~M F, we know

(F | D(G)) ox € L2,

so there exists F} such that ' = (vy)F; and
(y,L)@m

(F1 || D(G)) ox € == 5

by Lemma 2, so Fy = (vZU{y})(F1 || G). The continuation of the proof is

on F; and F} and is omitted here.
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e The other cases are similar.
4. o = 7. This case is trivial, we omit the detail here.

O

The following theorem shows the relationship between ~ and ~™. Intuitively, if two
processes are weakly bisimilar, after putting them at the same location the resulting

networks are also weakly bisimilar.
Theorem 3. p =~ q implies |p|; ~™ |q|; for any M and .

Proof. We only need to consider transitions where o = v (z,0)Ql, (z,0) <l, and 7

since neither |p|; nor |¢|; contain connectivity information. Take o = v@(z, ()@l as an

. .. z(x,0)Ql
example, the other cases can be proved in a similar way. Suppose that |[p|; w—%

|p'];, then by (nBRD) in Table 2.5 we know p M p/, since p & ¢, then there exists

P 7 (z,0)Ql
q % q' such that p’ ~ ¢ % ld']; and

' =~ 4] O

, so by induction hypothesis |¢];

With Theorem 3, when there is a network E = vz(|p]; | E’), we can always
replace p with another process ¢ provided that p ~ ¢. Since according to Theorem 2,
the resulting network vi(|q]; || E') is weakly bisimilar with E. Furthermore, the
congruence of ~M can be extended to process level in certain scenarios. For example,

suppose now

E=vi(|lp|; || E') and F = va(|q; | F)

with E/ =™ F" and p ~ ¢, then
v(lp [l rli | EY) =™ vE(lg | || F)

for any 7. Since E' ~™ F" and |p || r]; ®™ |¢ || 7]; by Theorem 1 and 3, and we can

apply Theorem 2 twice as follows:
via(lp |l rlill B) & vi(lp | r]o | F') =™ vi(lg || rlo || F).

Scenarios for other operators of processes can be deduced in a similar way.
Now we are going to give two examples of the weak bisimulation which show how

two networks with different connectivity information can be weakly bisimilar.
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E|F G

E|F|Gs

(z,{(0.6, m)})@l (z,{(0.9, m)})@l

@G ] [FlG] [l G] [FIG] [l G] [FIGs)

Figure 2.7: Network derivation

Example 13. Suppose there are two networks

E= @i, F=L1u-@k
and three connectivity networks:
G1={{0.6,k} — 1},Go = {{0.8,k} — I},G3 = {{0.9,k} — [}.

Let the mobility of Pro(k — 1) be given by M in Fig. 2.3, and let all the other connec-

M

tions be implicitly defined. Since =~ is a congruence, to show that

E|F|G =" E||F| G & E|F|Gs,

it is enough to prove that
G1 %M G2 %M G3.

It is not hard to see that the following set R is a weak bisimulation.
R ={G1,G2,G3} x {G1,G2,G3}

Derivations for E | F || G; (i =1,2,3) are shown in Fig. 2.7 where we only show the
essential transitions. Observe that in each of the three networks the node at location k

can always receive the message from | with probability 0.6, 0.8, or 0.9.

Example 14. Given two networks such that

E=[Al || @)k | {{(0.8,m)} = 1} || {{(0.6,m)} — k}
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F=[Al [ {{(08,m)} = I} | {{(0.6,m)} = Kk}
where A % (x).A. The only difference between E and F is that E can broadcast

the message x from location k once while F' can only broadcast the message x from
location 1, so certainly E can simulate F' under any PMF, but not the other way around.
Suppose we are given a PMF M such that the mobility rule of Pro(m — 1) is given by
Fig. 2.3 while the mobility rule of Pro(m > k) is given by Fig. 2.2, and all the others
are implicitly defined. It turns out that E ~™ F. The only non-trivial transition
we should consider is when E broadcasts the message x from location k. Intuitively,
because in E the node at location m can receive message x from k with probability 0.6
or 0.9, this can be simulated by F since in F' the node at location m can receive message
x from | with probability 0.6, 0.8, or, 0.9. Before we introduce the weak bisimulation

R, we give the following definitions:

Epipr = H(p1,m)} = 13 | {{(p2, m)} = £}
Si =LAl | {x)]k || Epips | p1 € {0.6,0.8,0.9}, po € {0.6,0.9}}
Sy =A{LAli | Epips | p1 € {0.6,0.8,0.9}, p» € {0.6,0.9}}

Then
R = (51 U 52) X (Sl U 52)

2.4.2 Weak Probabilistic Bisimulation

In Section 2.4.1, two weakly bisimilar networks can broadcast messages to or receive
messages from locations with the same probabilities. But sometimes, we may only
be concerned about the extreme values, the maximum and minimum values of certain
properties. For example, we may want to make sure that in a network the probability
for a certain message being delivered to a node within 5 steps is at least 0.99 or the

probability for a certain error not being reported successfully is at most 0.05.

Example 15. Considering three simple networks:

Ey = [(z)(e) i [| {{(0.6,0)} — K}
Ey = [(z)-(e) i [| {£(0.9,0)} — K}
Ez = [(@)-(x)]i | {{(0.7,0)} — k}

where the mobility of Pro(l — k) is given by Fig. 2.2. It is not hard to infer that
E; &M E, but E %M FE3 since in By and Eg the nodes at location | can receive
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2.4 Weak (Probabilistic) Bisimulation

Figure 2.8: An example of mobility.

messages from k with probability 0.6 or 0.9 while in E5 the probability can be 0.6, 0.7,
or, 0.9. But, if we are only concerned with extreme probabilities of certain properties
such as the mazimum (minimum) probability of the node at location | receiving messages

from k, then we would like that all these three networks are weakly bisimilar.

From the above example we know that ~M is too strict in this case. We need
a coarser bisimulation which only captures the probability bounds and not the exact
probabilities, so we define ==, to denote a combined step as in (1), that is, £ %c L
iff there exists

(vai)<l

{£ pi | UL) = (L) bier

such that >, ;w; - L; = L and ),y w; -y = p, where ), ;w; = 1. Similarly,

7 (x,LyQl
E vl ¢ o iff there exists

vT (x,Ll)

(B L0 (L) = I(La) Yier

such that ), ;w;-L; = Loand Y, ; w; -y = p, where Y. ; w; = 1. Note here that the
probabilistic combination of different transitions does not affect the probability bounds
of each connection, in other words the probability bounds of transitions from a network

to others are not changed. Confer the following example.

Example 16. Suppose there are two networks as follows:

E

L(@)- @) m || [(2)-(@)]n || Gos0.,
L(@)- @) || [(2)- ()] || Go09

F
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2. DISCRETE MODEL

where
Gorpe = {{(p1,m), (p2,m)} — 1}.

The mobility rules of Pro(m 1) and Pro(n — 1) are given by Fig. 2.8 and Fig. 2.2

respectively. By the semantics we can infer that

0.5-0.8: z) |m || (@) ]n || Gos0s

()

(@) ]m || [(2)-(@)]n || Gos08
(@)-(@)m (| [} In | Gos08
(@).{@) Jm || [(2)-(2) In || Gosos

It is not hard to see that ' cannot perform such a transition directly, but instead it has

X

E

Il
=

0.5-0.8:

I

(2,{(0.5m),(08) ) | 0.5-02: |
]

05-02: |

the following four transitions:

(03-0.9: L&) I| L@)Jn | G

(@ {(03m),09mNa_ ] 0.3-0.1: [{@)]m | [(2)(2)]n | Gosoo  _
(a).

(a).

F = H1
0.7-0.9: [(z)(z)|m || [{2)]n [| Gos0.9
0.7-0.1: [(z)(x)]m || L(z)-(x)]n | Go3,0.9

(0306 [{) ] Il L{z})n | Goso
P @103m).06m)d 03-04: [(&)]m || [(2)-(2)]n [l Goszos — _ ,
= M2
0.7-0.6: [(z)(z)]m || [(x)]n | Gos0.6
0.7-04: [(z)(x)]m || L(z)-(x)]n | Gos0.6
0.8-0.9: [(x)]m || [{z)]n | Goso.9

P 2108m),09mhd 08-0.1: [(@)]m || [(x){x)|n | Gosoo

= H3
0.2:0.9: [(z)(x)]m || [(z)]n || Gos,0.9
0.2-0.1: [(z)(z)|m || [(2)-(x)]n || Gos09
0.8-0.6: [(x)]m || [{z)]n | Goso.6

P 2A08m).06mhd 08-04: [{@)]m | [()-(2)]n | Gosos — _

= Hy
0.2:0.6: [(z)(z)]m || [(x)]n || Goso.6
0.2-04: [(z)(z)|m || [(2)(x)]n || Gosos
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Since % -0.3 + % -0.8 = 0.5 and % -0.6 + % - 0.9 = 0.8, we can have a transition
(z, L)<l

F === i/ where
3 2
=5 {(03,m),(09,n)}
3 1
+2 -5 - {(0.3,m), (0.6,n)}
2 2
+2-2-{(0.8,m),(0.9,n)}
5 3
2 1
+= -~ -{(0.8,m),(0.6,n)}
5 3
and
32 3L 22 2
=g g iiTygrgrleT g grlisTy g

It is mot hard to see that in u and p' the probability of the networks where both nodes
at locations m and n have received the message from | is the same and it is similar for
the other cases.

In this example, even after the combined transition the probability bounds of each
transition are still not changed. For instance, the probability from F to the networks
where both nodes at locations m and n have received the message from 1 is always
between 0.3 - 0.6 and 0.8 - 0.9.

Below follows our definition of a weak bisimulation, weak probabilistic bisimulation,

that takes extreme probabilities into account.

Definition 6 (Weak Probabilistic Bisimulation). An equivalence relation R C A x N
is a weak probabilistic bisimulation if E R F' implies that for each k € L and Cg ry

whenever E o< Cg gy N 1 then:

1. if @ = (z,L) < k then there exists F' < Cp == i’ such that for each y € N,
wly/a} R p{y/x};
vE(z,LYyQm

2. if o = vi(z,L)Ql then there exists F < Cp g =—====¢ 1 such that p R p';
3. if a =T then there exists F o< Cp gy == ji’ such that u R p'.

Two networks E and F' are weakly probabilistic bisimilar, written as E %%W F,if ERF

for some weak probabilistic bisimulation R.

The clauses here are very similar with those in Definition 5 except that the normal
weak transitions are replaced by combined weak transitions. Clause 1 requires that

if locations /(L) in network E can receive a message from location [ with specific
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probabilities, then locations (L) in F' must be able to receive the same message from
the location [ with the same probabilities via combined transition. Clause 2 means that
if E can broadcast a message from [ with receivers at locations [(L), then F' can also
broadcast the same message from some location m to [(L) with the same probabilities
via a combined transition. Clause 3 deals with internal actions. The Cg g plays the
same role as in Definition 5.

Let %;‘)’[ be the largest weak probabilistic bisimulation, we show that:

M

Theorem 4. ~

1S a congruence.

Proof. The proof is by structural induction as in Theorem 2, and is omitted here. [

The following theorem shows that ~™ is strictly finer than w;‘{.

M

Theorem 5. ~M C N -

Proof. The proof is straightforward from Definition 5 and 6, since the weak transition

is a special case of the weak probability transition. O

The theorem for weak bisimulation in Section 2.4.1 is obviously still valid for weak

probabilistic bisimulation, that is,
Theorem 6. p ~ q implies |p|; %;‘)’[ lq|; for any M and [.

Proof. The proof is similar to the one for Theorem 3, and is omitted here. O

The congruence of %2& can be extended to process level in certain scenarios in the
same way as for ~M.
Following Example 13, we compare the two definitions of weak bisimulation and

illustrate their differences.

Example 17. We take all the notations from Example 13 and define
Gy ={{0.7,k} — I} and G5 = {{0.5,k} — [}.

By Definition 5 we know G; #™M Gy since in G; there is no way for the node at location k
receiving messages from | with probability 0.7 fori € {1,2,3}. But since 0.7 € [0.6,0.9]
and all the probabilities of Pro(k + 1) reachable from 0.7 by mobility are always in
[0.6,0.9], we obtain that in G4 the node at location k can always receive messages from

x,{(0.7,k)})<l

[ with probability in [0.6,0.9] and G; %g‘)’[ Gy. If Gy ( , G; can always simulate
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2.5 Weak (Probabilistic) Simulation

(z,{(0.7,k)})<i (2,{(0.6,k)})<t

it by a combined transition, that is, G; ¢, since we have G;
(z,{(0.9,k) } )<l

As a counterexample, we know G 7”'3;‘,’[ G5, since in G the node at location k can

, note we omit the parameter Cg, q,, which is not important here.

receive messages from | with probability 0.5 which is not in [0.6,0.9] while in G; the

probability of the node at location k receiving messages from l is always in [0.6,0.9].

2.5 Weak (Probabilistic) Simulation

In Section 2.4 we define weak (probabilistic) bisimulations which are equivalence rela-
tions among networks. Two networks E and F' are bisimilar iff £ can mimic stepwise
all the observable transitions of F' and vice versa. In this section we relax the sym-
metric conditions of weak (probabilistic) bisimulations, and only requires one direction
mimicking, which introduces us the definitions of weak (probabilistic) simulation. Sim-
ulations are preorders on the networks, which has been used widely for verification
purpose (1, 8, 54, 70, 71). Intuitively, if F' simulates E, then F' can be seen as a correct
implementation of E. Since often E is more abstract and contains less details, it is
much easier to be analyzed. More importantly, certain properties satisfied by E are
guaranteed to be true for F' too.

Before introducing weak (probabilistic) simulation, as usual we define the weight

function in the same way as in (48).

Definition 7 (Weight Function). Let R = A" x A be a relation over A . A weight
function for p and p' w.r.t. R is a function A : N x N +— [0,1] such that:

o A(E,F) >0 implies that E R F,
o W(E)=> pcy AE,F) for any E € N,
o W(F)=> pcy AE,F) forany F € A .
We write u Eq i iff there exists a weight function for p and p' w.r.t. R.

When o Cg 4/, it may happen that for a certain set of networks S C Supp (), there
exists a set of networks S” C Supp (') such that p(S) = p/(S”) where S x S” C R, but
this does not mean that for each E € S, there exists E' € S’ such that u(E) = p/(E').
For instance if there are two distributions: u and g’ such that p(F) = 1, and ¢/ (Fy) =
w'(E2) = 0.5. Apparently, it should hold that 4 Cg u' provided E R Ey and E R Es,
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but neither u(E) = p/(E7) nor u(E) = p/(E3) holds. Essentially, A corresponds in a
way to divide the support of distributions p and p’ such that p and p’ will coincide
with probability of sets of network. For the above example, we can let A(E, Eq) = 0.5
and A(E, Ey) = 0.5 i.e. dividing E into two parts one of which is for Fy, and the other
part is for Fs. Clause 1 says that A can only associate two networks when they are
in R. Clause 2 guarantees that for each F € Supp(u) the total probability assigned to
E by Aie. Y pcy A(E,F) should coincide with the probability of E in . Clause 3
is the counterpart of Clause 2, which guarantees that for each F' € Supp(u') the total
probability assigned to F' by Aie. Y p. , A(E, F) should be the same as pi/(F).

2.5.1 Weak Simulation

In this section we first introduce the weak simulation without considering the com-
bined transitions as before. The weak simulation can be seen as a one direction weak
bisimulation in Definition 5. We will also give a few examples to show what the weak
simulation can be used for, and also show that it is too fine in some cases which leads
us to the definition of weak probabilistic simulation.

Bellow follows the definition of weak simulation.

Definition 8 (Weak Simulation). A relation R C A x A is a weak simulation if
E R F implies that for each k € L and Cg g whenever E o< Cg gy, 2 1 then:

1. if o = (x,L) 9k then there exists F' < Cg g = 1/ such that for each y € N,
wly/z} Cr p'{y/=};
7 (x,L)yQ
2. if o = v&(x,L)Ql then there exists F' o< Cp py L l)om, w' such that p Cx u';
3. if a =T then there evists F o< Cp py == i such that p Cx p'.

The network E is weakly simulated by F', written as E QM F, if there exists a weak
simulation R such that E R F'.

Lemma 4. E o< C 3™ F o< C for any C provided that E 3™ F.

Proof. Similar with the proof of Lemma 3 and is omitted here. O

The following theorem shows that I is a congruence and preorder.

Theorem 7. gM is a congruence and a preorder.
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Proof. We first prove that QM is a preorder. The reflexivity is trivial, we only prove
the transitivity here ie. £ M Fand F 3™ G implies that £ ZM G. In order
to do so, we need another definition of weak simulation, called 3. The definition of
éjlw is almost the same as QM except that £ o< Cg p i % 1 is replaced by the weak
transition &' o< Cg p i = Lb

It can be proved that ZM = ZM. It is easy to see that £ I F implies that
E gM F since E o< Cg 1, 2 11 is a special case of E Ce,Fk == 1. We prove that
E 3™ Fimplies E 3 F, it is enough to show that

R={E,Fye VN xN|E " F}

is a weak simulation under the new definition. For simplicity we will omit the parameter
Cp.ry. in the sequel. Suppose that E R F and F == u. If a = (z,L) < k, we need
to prove that there exists F' == 4/ such that p Cg p/. We are going to prove by

induction on E == p. According to Definition 3, there are two cases to be considered:

1. ES py = p. Since ER Fie. E M F| there exists F == 1y such that
p1 T ph. By induction there exists F ====> 1/’ such that u Cg '

2. % 1y = p. Since E QM F, there exists F == ph such that puy Cg pf.

The following proof is similar with Clause 1, and is omitted here.

The cases when a = 7 or vz (z,L)Ql are similar.

Since we have proved that I™M = ZM in order to show that ZM is a preorder, it is

equivalent to prove that )% is a preorder. Suppose that £ Z)' F and F 31 G, we
prove that £ éjlw G. According to the definition of éjlw, there exists weak simulations

R1 and R9 such that £ Ry F and F Ry G. Therefore whenever E % 11, there

L)<k L)<k
exists I % o and G % i3 such that g1 Cg, po and po Tg, ps. In other

words, there exists A; and As satisfying the conditions in Definition 7. Let
R=RioRe ={(E,G") | IF'(E' Ry F'NF' Ry G")},

then we need to find a A between uy and ug over R. Let

_ CAR(FG)
A(E,G)_F;VAl(E,F) )

we show that A defined in this way does satisfy the conditions in Definition 7. Condition
one is easy since A(E,G) > 0 implies that there exists F' such that A;(E, F) > 0 and
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Ao(F,G) > 0, that is, E Ry F and F Re G, thus E R G, and vice versa. Also

SNOAEG=Y > AI(E,F)-M

GeV GeN FeNV MQ(F)
1
= F;Al(E,F) . MQ(F) : (G;VA2(F’ G))
= 3 AEF) = (B)
eV

we prove that the second condition is satisfied too. The third condition is similar as
the second one, and is omitted here. Therefore p1y Cg s, this completes the proof.
Finally we prove that QM is a congruence which is similar with the proof of Theo-

rem 2, it is enough to show that
R={(vi(E| G),vi(F | G) | E 3" F}

is a weak simulation. Let
Ey=vz(FE || G),
Fy =vi(F || G).

If By 5 p, we need to distinguish among several cases. Again we simply write C' as

the abbreviation of Crg, 7 -

e Suppose

xz,L)<l ~
Eyoc €599 g = vi(u || s || D(Eo o O)),

where p1 and ps do not contain any connection information, hence we infer:
(z, L)<l
(E || D(G)) x € ——= p || D(Ep x C),

(z,L)<

(G | D(E)) o € =% iy | D(Ey o C).

Since £ ZM F, then
(ExD(@) xC M (FxD(@) xC
by Lemma 4. Note here

E x D(G)

E [ D(G)

FxD(G) = F| DG)
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2.5 Weak (Probabilistic) Simulation

because Ej is well-formed. Then we have
(B D) xC 2 (F | D(G)) x C, thus

(F | D(@)) o € 222, (2.8)

and (u1 || D(Eo x O)){y/z} IM pa{y/x} for all y € N. Since

(z,L)<

(G| D(E)) o ¢ 2% 1 | DBy x €),

by (nREC2) we have

a w0 (2.9)

where G = G' || D(G) and p3 = ph oL with L = Dy(Ep < C). Also
FyocC = vi(G || (F | D(G)) o C)),
so we can now combine transitions 2.8 and 2.9 using (nREC2) and (nRES), and

obtain the following transition:

FoxC=vz(F || G)xC Lol v (usg || pg) and

po =vi(p || ps || D(Eo < O)){y/z} Ex vi(us || ps){y/z}.
e The other cases are similar.

O

To illustrate how weak simulation works, we give two examples. Since our weak
simulation is a conservative extension of the standard weak simulation, we are more

interested in the examples related to the mobility.

Example 18. Suppose we are given a PMF such that the mobility of Pro(m —— 1) and
Pro(n 1) is explicitly defined by Fig. 2.2 and 2.3 respectively, and all the others are
implicitly defined. Let

E=[{z)]m | C,

F=[{n).]C
where C' = {{(0.6,1)} — m} || {{(0.5,1)} — n}. Apparently, neither E =™ F nor
E %g‘)’[ F holds, since in F' the node at location | can receive the x with probability
0.5 which is impossible for E. Butl according to Definition 8, we have E gM F.
Intuitively, because in E the probability of the node at | receiving x is either 0.6 or 0.9,

and the probability can be also 0.6 or 0.9 in F' even if it has more choices for instance
with probability 0.5.
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2. DISCRETE MODEL

Example 19. Suppose we are given a PMF such that the mobility of Pro(m —— 1) is
explicitly defined by Fig. 2.2, while all the others are implicitly defined, therefore the
only possible values of Pro(n —1) are 0 and 1. Let

E=[{2)]mllC,

F = (x)], || C where
C = {{(0.6,)} — m} [ {{(0,D)} — n}.

It turns out B zM F since in E the node at 1 can receive x with probability 0.6 while
it is not possible in F. But since in F the node at | can receive x with probability
either 0 or 1, it should be able to simulate E, which introduces us the weak probabilistic

simulation in the next section.

2.5.2 Weak Probabilistic Simulation

According to Example 19, QM seems to be too fine in some cases. In this section we
will introduce the weak probabilistic simulation making use of the combined transition

as in Definition 6. Bellow follows the definition of weak probabilistic simulation.

Definition 9 (Weak Probabilistic Simulation). A relation R C A x A is a weak
probabilistic simulation if E R F implies that for each k € L and Cg g whenever
E x Cgrpk 4 W then:

1. if a = (x,L) < k then there exists F' o< Cg g, = 1/ such that for each y € N,
ply/z} Cxop{y/z}:
7(x,L)Q
2. if a = vi(x,L)Ql then there exists F o< Cg g %c w' such that p Cg p';
3. if a = 7 then there exists F' < Cg 1 = i’ such that p Cgq 1.

The network E is weakly probabilistic simulated by F, written as E g;‘,’[ F, if there

exists a weak probabilistic simulation R such that E R F.

We can also show that ég\f is a congruence and preorder.

M

5 s a congruence and preorder.

Theorem 8. 3

Proof. Similar with the proof of Theorem 7 and is omitted here. O

M

Obviously, ZM is strictly finer than =p
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2.6 Bisimulations and Simulations between PMFs

Theorem 9. M c Z.
Proof. 1t is straightforward from Definition 8 and 9. O

In Example 19 we show that E gM F', but according to Definition 9, £ gy F.

Example 20. Consider the networks E and F in FExample 19. As we said before in E

the node at l can receive x with probability 0.6, i.e.

(z,{(0.6,1) })@m
E ——————0(0Jnlc),

.6,0)})@
since there does not exist I %, thus E 2™ F. But we have

(@{(0.nH})@an

F 0(10JnIC)»

@{d,D}an

therefore there exists

(z,{(0.6,1) })@n

F ¢ 0(10)ml|C)

such that
Oofmllc) Ezat O(l0Jnlic)s

as a result B gy F.

2.6 Bisimulations and Simulations between PMFs

In Section 2.4 and 2.5 we discussed the weak bisimulations and simulations between
networks, in this section we show how we can define these relations between mobility
models. Intuitively, this allows us to abstract from not only the behaviors of a network,
but also the mobility of the given PMF. Being able to do so is important for protocols
for MANETS, since usually these protocols are designed irrespectively of the mobility
of networks, in order to verify these protocols sufficiently we need to consider all the
possible mobility which is not possible in practice. If we are given a PMF M; and
Fq where My denotes the mobility of the network and F; denotes the behavior of the
verified protocol, both M; and E; may contain too many details, and make the state
space huge. Using weak bisimulations or simulations introduced in Section 2.4 and
2.5, it is safe to consider a simpler network Fy provided that Fy and FEs are weakly

(probabilistic) (bi)similar. On the other hand, if we can also abstract from M;, and
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2. DISCRETE MODEL

1

Figure 2.9: A simpler mobility.

give a simpler PMF M5y such that M; and Ms are equivalent in some sense, then we
only need to verify Fo under My. Since Fy and My are simpler, and contain less details,

the state space can be further reduced. Refer to the following example.

Example 21. Suppose we are given two PMFs: My and My which coincide with each
other except for the mobility of Pro(k — 1). If the mobility of Pro(k — 1) is given
by Fig. 2.8 in My, while the mobility of Pro(k — 1) is given by Fig. 2.9 in My, it
s easy to see that Mo is simpler than My. Moreover in the following we will define
certain relations between My and Mo enabling us to use My instead of My in certain

situations.

2.6.1 Weak Bisimulations between PMFs

In the sequel suppose we are given two PMFs: M; and Ms, moreover let .4; denote
the set of well-formed networks under M; where i = 1,2, and similarly for %; which
denotes the connectivity networks. The set of connectivity networks is dependent on
the given PMF, and may be different under different PMFs i.e. we cannot guarantee that
%1 = ©,. Therefore when we want to check whether E and F are weak (probabilistic)
bisimilar or not where £ € .4 and F' € 45, Definition 5 and 6 will not work, since the

parameter Cg g may not always be in 1 N %>. Refer to the following example.

Example 22. Suppose that My and My are the same except that the mobility of
Pro(l — k) is given by Fig. 2.3 and 2.9 in My and My respectively. Let E = |p|;
and F = |q];, we want to check whether E and F, executed under the guidance of My
and My respectively, are weakly bisimilar or not. Following Definition 5, we need to
check if E o< Cg pym and F < Cg Fm satisfy the conditions of Definition 5 for any m
and Cg pm € €5 rm- Let m =k, we can select a Cg gy, such that Cg pr(l, k) = 0.8,
apparently E o< Cg py is a well-formed network w.r.t. My, but F o< Cg i is not
well-formed w.r.t. Ma because of 0.8 ¢ G in Ma. Therefore it makes no sense to

talk about the execution F o< Cg gy under the guidance of M.
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2.6 Bisimulations and Simulations between PMFs

According to Example 22, we cannot apply Definition 5 and 6 directly when two
different PMFs are involved, since different PMFs may correspond to different set of
connectivity networks. We fix this problem by modifying Definition 5 and 6 as follows
where we do not need to select the same parameter Cg . for both E and F', but allow

them to choose different parameters.

Definition 10 (Weak Bisimulation). An equivalence relation R C (A UN3) X (A1UN3)
is a weak bisimulation if E R F implies that for each k € L and Cg ry € €;, there
exists Cy p). € €; whenever E « Cp pp, 5o,

1. if @ = (v,L) < k, there exists F < Cy n, == p' such that for each y € N,
wfy/zy R p{y/x};

2. if a = vi(z,L)Ql, there exists F o< Cg ). M w' such that u R u';

3. if a =1 then there ezists ' oc Cly o, == 1’ such that p R 1.

where E € A; and F € N} with i,j € {1,2}.
Two networks EE and F are weakly bisimilar, written as E =~ F, if there exists a
weak bisimulation R such that E R F.

Similarly, we can redefine the weak probabilistic bisimulation of networks when two

PMFs are considered as follows.

Definition 11 (Weak Probabilistic Bisimulation). An equivalence relation R C (A U
M) X (M U A3) is a weak probabilistic bisimulation if E R F implies that for each
ke L and Cg py € €, there exists Csz’k € ¢; whenever E < Cg py 5o,
1. if a = (x,L) < k, there exists F CJ/E,F,k = 1/ such that for each y € N,
wfy/zy R p{y/x};
vi(z,L)@m

2. if a = v(z,L)Ql, there exists F o< Cp p, ==—==== p' such that p R 1’;
3. if a =T then there exists F oc Cly o, ==y’ such that u R p'.

where E € A; and F' € N with i,j € {1,2}.
Two networks E and F are weakly probabilistic bisimilar, written as £ ~, F, if

there exists a weak probabilistic bisimulation R such that E R F.

When My = My = Mie A = A = 4, it holds that ~M = ~ and

M = ~,, thus we can say that Definition 10 and 11 are conservative extensions of

p

Q

Definition 5 and 6 respectively.
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2. DISCRETE MODEL

Now we are ready to discuss the weak (probabilistic) bisimulation between PMFs.
Intuitively, M; and My are weak (probabilistic) bisimilar iff for each C; € % and
I,k € £, if the node at k can receive messages from [ with probability p in C7, then
there exists %5 where the node at k can also receive messages from [ with the same
probability as in Cy (probably after several mobility steps). In other words, for each
Cy € %) there exists Cy € %5 such that C7 and Cy are weak (probabilistic) bisimilar.

Below follows the definition of weak (probabilistic) bisimulation between PMFs.

Definition 12. Let My and My be weak (probabilistic) bisimilar, written as My ~ My
My =, My), iff for each Ci € €, there exists Cy € 65 such that C; ~ Cs

(Ci1 =, C3), and vice versa.

When restricted to connectivity networks, Condition 2 in Definition 5 and 6 can

be omitted, since connectivity networks cannot perform broadcast actions. Therefore

L)<l
if C; =~ Cy (Ci =, C3), then whenever C; M w, there exists p’ such that

02 (‘TvL)Ql (!L’,L)<ll

the node at k can receive messages from [ with probability p, thus C; ~ C5 implies

pand p o~ p (Co c i/ and p =, ). Note that (p, k) € L implies
that whenever the node at k can receive messages from [ with probability p, it is also
the case for Cy probably after several (combined) mobility steps.

The following lemma shows the congruence property of ~ and =, where we only
concentrate on the connectivity networks. The congruence property is slightly different
from the standard one like in Theorem 2 which we will discuss later, it enables us to

consider the mobility of each connection individually.
Lemma 5. Let C1,C}| € 61 and C, Cl € €5, then
1. C1 || C1 = Cy || Cf provided that C; =~ Cy and C] ~ C4.
2. C1 || C] =, Co| C4 provided that Cy ~, Cy and C] =~, Cj.

Proof. We only prove the first clause since the other one is similar. It is enough to

prove that
R={(C1 | CL,C2 || C3) | C1 = CoaAC = Co}

is a weak bisimulation according to Definition 10. Since we only consider connectivity
networks in %, no unknown probability can occur, thus we can omit the parameters
Cg.rr and C% ;. in Definition 10 here. Suppose that Cy || C] %, we prove by

structural induction and there are only three cases we need to consider:
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2.6 Bisimulations and Simulations between PMFs

l
1. a = (z,L)<il. Then according to (nREC2) in Table 2.5, there exists C} (oMl 1

l
and C] ISADLN p} such that MUN =L, and p || pf = p. Since C; ~ Cs and

M) <l N)<i
C1 ~ (), there exists Cy HCIOLN pe and C4 MGV ph such that uy ~ p} and

z,L)<ul

po = h, thus Cy || C4 HCADUIN ' = (pe || 1), by induction p R .

2. o = 7 and there exists C; = puy such that p = py || 501. Since C; =~ (5, there
exists Cy == pp such that p; ~ puo, thus Co || C%) == 1/ = (2 | dcy). By
induction p R p'.

3. a = 7 and there exists C] 5 p} such that u = d¢, || pf. This case is similar with

Clause 2, and is omitted here.

O

When restricted to networks in €; N %5, Lemma 5 coincides with the standard
congruence property i.e. Cp || C =~ Cy || C provided that C; ~ C5. Since apparently
C =~ (), it is easy to see that Lemma 5 implies the standard congruence property. On
the other hand, if C1 ~ Cs and C] =~ C} where C1,Co,C1,Ch € € N 6a, we can
imply C; || Cf ~ Cy | C) using the standard congruence in two steps together with
the transitivity of ~ as follows: C; || C] =~ Cy || C{ and Oy || CF ~ Cs || Cf. Tt
is similar for ~,. Note that in general Lemma 5 cannot be changed to the standard
congruence definition, since we cannot always guarantee that C € ¥; and C € %> for
arbitrary C, thus networks C || C and Cy || C may not be well-formed w.r.t. M; and
My respectively.

According to Definition 12 we need to consider every C'y € ¢, and Cy € %5 in
order to check whether M; and My are weak (probabilistic) bisimilar or not. This
is not possible in practice since % and %5 are essentially infinite. Due to Lemma 5,
it is enough to check each connection individually i.e. networks in %1 U %5 of form
{{(p,k)} —— 1} for some k,l. Furthermore we only check those connections whose
mobility is explicitly defined, since all the others with implicit mobility are guaranteed

to be equivalent. We have the following lemma.

Lemma 6. M; =~ My My =, My) iff for each Cy = {{(p1,k)} — I} € €1 such
that the mobility of Pro(k —— 1) is explicitly defined, there exists Co = {{(p2,k)} —
I} € €5 such that Cy ~ Cy (C1 =, C3), and vice versa.

Proof. The proof is straightforward from Definition 12 and Lemma 5. O
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2. DISCRETE MODEL

Definition 5 and 6 enable us to abstract the given network. By introducing Def-
inition 12 we can also abstract the given PMF to reduce the state space furthermore
without changing the properties we are interested in. We can do so due to the follow-
ing theorem which states that for any two weak (probabilistic) bisimilar connectivity
networks, the resulting networks after putting them in parallel with the same behavior
network are still weak (probabilistic) bisimilar. This is the key step in order to abstract

the given PMF which we will show in detail later on.
Theorem 10. Let B € &, C1 € 61, and Cy € 6>, then
1. B|| C1 = B Cy provided that C; ~ Cq,
2. B|| Cy =, B | Cy provided that C; ~, Cs.

Proof. We only prove the first clause since the other one is similar. It is enough to
prove that
R={(B|Ci,B|Cy) | BeEBNC) =~ Cs}

is a weak bisimulation. We first prove that for each C] € %) there exists C), € %5
such that Cy o« C] =~ C% o C) provided that C; =~ C5. It is easy to see that
Ci xC; =C) | Cf and Cy xx C) = Cy || C§ where C{ only contains connectivity
information in C] which does not occur in €4, and similar for Cy. Due to Lemma 6,
the following proof is trivial.

Let E = B || Cy and F' = B || Co, apparently E R F. Since for each Cg i € 61,
there exists Csz’k € %, such that 1 «x Cgpp ~ Cs x CEF’,C, thus in the following
we are safe to assume that both C; and Cy contain enough connectivity information,
and the parameters Cg pj and C}l F ) Can be simply omitted. Suppose E = i, there

are several cases we need to consider:

(z,0)<k

1. = (z,L)<k. According to (nREC2) in Table 2.5, there exists B ———— 1 and
k k
(& M) o such that py || po = p. Since Cy ~ Co, there exists Co % 1

L)<k
such that ps =~ b, thus there exists F' oLk, ' = (1 || ph). By induction

m{y/z} R p{y/z}.

2. a = (x,L)QFk. According to (nSYN) in Table 2.5, there exists B (o 0)Ok, w1 and

L)<k L)<k
4 m o such that py || pe = p. Since C7 ~ Oy, there exists Cy % 1

(z,L)ak
_

such that ps ~ pf, thus there exists F' ' = (p1 || #%). By induction

Ry
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2.6 Bisimulations and Simulations between PMFs

3. o = 7. This case is similar and omitted here.

O

Now we show how we can abstract from both behaviors and mobility in two steps.
Suppose we are given a network E and a PMF My, there exists By and C; such that
E = By || C1 where By denotes the behavior of the network while C; denotes the

connectivity information in E. First if we find a simpler Bs such that
By Ci & Byl €

according to Definition 5, then in the following we need only focus on By || C7 which

is simpler than Bj || C1, note that
Bl H Cl %MI B2 H Cl implies that B1 || Cl ~ BQ || Cl.

As the second step, we can abstract My too. Suppose there exists a simpler My such
that My =~ My according to Definition 12, then for each C € %) there exists Cy € %5
such that C; =~ 5. By Theorem 10 we can replace Cy in E by C5, and guarantee
that

E=B||Cy = By||C1 = By | Co.

For now on we can analyze By || Cy under the My, which shall be much simpler than
analyzing F under the M;. Similarly, we can also do so for ~,. To illustrate how it

works, we give a simple example as follows:

Example 23. Suppose that there are two PMFs: My and My such that they are the
same except for the connection froml to k i.e. Pro(l — k). The mobility of Pro(l —
k) is given by Fig. 2.3 in My, while the mobility of Pro(l — k) is given by Fig. 2.10
in Ma. It is easy to check that My =, My, since for any connectivity network
{{(p1,))} — k} in €1 where p; € {0.5,0.6,0.7,0.8,0.9}, there exists {{(p2,1)} — k}
in € where py € {0.5,0.6,0.7,0.9} such that

Hlpr, )} — k) =p {{(p2, )} — K}

Furthermore there is a network

E = [(x) [ )i [ {{(08,1)} — K}
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2. DISCRETE MODEL

Figure 2.10: A simpler PMF weak probabilistic bisimilar with Fig. 2.3.

in A1. First it is easy to see that (x) || p ~ p for any p, thus
~M
L(@) I pli ~p Lol
By Theorem 4,

L) | pJe {08, )} — Kk} ~5" [p]i | {{(0.8,0)} — k}.

Since My is simpler than My, it is more preferable for analysis purpose. But according
to Definition 1 E is not well-formed w.r.t. Mo, thus we cannot apply Mo directly to E.
Note that there ezists {{(0.9,1)} — k} € €5 such that

{{(0.8,)} — Kk} ~p {{(0.9,0)} — Kk},
according to Theorem 10 we have

)i [[{{(0.8,0)} — K} =p [p]i [ {{(0.9,0)} — K}

where [pl; || {{(0.9,1)} — k} is a well-formed network w.r.t. Ma. As a result E and
My can be replaced by |p|; || {{(0.9,1)} — k} and My respectively.

2.6.2 Weak Simulation between PMFs

In this section we extend the work in Section 2.6.1 to simulations. All the definitions

and properties are straightforward, but for completeness we write down them here.
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2.6 Bisimulations and Simulations between PMFs

Definition 13 (Weak Simulation). A relation R C (A U A3) X (A U A2) is a weak
simulation if E R F implies that for each k € L and Cp p € €1, there exists C'ly o). €
G such that whenever E o< Cg py, 5o,

1. if a = (x,L) < k, there exists ' < Cy n, == p' such that for each y € N,
my/zy Co p'{y/z};

2. if a = vi(z,L)Ql, there exists F < Cg g} vat Lo

w such that p Cg p;
3. if a =T then there exists F oc Cly o, == i such that p Cq 1.

Let F weakly simulate E, written as E 3 F, if there exists a weak simulation R

such that E R F.

Definition 14 (Weak Probabilistic Simulation). A relation R C (A1 UA3) X (A UA3)
is a weak probabilistic simulation if E R F' implies that for each k € L and Cg ), € €1,
there exists C'y . € G2 such that whenever E < Cg 5o,

1. if @ = (z,L) <k, there exists F oc O} ), == i such that for each y € N,
ply/a} o W/{y/o};
P (z,L)@
2. if a = vi(z,L)Ql, there exists F o< Cy Mc w' such that p Cg y';
8. if a = 7 then there exists F' oc Cp == 1/ such that p Cg 1.

Let F' weakly probabilistic simulate E, written as E 3, F, if there exists a weak
probabilistic simulation R such that E R F.

As before we can prove that < and 3, are preorders.
Theorem 11. 3 and 3, are preorders.

Proof. Similar with the proof of Theorem 7 and 8. O

Intuitively, My can simulate M iff for each C € %] there exists Cy € 65 such that

Cs can simulate C7, formally

Definition 15. Let My weak (probabilistic) simulate My, written as My
My Zp M), iff for each C1 € € there exists Co € € such that Cy
(C1 Zp C2)

My

3
= O

The 3 and 3, have similar properties as ~ and ~,. We first show their congruence

related to networks in %.
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Lemma 7. Let C1,C} € €1 and C, Cl € €5, then

1. C1 || €1 R Co|| Cf provided that C; 3 Cy and C] 3 Cs.

2. C1 || C] Zp Co|| € provided that C1 3, C2 and C] 3, CY.

Proof. We only prove the first clause since the other one is similar. It is enough to
show that
R={(C1 | C1.C2 | C3) [ C1 B C2nCt F Co}

is a weak simulation. For the same reason as in Lemma 7, we can omit the parameters
Cp,ri and C, . in Definition 13. Suppose that C || C] % 1, we prove by structural

induction and there are only three cases we need to consider:

1. a = (z,L)<l. Then according to (nREC2) in Table 2.5, there exists C; Lot 1

N)<«l
and C] ()< p) such that MUN =L, and g || pf = p. Since €7 T C3 and
M)l N)<«l
C] 3 (), there exists Cy MCADEN pe2 and C% HCAVLIN why such that gy 3 pf and

~ L)<l
py 3 iy, thus Gy || Oy <222 1 — (s || ), by induction i g 7.

2. a = 7. Then according to (nPAR) in Table 2.5, there exists C; = p; such that
= p | 501. Since C7 3 O, there exists Co == L5 such that < po, thus
Cy || Oy == i/ = (us | d¢y)- By induction g T 4.

3. a = 7. There exists C] = p} such that u = d¢, || #j. This case is similar with

Clause 2, and is omitted here.

O

With Lemma 7 it is enough to check each connection individually in order to deter-
mine whether two PMFs are weakly similar. Since we only have finitely many connec-

tions whose mobility is explicitly defined, thus we have the analogue lemma as follows:

Lemma 8. M; T My My T, My) iff for each Cy = {{(p1,k)} — I} € €1 such
that the mobility of Pro(k —— 1) is explicitly defined, there exists Co = {{(p2,k)} —
I} € 65 such that C1 Z Cy (C1 Zp C2).

Proof. The proof is straightforward from Definition 15 and Lemma 7. U

Finally, we have the following theorem.
Theorem 12. Let B € B, C1 € €1, and Cy € 6>, then

1. B||Cy R B || Cy provided that C1 S Co,
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2. B||Cy Zp B | C provided that C1 3, Cs.

Proof. We only prove the first clause since the other one is similar. It is enough to
prove that
R={(B|C1,B|Co) | BE ZNC, % Ca}

is a weak simulation. The proof is similar with the proof of Theorem 10. We first prove
that for each C € ) there exists CY) € %5 such that C} x C] 3 Cy o CY provided
that C1 < Ch. It is easy to see that C; o« C] = C) || CF and Cy & €y = Cy || CY
where C] only contains connectivity information in C| which does not occur in C1, and
similar for CY. Due to Lemma 8, the following proof is trivial.

Let E = B || Cy and F' = B || Co, apparently E R F. Since for each Cg ) € 61,
there exists C'JIE,FJg € ¢, such that 1 x Cppr < C2 C;E,F,k’ thus in the following
we are safe to assume that both C; and Cy contain enough connectivity information,
and the parameters Cg pj, and CI/E, F k. can be simply omitted. Suppose £ % u, there

are several cases we need to consider:

k
1. a = (z,L)<k. According to (nREC2) in Table 2.5, there exists B o)k, w1 and
k L)<k
& M w2 such that pg || pe = p. Since C1 Z Cb, there exists Cy % 1

L)<k
such that po < wh, thus there exists F' oLk, ' = (1 || ph). By induction

m{y/z} R p{y/z}.

Qk
2. a = (z,L)Qk. According to (nSYN) in Table 2.5, there exists B (o 0)Ok, w1 and
k k
& M w2 such that p; || pe = p. Since C1 Z Cb, there exists Cy % wh

(z,L)Qk

such that ps 3 b, thus there exists F' W' = (p1 || p#h). By induction
~ M2 2

Ry
3. o = 7. This case is similar and omitted here.

O

As mentioned before, for any E there exists By and Cy such that £ = By || C where
By only describes the behavior and C; contains all the known connectivity information.
If there exists a simpler By such that By || C1 £ Ba || C1, then we can use By || C;
instead for analysis purpose. Secondly, if there exists My such that M; T Mo,
according to Definition 15, for each C; there exists Cy € %, such that C; 3 Cs. By
Theorem 12, we have By | C1 < B || Ca. Since 3 is a preorder, thus E = By ||

C1 R B | Cs. By doing so it is enough to analyze By || Cp under My. As an
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Figure 2.11: A home network.

extreme case the most abstract PMF where every connection has implicit mobility can
be used to simulate any arbitrary PMF, thus in some cases we can use this PMF instead
depending on what properties we are interested in, which would reduce the state space

a lot.

2.7 The Zeroconf Protocol

The Zeroconf protocol is designed for self-configuring home local networks. For ex-
ample, Fig. 2.11 gives a typical home local network which contains four nodes: PC1,
PCs, Laptop, and PDA. The arrows indicate that PCy, PC5, and Laptop can receive
messages from PDA with probability 0.9, 1, and 0.8 respectively. Here we assume that
all other connections have probability 1.

In order to ensure correct mutual communication, each node must have a unique IP
address, so when a new node joins a network it must be assigned an unused IP address.

The Zeroconf protocol solves this in the following way:
1. The new node selects randomly an IP address out of all available IP addresses;

2. It broadcasts a message to other nodes to probe if the selected 1P address is in

use or not;

3. If the new node receives a message indicating the IP address is already taken,

then it returns to step 1 and restarts the process;
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2.7 The Zeroconf Protocol

Table 2.6: The Zeroconf protocol.

oldnode;, = (z).([x = ip](err).oldnodey, oldnode,y)

newnode! = (p).waitawk?
newnodel, = (suc)
waitawk? = (x).(([x = err]newnode, waitawk?) + newnode? )

T
newnode = vy(y(p).(p)-waitawk?, | TT,e p y(ip))

4. Due to unreliable connections, messages can be lost with a certain probability. To
increase the reliability of the protocol, the new node is required to send several

probes for the same IP address;

5. If no error message has been received after these probes, the selected IP address

will be used by the new node.

Note that after running the protocol it is indeed possible for a new node to use an IP
address that is already used by another node. This is called address collision and is
highly undesirable.

In the following, we model and analyze the Zeroconf protocol, the model of the
protocol is given in Table 2.6. ' We use oldnode;;, to denote an existing network node,
i.e. a process with IP address ip running at a location; oldnode;, repeatedly receives
messages and compares these messages with its own IP address ip. If a message is
identical to ip, it will broadcast an error message, err, informing the new node that
the selected IP address is being used already. newnode® denotes a process which will
probe i times before assuming that the selected IP address p is not used by other
nodes. It will evolve into process waitawk? after broadcasting a probe. newnodel) is
a special process which denotes that the protocol succeeded in finding an unused IP
address p (although this might not be true with a certain probability). The process
waitawk? waits for the responses from other nodes. If it receives an err message because
the selected IP address is not valid, it will restart the whole process, otherwise it will
recurse and become waitawk? again. The summation here is used to denote timeout
from waiting for responses and then start a new round of probing. newnode starts the

protocol by selecting an IP address from IP randomly, here IP is the finite set of all

'Summation is defined by: p+ ¢ = va(z(y) || z(y)-p || z(v) - q).
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available addresses and || means parallel composition of processes. In the above, we
use pn to denote the maximum number of probes for the same IP address.

The behavior of the network in Fig. 2.11 can be represented as follows:
E = |newnode |, || |oldnode, |; || |oldnode iy, |m || |oldnode;p, ]y

We assume Laptop, PC1, and PC2 are existing nodes which are located at [, m, and
n respectively, and PDA at k is a node that wants to join the network; here ip,, ips,
and ips are used to denote IP addresses in IP already in use. Concerning mobility
we assume a PMF M such that the mobility rule of Pro(k — 1) is given by Fig. 2.2
and the mobility rules of Pro(k +— m) and Pro(k — n) are given by Fig. 2.3, and the
nodes at locations [, m, n can always receive messages from the node at location k
with probability 1. In addition, the mobility of all the other connections is implicitly
defined.

With the logic which we will introduce in Chapter 4, we can denote the obvious
property that “if an unused IP address is selected by the new node then the probability
of this IP address being allocated to the new node is equal to 17. We may also specify
the property: “if an used IP address is selected by the new node then the probability
of address collision is less than ¢”. Assuming the maximum number of probes pn to be
3, it turns out that ¢ here cannot be smaller than 0.064 for E satisfying this property.
Intuitively, if the new node selects an used IP address such as ip;, then among all cases
to consider there exists a worst case under which oldnode;, may fail to receive the
probe from the new node for three times with probability (1 — 0.6)% = 0.064. In the
above we assume that E(k,l) = E(k,m) = E(k,n) = 0.9.

In order to illustrate analysis through the use of weak bisimulation we may define
F = |newnode |}, || [oldnode, |y || |oldnodeip, |m || |oldnode;y, |y

i.e. compared to F in the network F' the two old nodes PC1 and PC2 have swapped

their locations m and n. Further let

E' = {{(k,0.8)} — 1} || {{(k,0.6)} = m} || {{(K,0.9)} — n}

and let

F'={{(k,0.6)} — 1} || {{(£,0.9)} = m} || {{(F,0.8)} — n}
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then we infer

E|E~MF|F

Intuitively, by the given M nodes at locations m and n can always receive messages
from other locations with the same probability, in addition they can also broadcast
messages to other locations with the same probabilities. If the new node selecting an
used IP address such as ipy broadcasts a probe, then the node at location m in E can
receive it with probability 1 and then broadcast an err message. The node at location
n in F' can simulate this by performing the same actions in addition with some mobility
transitions. In both E and F', the newnode can receive the err message with the same
probability. A similar argument holds for other transitions.

Suppose that

F" = {(k,0.0)} = 1 | {(%,0.9)} = m} | {{(k,0.7)} = n}

then we know that E || B #™M F || F” because if newnode selects an used IP address
such as ip,, it will receive the err message from location n with probability 0.7 in
F || F” which can not be simulated by E || E', but E || E' & F || F” since E || E' has
a combined transition where newnode can receive err message from location m with
probability 0.7. The theory introduced in Section 2.5 can be applied to perform one
direction abstraction in a similar way, and we omit the detail here.

Now we will show how the theory in Section 2.6 can be used to abstract the given
PMF. Suppose that we have a PMF M’ which is the same as M except that the mobility
rule of Pro(k + 1) is given by Fig. 2.12 (a) and the mobility rules of Pro(k +— m) and
Pro(k + n) are given by Fig. 2.12 (b). Then it is easy to check that M =, M’. Since
M is simpler than M, thus instead of analyzing E with M being the mobility function,
we can analyze E under M’ which has less states but preserves certain properties. The

simulations between PMF's can be applied in a similar way, and are omitted here.

2.8 Related Work

We end this chapter with some related work. In (63) Nanz and Hankin introduced the
calculus CBS* for mobile ad hoc networks (MANETS) which is used as a framework for
security analysis of protocols for MANETs. In CBS* the process connectivity is sepa-

rated from process actions, and is represented by connectivity graphs whose vertices are
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0

(a) (b)

Figure 2.12: A more abstract PMF.

all the locations. Differently, the connections are bidirectional instead of unidirectional.
An edge between two locations indicates that they are connected, otherwise they are
disconnected. Merro (65) proposed a value-passing process calculus, called CMN, for
MANETs. In CMN each node is located at a physical location with a transmission radius
denoting its transmission radius. Moreover CMN distinguishes between mobile nodes
and stationary nodes. Since the locations in CMN are physical, the connectivity graph
is determined by the physical positions of all the locations. A location [ is connected
to another location k iff [ is in the transmission range of k. CMAN was proposed by
Godskesen (67) where the connectivity graph is an explicit part of the network syntax
and each mobility step corresponds to a computational step, similar as in our calculus.
Singh, Ramakrishnan, and Smolka (64) proposed the w-calculus which is a conserva-
tive extension of w-calculus. One of the most important features of w-calculus is that it
separates a node’s communication and computational behavior from the description of
the physical transmission range. The maximal clique in the connectivity graph is called
group in w-calculus. Each location is associated with a set of groups which the location
belongs to. Two locations are connected if they have common groups. The change of
the interface of each location will also change the underlying connectivity graph. As
in (63), w-calculus deals with bidirectional connectivity. In (66) a restricted broadcast

process theory (RBPT) for MANETs was proposed by Ghassemi et al., where connec-

72



2.8 Related Work

tivity and mobility are modeled implicitly in the semantics instead of in the syntax.
By eliminating connectivity information from the syntax, a more compact state space
is often obtained. Furthermore, an equational theory for RBPT was proposed in (72)
as well as an extended algebra to axiomatize restricted broadcast.

In this chapter we assume that each connection is independent, this might be an
unrealistic assumption in practice, since the movement of a node may affect the con-
nectivity probabilities of several connections. In the next chapter we will show how
we can extend this calculus in order to deal with dependent mobility. Also we enrich
the calculus with other features like continuous time behaviors and mobility, group

broadcast and so on.
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Chapter 3

Continuous Model

In this chapter we extend the work in Chapter 2 to the continuous scenario. We
motivate the work in Section 3.1. The syntax and semantics of the calculus is introduced
in Section 3.2 and 3.3 respectively. In Section 3.4 we introduce two notions of weak
bisimulations, one of which is defined on networks, while the other one is defined on
network distributions. We extend this work to simulations in Section 3.5. In Section 3.6
we show how to remove the limitation that a message can only be received by each node
for at most once. We apply our theory to a leader election protocol in Section 3.7. This

chapter is concluded with some related work in Section 3.8.

3.1 Motivation

In Chapter 2 we introduced a calculus for MANETs where one of the key features is
letting a communication link between two nodes not just be in one of the two states
‘connected’ or ‘disconnected’, but also we allowed a decoration of connection links with
a probability. The meaning being that messages broadcasted along a connection deco-
rated with a probability p will be received by that probability. Intuitively this reflects
that connection links in wireless networks may not always be reliable. We also enforced
restricted mobility by means of a probabilistic mobility function saying that a given
node with a certain probability may move and thereby change the probability of the
connection to another node. The models we obtain are discrete and each network in our
calculus in Chapter 2 gives rise to a probabilistic automata (1). A major contribution

in this chapter is a generalization of the notion of a mobility function. In Chapter 2
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a mobility function returns the change (the new probability) of just a single connec-
tion between two nodes, in this chapter we let a mobility function be able to change
a number of connections at the same time, i.e. we recognize that mobility of a single
node may not just influence the connection to a single neighbor, instead a mobility
step may change a larger part of the network topology. Moreover, the new kind of mo-
bility functions introduced in this chapter makes use of network topology constraints.
For instance we may specify that the probability for the node [ being connected to
m must be the same as k being connected to m, i.e. Pro(l — m) = Pro(k — m).
Intuitively this may represent that k and [ are always within the same distance from
m. Another example could be to require that the likelihood one of k£ and [ receiv-
ing a broadcasted message from m is sufficiently high, we may for instance specify
Pro(l — m) + Pro(k — m) > 0.9, intuitively meaning that m is always sufficiently
close to at least one of k and [. We demonstrate the usefulness of topology constraints
in Section 3.7.

Another novel contribution of this chapter is the introduction of stochastically timed
behavior for MANETS, our contribution follows the tradition of having rates for expo-
nential probability distributions, known from say continuous time Markov processes,
as part of our calculus. A major motivation for this contribution is that we would like
to more realistically being able to model mobility of nodes as time dependent stochas-
tic phenomenon, this is obtained by letting a stochastic mobility function return no
longer a discrete probability as in Chapter 2 but a rate for an exponential probability
distribution. Formally we will write M(C,C’,c) = X\ where C' is the current (partial)
network configuration, C’ is the new configuration reached by a mobility step, ¢ is the
network topology constraint the transition from C to C’ depends on, and the transition
occurs with a delay exponentially distributed by A. Intuitively the rate signifies how
fast the network topology will change, i.e. the higher rate the more likely it is that the
topology will change fast. Another reason for introducing continuous time stochastic
behavior is that many protocols for MANETs make use of time dependent randomized
back-off techniques. In order to be able to model such protocols we introduce, in the
style of Interactive Markov Chains (32), a prefix construct A for processes such that
we may write e.g. p = ¢ + A.p meaning that p may behave as ¢ or it may after some

delay exponentially distributed by A back off and iterate its behavior. This back-off
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style encoding is utilized in our model of a leader election protocol for MANETs de-
fined in Section 3.7. By the introduction of the continuous time stochastic behavior it
turns out that the semantics of our calculus is a combination of discrete and continuous
time probability, non-determinism, and concurrency and thus gives rise to a Markov

Automaton (MA) (5).

A third contribution is that we allow for two novel operators as part of our calculus.
To the best of our knowledge these two operators have not before been considered in
calculi for mobile and wireless systems. In many broadcast protocols it is quite common
for a node to broadcast messages just to a limited number of nodes and hence not to
all nodes in the network; to accommodate this feature we introduce a group broadcast
prefix in our calculus denoted by (x> L) where x is the message to be broadcasted and
L is the set of intended receivers of . The other new operator is a kind of a low level
protocol that is often used in many wireless broadcast protocols, it is meant to deal with
the problem of flooding. Flooding occurs when the same message is broadcasted over
and over again in the execution of a protocol, but where it is sufficient to have received
and dealt with the message just once. Flooding may e.g. occur in a protocol if a node is
naively supposed to forward all requests for being part of a protocol, a node receiving
similar requests for participating in the same execution of the protocol from multiple
neighbors will then forward each of these requests to its neighbors although forwarding
just one of these identical requests would ideally be sufficient. The operator is defined
by introducing a memory M for each node, formally we write ijfw for a node with
the processes p running a location [ and with memory M. Intuitively the semantics is
that whenever the node receives a broadcasted message x it is first checked whether
x belongs to M, if it does x is discarded and p will remain unchanged, otherwise x is
added to M and p is updated accordingly. We also show how to remove the flooding

avoidance operator in Section 3.6.

In a nutshell we present a continuous time stochastic broadcast calculus for wireless
networks with a stochastic mobility function depending on topology constraints where

group broadcast and flooding avoidance are integrated operators.
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3.2 The Calculus

We take all notations from Chapter 2, moreover we may write [ directly for singleton

set {l}. Define the syntax of topology constraints C, ranged over by ¢, as follows:
cu=Prolk—1)=plechc|cVe

where ¢ evaluates to true and false in an obvious way. The above syntax is simple
but expressive. For example we can define constraints such as Pro(k —— [) > 0.8 and
Pro(l — m) 4+ Pro(l — n) = 1 as follows where 1 € {<, >, <, >}:
o Prolk—l)xp=( VvV  Prolkr—1)=/p);
p'EPNP'>p
e Pro(l— m)+ Pro(l—n)xp=

v Pro(l = p1 A Pro(l — o).
pl,pzepAlerpzmp( ro(l— m) = py ro(l — n) = p2))

Other operators can be defined in a similar way. In the sequel instead of writing
the whole expressions, we will use these shorthand.
Let P denote the set of the processes which is ranged over by p,q,r ..., and defined

by the following grammar:
p,q=0]Act-plp+ql|lz=ylp,q|vap|A

Act =X | (x> L") | (z),

where p+ ¢ denotes nondeterministic choices between p and ¢, and Act - p means that p
is prefixed by Act and will behave as p after Act being preformed. Specially, A-p means
that p is guarded by a delay which is exponentially distributed with rate A € RT.! Let
(x> L*) and (z) denote (group) broadcast and reception respectively where L* is either
L or £. We usually write (x> £) as (z) for simplicity in the following. If L* = L, then
(x> L) denotes a group broadcast with L as its destination locations which can deliver
the message x only to nodes at locations in L. All the other operators are the same as
in Chapter 2.
The set of networks .4 is defined by:

E.F:=0]||p/M|{L+—1}|vaE |E || F

!R™ is the set of all the positive rational numbers.
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Table 3.1: Structural congruence of processes and networks (continuous).

veE | F=ve(E || F),z ¢ fn(F)
p+a)+r=p+lg+r) (EIR)[G=E|F]G)

{Ly— kY || {Lg — k} = {Ly ULy — k},1(L1) NI(Ly) = 0

p+0=p Ptqg=q+p VIvyp = vyrvrp
E|0=F vrvyE = vyvaE {—1}=0
lvap)i = vz|p)i E|F=F|E pli=ldip=aq

which is almost the same as in Chapter 2 except for the extra parameter M. The
parameter M is a finite memory which is used to keep track of all the messages having
been received, and is often omitted if it is not important for the discussion.

The set of free and bound names in E, denoted by fn(E) and bn(E) respectively,
are defined as before except that fn(|p|M) = fn(p) U M. Structural congruence of
processes and networks, =, is the least equivalence relation and congruence closed by
a-conversion and the rules in Table 3.1, which can be extended to distributions as
usual.

We adopt the same notation here, and let a stochastic mobility function (SMF)
M:¢x€xC— R

be a partial function where M(C,C’, ¢) returns the mobility rate from C to C’ given
¢ evaluates to true. Different from Chapter 2 and (73) where the SMF is defined on
a single connection, here we define a SMF on connectivity networks which can be seen
as a collection of different connections. The reason to do so is that we can model
dependent mobility as described in the introduction. We assume M(C, C, true) = 0 if
the connectivity network C' is stable. For simplicity we let M(C, C’,¢) = L denote that

the mobility rule from C to C’ under condition « is undefined.
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A SMF is valid if for each C,C" such that M(C,C’,¢) # L for some ¢, then
Ok, 1) = Opsy iff C' (k1) = Oy

for all £ and [. Intuitively, the condition guarantees that when a mobility step from
C to C’ happens, it only changes the probability of connectivities in C, and we can
neither obtain information about connectivities not in C, nor lose connectivities in C.
For instance let C' = {{(0.5,m), (0.9,n)} — } and C" = {{(0.8,m)} — [}, a mobility
rule from C' to C” is not valid since the connectivity information of p,, _,; is lost in C’,
similarly a mobility rule from C’ to C' is not valid either. In the following we will only
consider valid SMF's, and we assume that there is a given M throughout this chapter.

Since we have infinitely many connectivity networks, it is not reasonable to always
define mobility rules for all of them. Instead we allow M to be defined for just finitely
many pairs C and C’ and topology constraints ¢. We call those rules ezplicit mobility
rules. A connection k — [ has an explicit mobility rule if there exists M(C,C’,¢) # L
with C(k,l) # 0. For any connection k — [ with no explicit mobility rule we

assume it has the implicit mobility rule
ME{(0,k)} ¥ 13, {{(0, k)} — 1}, true) = 0,

that is k is not and will never be connected to . The default implicit mobility can be
changed without affecting our theory.
The structural congruence closed set of well-formed networks N under a given SMF

M is inductively defined as follows:
1. 0 €N, and [p]M e N,
2. vebB e Nif E €N,

3. E|| FeNif E,F €N with loc(E)Nloc(F) = () and there does not exist [,k € L
such that E(k,1) # 0k and F(k,1) # Ok,

4. C € N if there exists C’ and ¢ such that M(C,C’,c¢) # L.

Clause 1 and 2 is trivial. Clause 3 means that locations are unique and that connectiv-
ity information for a single connection can only appear once, while Clause 4 requires

that the mobility of each connectivity network must be defined by the given M. A
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distribution p is well-formed iff Supp(p) € N, and for any E, F € Supp(u), we have
loc(E) = loc(F).
Given a topology constraint ¢, define operator E[c] to evaluate ¢ under a network

FE by:
° E[(Bl > (]32] = E[(Bl] > E[(BQ] with e {/\, \/},

true  E(k,l)=p

false otherwise

o E[Pro(k+—1)=p| = {

and boolean operators are evaluated as usual.

3.3 Labeled Transition System

We use A, to denote the actions of processes which are ranged over by «,, 3,,..., and

defined as follows:

ap n=vx(z > L*) | (z) | A,

where vz (x> L*) denotes broadcasting the message x to nodes at locations in L*, and
(x) means that the process can receive a (group) broadcasted message. A denotes a
Markovian action with specified rate. The semantics of processes is given in Table 3.2
where all the rules are standard, and ~»= (— U —») with — denoting Markovian
transitions.

We use A to denote the actions of networks ranged over by «, (3, ... and defined as

follows:

az=vi(z> LY L)Ql | (zQL* L)<l |A|c: A | T

Different from processes, for the actions of networks connectivity information is at-
tached to each broadcast and reception. viz(r > L*, L)@ denotes that the node at
location [ can broadcast the message x to the node at location k € L* with probability
p if (p,k) € L. Accordingly (x@L* L) <! means that the node at location k € L*
can receive the messages from location [ with probability p if (p,k) € L. ¢ : Ais a
novel action named condition guarded Markovian action. This action is used to model
topology constrained mobility where mobility is triggered only when certain conditions
are satisfied. 7 and \ are standard.

The semantics of network is given in Table 3.3 with ~» being the union of - and —

(deliberately overloading symbols for process transitions). When putting a process in a
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Table 3.2: Labeled transition system of processes (continuous).

(MAR) = (PRE)
Ap—>Dp (xDL*>-px4>
f‘j; /
=P (sum) o (INP)
p+q~p (z)-p — ply/z}
L = op
L7 () =1 xz Y (ELSE)
[z =ylp,q~ p' [z =ylp,g~d
—_ %% ap d;f
1=P—P — 9 (3TR) p”“paA L (cony
Py P/
q~~q A~ P
pEp x ¢ falay) pﬂp’ y & fn(vep)
P~ (RES) I (bOPEN)
vap <5 vap vIp wtve L), P{y/z}

location, it will become a node. The behavior of a node is determined by the process in
it, but the actions of each node will be enriched with connectivity information as well as
the source and destination if they are broadcast and reception, otherwise they will stay
unchanged. Note in (nBRD) and (nREC1) there is no connectivity information, so the
correspondent connectivity sets in the labels are empty, and furthermore in (nREC1)
the node at location [ is able to receive a message from location k& with unknown
probability denoted by 6;,_j, this is the only rule where unknown probability is added.

Two parallel networks E and F' can communicate by broadcast which is shown
by (nSYN), the resulting transition will obtain connectivity information from both
participants, so the resulting information is the union of the connectivity information
from each side, L UK. Also F and F' may obtain new connectivity information from
each other and update the unknown probabilities that might appear in distributions p
and ' via the operator e. Similarly for (nREC2) two networks in parallel can receive
messages concurrently, and obtain connectivity information from each other. In (nSYN)
K is the union of the set of locations in F, loc(F'), and the set of locations in K which

are not connected to [,

2(K) = {1] (0,1) € K}.
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We remove K from the resulting action where
L\K = {(p,k) €L |k ¢ K}.

It makes sense to remove Z(K) since nodes at locations Z(K) will for sure not receive
messages from [, thus it is safe to remove them from the destination set of the broadcast.
Also we remove locations loc(F') since all the nodes at locations loc(F') in F have
already received the broadcasted message. Rules (nBRD), (nRREC1), (nREC2), and
(nSYN) deal with group broadcast when L* = L. Different from broadcast where the
broadcasted messages can be received by any node in any location, group broadcast has
specified destinations, nodes at locations which are not in the set of the destinations will
simply ignore the messages and stay unchanged, this is taken care of by rule (nIGN). As
explained in the introduction we introduce a low level protocol taking care of flooding
assuming that a message can only be received by a node at most once. The parameter
M at a node is used to keep track of the messages already been received, so only if the
coming message is not already in M, it will be dealt with, otherwise it will be simply
ignored as explained in rules (nREC1) and (nIGN). On the other hand, if process p at
location [ cannot perform a reception, it will simply ignore all the coming messages,
and stay unchanged as illustrated by (nIGN).

If an action is not broadcast or reception networks can execute in parallel, but still
one participant may obtain new connectivity information from the other, this gives
the rule (nPAR). Network {K —— [} only contains connectivity information about I,
it can reveal its connectivity information by performing a (group) reception which is
shown by (nCONN); it can also, in order to synchronize on broadcast from locations
not being [, perform a (group) reception whose source location is different from [ with
empty connectivity information as illustrated by the rule (nLOS). A broadcast with
empty destination has no impact to the outside of the emitting network, therefore it
should be seen as an internal action 7 which is shown by (nLOC). Rule (nMOB) allows
a connectivity network to evolve into another according to the mobility rule defined by
the given M carrying out a condition guarded Markovian action ¢ : \. By (nTRU) if ¢
is evaluated to true, then ¢ : A will become a Markovian transition A. Note in (nREC1)
and (nIGN), we require that [ # k which means that a process at location [ cannot
receive messages broadcasted from the same location. The rules (nOPEN), (nRES),
(nMAR), and (nSTR) are standard.
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In our calculus we allow continuous delay, probabilistic choice, and non-deterministic
choice, as result each network corresponds to a Markov Automata (5) which is the in-

tegration of probabilistic automata (1) with interactive Markov chains (32).

3.4 Weak Bisimulations

3.4.1 Weak Bisimulation on States

In this section we provide a weak bisimulation congruence for our calculus. As usual we
do not consider systems (networks) where infinitely many internal actions happen with
positive probability since this corresponds to an unrealistic situation where infinitely
many actions can happen in finite time i.e. we assume networks to be free of divergence
with probability 1, see e.g. (1). For instance network E o |A]; || [A - 0Jx with
A 4 (x)- A is not free of divergence, since E can perform broadcast from [ for infinitely
many times, thus blocks the Markovian transition at [ for ever. Also we say that a
network FE' is stable, written F |, if

E — and F <xl>£/*’—ﬂ>4>@l

Note that broadcasts are considered to be immediate and take no time, since they are
non-blocking and will be triggered immediately. Accordingly, a network distribution p
is stable, written pJ, iff £ for each E € Supp(u).

In order to evaluate the exit rate of a network we, similar with (32), define the
function

v N x2" — RT

which returns the exit rate from a given network to a set of networks via weak transi-

tions. The formal definition is as follows where {|[} denotes multiset:

Y(B,S) =S A u(S) | B> plh.

Due to race condition (29, 32) among Markov transitions they will compete in order
to be executed first, this gives us the following natural transitions. Let F LN wif B

where

V(B F)
by

for all F' in the support of u. Refer to the following example for an illustration of race

A=~(E, /) and u(F) =

condition.
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3.4 Weak Bisimulations

Table 3.3: Labeled transition system of networks (continuous).

el (nLOS)

{Kr—)k}%{ﬂ{b—)k}

(z@L* K)<l (nCONN)
{Ki— l} ———— {K+— 1}

(z@L* L)<l " (z@L* K)<l

E

E|F (z@L* LUK)<l

F

(nREC?2)
(1o D(EF)) || (1" o D(E))

p Oy UeL* Azg¢g MAK#I

(2@L* 0)<k ; (nREC1)
I S (O ) (0= O [pJ2))
E vij{y>L* LY@l F (yQL* K)<l Iu/ 7 ﬂf’ﬂ(F) =0 K= loc(F) U Z(K) ( SYN)
n
vy (L*\K),(LUK)\ K )@l
E|F== (e D(F)) || (v e D(E))
JOJREEN u  Elc] = true Jofl i w y ¢ fvaE)
X (nTRU) RS EEIYY (nOPEN)

E—p vek {y/x}
D A p, vz(z>-L*)

—L 2 (nMAR) P ST - (nBRD)

o) = [P')i ) —————— ']}

=FE-%5Su=y EZ DA

F=E=n=1 grR) —n aedne N pag
Fy E|F S (ueD(F)) || F
E < M(C,C,¢) = A
i ¢ fn(a) (uRES) ( = ) (MOB)
vaE ~ v o ZA o
vijles0,L)al * (z)
EZ : “ (BLOG) E£TIA( §é(f@L\i ;U)jkM vV p =) (mIGN)

E=p lp)i —— [p)}*

Example 24. Let

E= |\ -p+X-ql,
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3. CONTINUOUS MODEL

It is easy to see that E has two Markovian transitions according to Table 3.2 and 3.3:

A1

A
E> |p) and EZ |q);.

The exit rate of E is equal to A = A1 4+ o, and moreover the two Markovian transitions

will compete with each other to be executed first. According to the race condition, the

first transition will be executed with probability >‘—>\1, while the second one will be executed

with probability )‘—)\2, i.e.
Ao A A2

E S 3 W“T e}
As always in a weakly bisimilar setting we abstract from internal actions. We use
E == i to denote that a distribution p is reached through a sequence of steps which
are internal except one being equal to . Formally == is the least relation such that,

E == 1 iff either
1. a=7and y=dg, or
2. E % p, or

3. there exists a transition F LN i’ such that

= > d(E) e,

E’eSupp(u')
where B/ == pp if B = «, otherwise B/ == pp and = 7.

As in (1) we also define the combined transition ==, such that: E == y iff there
exists

{E = piti<i<n and {wi}h1<i<n

such that

Z w; = 1 and Z Wy g = W

1<i<n 1<i<n
Another abstraction is that we disregard the emitter of a broadcast message and
allow to equate vZ(z > L*,L)Q[ and vz(x > L* L)Qk indicating that in a wireless
broadcast setting the sender of a message is not important, that is only the message
(and the probability by which it is received), since the receiver of a message may not

precisely know whom is the actual physical emitter of the message. We will also allow
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3.4 Weak Bisimulations

that a broadcast can be simulated by several broadcasts. In order to do so we define

the combination of two broadcast actions such that
vi(x > L1,1L1)QL @ vi{x > La,Lo)Qly = va(x > L,L)Q[
where L = L1 U Lo, [ is any location name, and L. = M; U My with
M, ={(p,k) €Ly | ke L1\ Lo} U{(p,k) € Lo | k€ Lo\ L1},

Mo ={(1—=(1—=p1)-(1—=p2),k) | k€ LiNLyA(p1,k) € L1 A(p2, k) € La}.

Intuitively, the resulting combination of two actions has the same effects as the original
two. There are three cases to consider. If a location k is only in L1, then the probability
for location k receiving the broadcasted message = will not be changed by vZ(z >
Lo, 1Ly)@Qly, similarly for locations only in Ls. For a location k appearing in both L;
and Lo, the probability for k not receiving z is equal to (1 —p1)- (1 — p2) if (p1,k) € Ly
and (po, k) € Ly, as a result the probability for a node at location k receiving x is equal
tol—(1—=p1)-(1—p2). Obviously, ® is associative and commutative. The following

example shows how the operator ® works.

Example 25. Suppose that
al = <x I> {m7 n}? {(0'77 m)? (0'47 n)}>@k7

ag = (x> {n,l},{(0.6,n),(0.8,1)})Qk,

then a1 ® g = o« where
a = (x> {m,n,l},{(0.7,m), (0.76,n), (0.8,1)}) Qk.

Since the node at m can only receive x from k with probability 0.7 in a1, thus it can
also receive x from k with the same probability in o, similarly for . On the other hand
since the node at n can receive x from k in both oy and ao with probabilities 0.4 and
0.6 respectively, therefore the probability from it receiving x from k in « is equal to
1-(1-04)-(1-0.6)=0.76.

We extend the broadcast transitions in the following way:

(z>L* L)@l
_>

E piff B =522 =5y,

ith (z > L*, L)@ =
with (z ) (1Sé§>§na)
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3. CONTINUOUS MODEL

As in Chapter 2 we make use of the following finite sets of connectivity networks in

the definition of our bisimulation:
¢, ={C €€ |Vi,ke LC(kl) # 0y}

Intuitively, 47, contains all the connectivity networks such that the probability of
Pro(k — 1) is known for all [,k € L. Below follows the definition of weak bisim-
ulation of networks where we use Cg g to range over €pyui(r)uir}), and we let oy

range over all actions including A except broadcast receptions from locations [ where

1+ k.

Definition 16 (Weak Bisimulation). An equivalence relation R C N x N is a weak
bisimulation iff E R F' implies that for each k and Cg r i, whenever

ay
ExCgrr — u,

there exists

QA /
FoxCprr=>cp

such that p R .

Let E and F be weakly bisimilar, written as E =~ F, if there exists a weak bisim-
ulation R such that E R F.

The cases when «y, is 7 or A are standard. When o = (x@QL, L) < k, any received
message must be matched by receiving the same message with the same probabilities
from the same sender. Observe that the source of the message cannot appear in loc(FE)
due to the semantics in Table 3.3, as a consequence one may prove that £ ~ F implies
loc(E) = loc(F).

Example 26. Given a M such that | and k can always connect to all locations except
m with the same probability, and all locations can always connect to | and k with the

same probability. Then

L) - (@) o | 10J& || [0)m =~ (@) - (=) ]k || [0)i || [O)m

but since | and k can receive messages from the mode at location m with different

probabilities

L(@) - (@) ] [ [0k % [(@) - (x)]e || [0
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3.4 Weak Bisimulations

When a network is not stable, then all the Markovian transitions are blocking, and
cannot affect the behaviors of the network. This is the so called mazimal progress

assumption which is a quite common in time (discrete and continuous) process calculi

(32, 74, 75).
Example 27. Consider two networks:
E=[{z>L) -p+X-ql,

F=[{z> L) pl,

. . L,p)Ql . .
since E is not stable due to E u), therefore the Markovian transition E 2 can

be omitted, obviously E ~ F.

When o = vz > L*,L)Q[ any broadcasted message x must be matched by a
broadcast action containing the same x, and z must be received at the same locations

with the same probability, but the emitter need not be the same.

Example 28. Given a M where | is disconnected from k forever, that is, location | can

only receive messages from location k with probability 0. Then

x> D]k = [0k

If Pro(l — k) is not always 0 then [(x >1)|r % |0]k, but if the node at | cannot

receive then e.g.

Lz > Dk [ [0)i ~ [0]k || [0]:-

Additionally when oy = vZ{x > L*,L)Ql, we also allow that a broadcast can be
simulated by a series of broadcasts whose combination is equivalent to the original
broadcast. This relies on the assumption that each message can only be received by a

node at most once.

Example 29. Given a M such that location | can receive messages from location k
with probability either 1 or 0. Then

a0 (e Dli |l )i ~ LoDk |l o))"

for any p. The reason is that after the process at location k receives the message x, it
will remember it, and if it receives the same message for the second time, it will simply

ignore it and stay unchanged.
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3. CONTINUOUS MODEL

In all cases in Definition 16 we use Cg gy to eliminate all the possible unknown
probabilities during the evolution of both E and F. Observe that unknown probabilities
can only appear in derivatives on networks in case of broadcast and reception actions.
The reason to include k is because k£ might be any location not appearing in either E or
F', thus when E or I performs a reception from &, an unknown probability 6,5 with
[ € [(F)UI(F) may arise. Such an unknown probability may be eliminated by applying
any Cg rr. When performing broadcasts the only possible unknown probability in a
derivative from E and F is of the form 6,,,,, with m,n € [(E)UI(F), thus it can also
be removed by applying any Cg g .-

Example 30. Given a M such that Pro(m —— n) is stable and always equal to 0.5
and two networks: E = {{(0.5,m)} — n} and F = 0. Without applying a Cg g, we
will conclude that E % F since

(z@L*,{(0.5,m)})<an

E ¥

which cannot be simulated by F. This is against our intuition since we know that
Pro(m —— n) is always equal to 0.5, thus F should be able to exploit this fact from the
giwen M. By applying any Cg py, it is easy to check that E ~ F.

By applying Cg p, we can make sure that
(E X CEF,;C)(m,n) = am._m iff (F X CE,R]?)(m,TL) = Hm»—ﬂz

for any m,n € £ i.e. the probability of each connection is known in E o Cg gy, iff
it is also known in F' o< Cg rj even that their values may not coincide. Therefore we
do not need to consider action « : A in Definition 16, since we can make sure that all
the actions like € : A will be resolved to A if ¢ is true, otherwise ¢ is false and ¢ : A is
blocked.

Below we introduce several lemmas which will be useful for proving the congruence
of ~.

v (x>L*, L)@ (z>L* L)@l

l
Lemma 9. F wiff E=vaE and B ———= p.

Proof. The only if direction follows by induction in the latest inference of E < p and
the if direction is due to (nSTR), and (nOPEN) in Table 3.3. O
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3.4 Weak Bisimulations

Let us extend the operator ® to receptions as follow:
(m@Ll,Ll) <l ® (m@LQ,Lg) <Qly = (x@L,IL) <l
where L = L1 U Lo, [ is any location name, and . = My U My with

My = {(p,k) €L1 | k € L1\ Lo} U{(p,k) €Lo | k € Ly \ L1}
Mo ={(1—(1=p1) (L —p2),k) | k€ LiNLaA(p1,k) € L1 A (p2,k) € Lo}

The following lemma says that we can separate a single reception into several re-

ceptions as long as their combination is the same as the original reception.

z@QL, L)<l
bl

Lemma 10. If E ( 1, then

E (z@QL1,Lq)<li (zQLg,Lo)<il2 (zQL,, Ly )<lpn

whenever
®1§i§n(($@Li7Li) < lz) = (w@L,]L) <l.

Proof. Suppose that there exists & and E’ such that

va(|ple || E')

where k € L. We prove by induction on the number n of such k. The case when n =0

E

is trivial since p = dg. Assume that n > 0. Then it is not hard to see that

p=vi({p: [Pl —p: ol | 1)

where (p, k) € L, p @, p’ and E’ oL L), 1. By induction

E, (z@QL1,Lq)<li (zQLg,Lo)<il2 (zQLy, Ly )<lpn ’
. 1

whenever

®1§i§n((x@Li,Li) < ll) = (,I@L,L) <.

Also note that the probability p is only determined by the probability of k receiving

the message x, thus

[p]k | D(E)
{p:[P']k | DE), L —p: [plk | DE)}

(:B@Ll,]Ll)Qll (:B@LQ,]LQ)<1l2 (:B@Ln,]Ln)an

As a result,

E (z@QL1,Lq )<l (m@Lg,Lg)ng\ (zQLy, Ly )<lpn

which completes the proof. [
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3. CONTINUOUS MODEL

Let p o< C = {(u(F) : E x C)}, the following lemma shows that we can attach
any extra connectivity information to networks while preserving the weak bisimulation

relation.
Lemma 11. E || C ~ F || C for any C provided that E ~ F
Proof. 1t is enough to prove that

R—{(E||C.F| C)|E ~ F}

is a weak bisimulation. Let E' = F || C' and F’ = F || C. Assume that

zQL, L)<l
E' < Cgr pry R AN 1

for some Crr pr, then we need to prove that there exists

, (z@LL)<al
F X CE’,F’,l ::>C /’LQ

such that p) R ph. It is not hard to see that for each CEgr pr 1, there exists Cg p; and
C' such that
F' xCp iy =(ExCgpy) | C and
FlxCprpry=(F xCrry) | C.
It is trivial to show that
ExCgp =~ FxCgpy

since F ~ F. If
e L,Lyal
E CE’,F’,I ;) M/l,

then by (nLOS), (nCONN), and (nREC2) there exists

(> K, M)@l
ExCgpp ——— 11
, (zQK,N)<l ’ / , . o1s .
and ¢! ————— (" such that u; || C" = p} (p1 contains no unknown probability since

E « Cg,r; has enough connectivity information to resolve all the possible unknown
probability.), L = K \ Z(N), and L = (M UN) \ Z(N). Since
ExCgp ~ FxCgpy,

there exists
(x> K, M)Ql
F X CE,F,l T 1)

such that p1 = po, thus there exists
(z@L,L)<l
F CE’,F/,l _— ,UIQ = 1o H .

According to the definition of R, we have p}j R pb, this completes the proof. O
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3.4 Weak Bisimulations

The following theorem shows that the weak bisimulation is a congruence.
Theorem 13. ~ is a congruence.

Proof. Due to Lemma 11 it is enough to prove that
R=A{(wz(E| G),va(F [ G) | E ~ F}

is a weak bisimulation where G does not contain connectivity information i.e. D(G) = (.
Let
Ey=vz(F || G) and Fy = vZ(F || G),

we need to prove that for each k and Cgy g, if
A
EO X CE07F(),]C — Mo,
there exists
Ak
Fy < Chy py ke = 14

such that pg R py. Since G contains no connectivity information,
Ey < Cpy,rop = VE(E  Cpo po ) | G) = vE(((E o Cppp) | O) || G)
for some Cg pj, and C, similarly for F. We consider the following cases.

1. a = (x> L,L)Ql.
Suppose that

(x> K, K)@
s

! @) l
wand G —>($ K )<

(E X CE,F,k) H C G
such that L = K \ loc(G), L = K\ loc(G), and
o = it || (G o DL — 11))).

Since

(E XX CE,F,k) H C ~ (FO( CE,FJg) H C

by Lemma 11, there exists

(F XX CE,F,]C) H C w}c Ml

such that y =~ /. By Lemma 10 we know that one reception can be divided into
several receptions and vice versa as long as their accumulated results are same,

so there exists
Fo =5 ph = vi(y || (G o< DL — 1}))),

thus o R .
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3. CONTINUOUS MODEL

2. ap = (zQL,L) < k.
Suppose that

(E o Cppp) | € Z2EDH | and ¢ £220%, 6
such that
po = vi(p || (G o DHL — 1}))).
Since

(B o< Cprp) | C ~ (Fo<Cprp) |l C
by Lemma 11, there exists

(F XX CE,F,]C) H C MC ILL/

such that p ~ /. By (nREC2), there exists

2} (z>L,L)Qk

e g = v’ || (G oc DHL — 1}))),
thus po R pu.

3. The other cases are similar.

O

The definition of our bisimulation depends on a given SMF M, the more restricted
the M the more bisimilar networks we can obtain. For instance, if we consider the
extreme case where all the nodes are disconnected from each other all the time, that
is, they cannot influence each other’s behaviors, we then have |p|; ~ |q]; for any p,q.

3.4.2 Weak Bisimulation on Distributions

Even though the weak bisimulation defined in Definition 16 may be considered natural
and equate many networks that should obviously be considered similar, the bisimulation

may also be considered to be too strict as illustrated by the following example:

Example 31. Given a M such that k —— [ is either equal to 0.5 or 0.75 and k — m
is always equal to 0 for m # 1. Then intuitively

E=[{y>k) (>t | @) -p} | {05k} — 1},

F =y k)| L) pl}) I {{0.75,k)} — 1}
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3.4 Weak Bisimulations

are bisimilar, since in both E and F the message y can be received by p at location k
with probability 0.75 eventually, even though in E we need two broadcasts in order to

do so while in F only one broadcast is enough. But by Definition 16 E % F since

5: Ly Rl L@) -plf | H{05,k)} — 1} = By,

EL
05: [(y> k)i || Le{y/=3 " || {{(0.5,k)} — 1} = By

where Eq cannot be simulated by F or its derivatives. Essentially, Eq1 corresponds to a
distribution where x will be received or lost by the process at location k with probability
0.5.

In order to accommodate the problem illustrated by Example 31 and inspired by
(5) we define a bisimulation over distributions instead of over single networks.

Let u =y iff for each E; € Supp(p),

E; %y and g = > (E;) - pus.
Ei€Supp(u)-Ei > p;
The weak (combined) transitions of distributions can be defined similarly. Moreover,
define pp <, pi’ with p € (0, 1] iff there exists = i3 + p2 such that |u1| = p and either
a=r71and p = % - p1, or % cp1 = g, similarly g ==, ' iff there exists p = 1 + o
such that |p1| = p and % -1 == 1. Let 1 o C be a distribution such that

(n o O)(E) = p(E o C)

for each E € Supp(p). Below follows the definition of the weak bisimulation over

network distributions where Cy,, ,,, x ranges over €y (., )ui(u2)U{k})-

Definition 17 (Weak Bisimulation on Distributions). An equivalence relation R C
ND x ND is a weak bisimulation iff 1 R po implies that for each k and Cy, ik,

whenever
(11 o< Cpy o k) a—k>p 111,
there exists
(k2 o< Cuy o ) %p 1
such that py R .
Let py and po be weakly bisimilar, written as p1 =g po if there exists a weak

bisimulation R such that iy R po. Let B and F' be weakly bisimilar, written as B ~4 F,
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3. CONTINUOUS MODEL

Definition 17 can be seen as a conservative extension of Definition 16 dealing with
relations over distributions. The only difference is that we replace the normal transition
2k, with oé—k>p, since for a distribution we are only interested in the support which can
perform an «j at the same time. By using a—k>p we only require that a fragment of the
distribution is able to perform «j simultaneously. If u; can perform an action «j with
probability p, then ps must be able to perform a weak transition with the same label
and probability in order to simulate it, and their resulting distributions should still be
related.

The following lemma shows a similar result for ~,; as Lemma 11.
Lemma 12. p || ¢ =4 ' || 6¢ for any C provided that p =~4 1.

Proof. 1t is enough to prove that

R={(pl dc, 1 || 6c) | ~a p'}

is a weak bisimulation according to Definition 17. Let

po = p || 6c and pg = 4’ || éc,
and suppose that
«
1o < Crig ik = I

for some k and C we need to prove that there exists

MOvM({)?k’

/ 825 /
to X Cg it e ==p K1

such that 1 R ). It is not hard to see that there exists C’ and C), s ) such that

Ho X C;m,uf),k = (M X Cu,u’,k) H c'.
Obviously
(o< Crprk) =a (1 o< Cpyr )
since p ~y4 p'. If ap = (x> L,L)QI, then there exists

(x> K M)@l

QK N)<l
(o< Oy ) ———— p2 and C’ LORNL,

Cl
such that L = K\ Z(N), L= (MUN) \ Z(N), and p2 = 1 || d¢cv by (nSYN). Since

(o< Cppr k) ~ad (1 o Crup k)
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3.4 Weak Bisimulations

there exists

(x> K,M)@l
(:U'/ X C,u,,u/,k) p /1'/2
such that pa =4 b, so
823 —
M{) X C,uo,uf),k = :U'll = :U’/2 || dcr,

thus 11 R p). The other cases are similar. O

Let p — E be the distribution such that (1 — E)(E) =0, and (u — E)(F) = u(F)
with E # F. The following lemma shows that whenever ;1 =~y p/, there is a way to

split i/ such that each part corresponds to each support of x4 and vice versa.

Lemma 13. If u =~y ' where Supp(p) = {Eiti<i<n, then there exists y/ ==
> 1<i<n M; such that 0p, =4 (ﬁ - k) and vice versa.

Proof. We prove by induction on n i.e. the size of Supp(u). The case when n = 1 is
trivial. Suppose that n > 1, if u(E,) = p > 0, then p L>p 0g,. By Definition 17 there
exists /==, p} such that dp, ~4 p) ie. there exists g/ == p) + ph such that
|| = p. We need to prove that

ﬁ'(M_En) o 1_p-u’2-
By contradiction suppose that
1 /
ﬁ'(M_En) #a T b
then there must exist )

which cannot be simulated by 1Tlp - pihy, thus

/
T

p p
D) —— 65+ o,
’u (p+P) p+pl En p+pl El

which cannot be simulated by 4/, this contradicts with the assumption that pu ~g4 /,

therefore
1 ( B) ~ 1 ,
1 — P H n) ~d 1_ P Ha-
By induction there exists
1 / T /
1—p Hy == Z Hi
1<i<n—1
such that 0p, ~g4 p}, which completes the proof. [
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3. CONTINUOUS MODEL

As for ~ also ~4 turns out to be a congruence.
Theorem 14. ~; is a congruence.

Proof. 1t is enough to prove that

Ro={(p || 3, p || 13) | 1 ~a po}

is a weak bisimulation. Let p13 = pq || pg and pos = pa || ps. Suppose that

Qg /
H13 X Cﬂ137u23,k‘ 7p 13

for some k and C},,; 11,5k, We need to prove that there exists

ag /
1123 X Cliyg psg e = p Ha3

such that pfq R pfs. Since pg contains no connectivity information,

H13 X CM137M23J€ = (:ul (08 CM13,M23J€) H M3 = ((:ul X Cuhu%k) H C) H K3

for some C),, 1, 1 and C, similarly for pgs. First we assume that u; = dgie. [Supp(p)| =

1, and there are several cases.
1. ap = (x> L,L)Ql.
Suppose that

x> K,K)@Ql (zQK, D)<l ’

(
(1 o< Cpy o) || C ph and p3 ————,

such that L = K \ loc(us), L = K\ loc(us), and

iz = p || (5 o< DHL — 1})).
Since
(MQ X Cuh;m,k) H C =~y (MQ X CM17M2J€) H C
by Lemma 12, there exists

x> K, K)Ql

(
(:U'Q X C,ul,;u,k‘) H C S M/Q

such that pf =~ pb. By Lemma 10 we know that one reception can be divided

into several receptions and vice versa as long as their accumulated results are

same, so there exists

fiog =55, piys = i || (1 o< DL — 1})),

thus jihs R ps.

98
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2. a = (zQL,L) < k.
Suppose that

(1 x Cpy o) || C oLk, py and pg Mp 1y
such that
phz = py || (5 o< DHL — 1})).
Since

(,u1 X Cﬂh#s,k‘) H C =y (MQ X Cﬂhﬂ%k) H C
by Lemma 12, there exists

(z>L,L)Qk
(12 < Gy o ) || € ===

such that ) ~4 p). By (nRREC2), there exists

p /1'/2
(z>L,L)Qk
fio3 === o3 = || (u3 ox DHL = 1})),
thus p)5 R phs by induction.
3. The other cases are similar.

For now we have proved that if |Supp(u1)| =1, and py =4 g, then

pill s ~a pe || ps

for any ps. If |Supp(p1)| > 1, then by Lemma 13 whenever Supp(p1) = {E;i}ti<i<n,
there exists o SN Zlgign 1o; such that

1
5, i

2|

*H2i
for each 1 < i < n. As proved before

Om, || 3 ~a poi || ps

for each i, thus 13 ~g pos. [

Example 32. Considering E and F' in Example 31 where we showed E % F', according
to the new bisimulation over distributions we now can show that E =~g4 F. The behavior
of E and F are illustrated by Fig. 3.1 where E1 and Es are as in Example 31,

B =[0]; || [(2) - p)% 1| {{(0.5,k)} — 1},
By =0) || lp{y/=} i 1| {{(0.5,k)} — 1},
Fy =[0)y || L(x) - p)) || {{(0.75,K)} — 1},
Fy=[0), || Lp{y/=} " 1| {{(0.75, k)} — 1},
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3. CONTINUOUS MODEL

Figure 3.1: Illustration of weak bisimulation on distributions.

For instance it is not hard to see that
6p =1 p=1{0.5:F,0.5: By},
hence we show that
6p =1 ¢/ = {0.25: F3,0.75 : Fy}

such that p =~4 . By the definition of —,, p Dos dp,, we will show how u' can

simulate this transition. Since
p' ={0.25: F3,0.75 : Fy},

we can split 1’ into p and ply such that p' = p + ply where
wy = {0.25: F5,0.25 : Fy},

MIQ = {05 . F4},

therefore there exists |/ == 5 (55 - 1), and obviously

1
O, =4 (ﬁ - ).

Thus even though E1 cannot be simulated by any of F', F3, and Fy, it can be simulated
by the distribution (% - py) and vice versa. The other cases are similar, therefore we

can conclude that £ ~; F.
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3.5 Weak Simulations

Obviously =24 is strictly coarser than ~, thus we have the following theorem:
Theorem 15. ~ C ~,.

Proof. 1t is straightforward from Definition 16 and 17. O

3.5 Weak Simulations

3.5.1 Weak Simulation on States

We first introduce the weak simulation on networks which can be seen as an one direc-
tion weak bisimulation defined in Definition 16.

Below follows the definition of weak simulation.

Definition 18 (Weak Simulation). A relation R C N x N is a weak bisimulation iff
E R F implies that for each k and Cg ., whenever

ay
Ex Cgrr— 1,

there exists

873 /
FoxCgprr=cp

such that p Cg 1.
Let E and F be weakly bisimilar, written as E QM F, if there exists a weak
simulation R such that E R F.

Lemma 14. E | C 3™ F || C for any C provided that E 3™ F.
Proof. Similar with the proof of Lemma 11 and is omitted here. O
Theorem 16. gM 18 a congruence and preorder.

Proof. We first prove that QM is a preorder. The reflexivity is trivial, we only prove
the transitivity here ie. £ M Fand F 3™ G implies that £ ZM G. In order
to do so, we need another definition of weak simulation, called 3. The definition of
éjlw is almost the same as QM except that £ o< Cg gy 2k, u is replaced by the weak
transition &' o< Cg px %C Lb

It can be proved that IM = 3. Tt is easy to see that £ Z)' F implies that
E QM F since E o< Cg L i is a special case of E o< Cg = 1. We prove
that £ 3™ F implies £ 3} F, it is enough to show that

~1

R={(E,F)e ¥ xN|E I" F}
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3. CONTINUOUS MODEL

is a weak simulation under the new definition. For simplicity we will omit the parameter
CE,F in the sequel. Suppose that £ R F' and E =N p. If o = (z,L) <k, we need
to prove that there exists F == i/ such that p Cg p/. We are going to prove by

induction on E =% 1. First assume that £ == 1, there are two cases to be considered:

1.ED =% pu. Since ER Fie. E ZM F, there exists F ==, p} such that
p1 Cg ). By induction there exists

F 5 =2 w
such that p Cg p'.

2. B 2 p1 = p. Since E QM F, there exists F == p} such that py Cg pf.

The following proof is similar with Clause 1, and is omitted here.
If o = va({x,L)QI, there are also two cases:

1. ES py =5 4. This case is similar with the first clause when oy, = (z,1L) < k.

Z(x,L1)Ql Z(x,Lo)Ql
2. E%,m%,usuch that

(vi{x,L1)Ql) ®@ (vi{x,Le)Qly) = .

Since E M F, there exists

vi(z,L1)Ql
F :>C Mll

such that 3 Cg ). As a result there exists

vi(z,L1)Ql vi(z,La)Qly /
F c c

such that p Cq .

When E =2, 11, we know there exists {E =N i t1<i<n and {w;}1<i<, such that
219'91 w; =1 and 219'91 w; - p; = p1. Since we have proved that for each E =2 1,
there exists F' ==, 1} such that yu; Cg g/, thus there exists F =%, y/ such that
o Cxopl

Since we have proved that 3™ = ZM in order to show that ZM is a preorder, it is
equivalent to prove that )% is a preorder. Suppose that £ 31 F and F 3 G, we
prove that £ 33 G. According to the definition of 3}, there exists weak simulations

R1 and Ry such that £ Ry F and F' Ry GG. Therefore whenever E Mn (1, there
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3.5 Weak Simulations

L)<k L)<k
exists F %c e and G %c p3 such that g1 Cg, po and ps Cg, p3. In

other words, there exists A; and As satisfying the conditions in Definition 7. Let
R=RioRy = {(EI,G/) | HF/(E/ R1 F'ANF Ro G/)},

then we need to find a A between uy and ug over R. Let

Ay (Fa G)
A(EaG): AI(E?F)'i,
F;V p2(F)
we show that A defined in this way does satisfy the conditions in Definition 7. Condition
one is easy since A(E,G) > 0 implies that there exists F' such that A;(E, F) > 0 and

Ay(F,G) > 0, that is, E Ry F and F Ry G, thus E R G, and vice versa. Also

S AEG=Y Y aEF) 2280

GeN GeN FenN H2(F)
1
:F;VAl(E,F) o -(G;VAQ(RG))
— Z A(E,F)
Fewv
=1 (E)

we prove that the second condition is satisfied too. The third condition is similar as
the second one, and is omitted here. Therefore 1 T pus, this completes the proof.

Finally we prove that QM is a congruence, it is enough to show that
R={(i(E || G),vi(F| Q)| E 3" F}

is a weak simulation. The following proof is similar with Theorem 13, and is omitted
here. O

Since weak simulation is one direction weak bisimulation, and is strictly coarser than
weak bisimulation, therefore there exists networks which are not weakly bisimilar with
each other, but one network is able to simulation the other one, refer to the following

example.

Example 33. Consider the networks E and F in Example 31 where we have shown
that E % F, but it holds that F QM E. The only non-trivial case is when

or, JO75 00 I pw/e} i 1 {0075, K)o 1,

0.25 - (0)1 | L) - p2 | {{(0.75,K)} — 1} -
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3. CONTINUOUS MODEL

this can be stmulated by the following weak transition of E:

N R IR LN ey N
{y}
05: [y k)i | [ply/zH P | {05, k)} — 1)
where
,_ Jors (0] | pfy/a 0.5, k) — 1)
0.25: [0 || (@) - pJY || {05, 1)} — 1}

it is easy to see that u Tg p', therefore F QM E. Note that this result still holds even
that the node at k can receive messages from other locations with positive probability

i.e. k+—— m is not always equal to 0 for m # L.

3.5.2 Weak Simulation on Distributions

In this section we give the definition of weak simulation on distributions. Based on

Definition 17, the weak simulation can be given in a straightforward way as follows:

Definition 19 (Weak Simulation on Distributions). A relation R C ND x ND is a

weak simulation iff p1 R po implies that for each k and C,, ,, 1, whenever

(7
(1 o< Cm,uz,k) —k>p ,U/b

there exists
(12 o< Cuy o k) =25 1
such that py R .
Let py be weakly simulated by pg, written as p1 Ja  pe, if there exists a weak

simulation R such that py R po. Let E be weakly simulated by F, written as E 4 F,
iff g Za OF.

Lemma 15. u || 6c =g i || d¢ for any C provided that p =~4 u'.

Proof. Similar to the proof of Lemma 12, and is omitted here. O

Lemma 16. If p 34 1 where Supp(p) = {E;}1<i<n, then there exists

n = g
1<i<n
such that .
0, S (5 - 15)
DA 7

and vice versa.
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3.5 Weak Simulations

Proof. Similar to the proof of Lemma 13, and is omitted here. O

Similar with NM we can also show that T4 is a congruent preorder.
~ ~d g %
Theorem 17. T4 is a congruence and preorder.
7. =d g p

Proof. We first prove that 34 is a preorder. The reflexivity is trivial, and we only prove
the transitivity here ie. E Z4 F and F 34 G implies that E Z; G. Similar as
Theorem 16, we define another weak simulation, denoted as </, which is almost the
same as Jq except that (1 oc Oy k) —, 1y is replaced by (11 o< Clyy p k) =2, 1
in Definition 19.

It can be proved that J4 = /. The proof of T/, C Zq is easy since (u1 o
Cov k) —%5, 1h is a special case of (g &< Cpy o k) ==, 4. In order to prove that
<4 € <), it is enough to show that

~d’

R={(p,12) END xND | 1 Za po}

~
~

is a weak simulation under the new definition. Again we will omit the parameter

C

1,02,
exists po ajkp wh such that gy Cg ph. The proof is by induction on pq ajkp .

& for simplicity. Suppose that g1 R pe and gy %p w1}, we need prove that there

1. ap = (#,L) < k. Then py ==, 1} iff there exists

T (673 !
M1 —2py P11 ==1 M1

and

Qg T /
H1 —py H12 =1 M2

where p; + p2 = p and

P2

pho=(—-phy + P o).

Since u1 <4 py, by Lemma 16 there exists po :T>p1 o1 and fio %pg 199 such

~
~

that pi1 Ja per and g2 Ja poee. The following proof is straightforward by

~
~

induction.

2. ap = vi(r,L)Ql. Then p; =%, 1/} iff there exists

v (z,M;)Ql vE(z,N;)Ql ’
{1 —p; Mg ———————1 M1 H<i<n

and

T (652 /
U1 —2p, Hln =1 M1y
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3. CONTINUOUS MODEL

such that
(va(z,M;)Ql) ® (v ({x,N;)Ql) = ay,

for each 1 <1i < n,
o Pi 1N
Z pi = p and Z(—'Mli)—ﬂl-
1<i<n 1<i<n P

The following proof is similar with Clause 1,and is omitted here.
3. «y = 7. This case is similar with Clause 1, and is omitted here.

Since we have proved that Jq = </, it is enough to show that T/, is a preorder.
The proof is similar with Theorem 16. The congruence of Z4 can also be proved in
a similar way as Theorem 14 based on Lemma 15 and 16. These proofs are omitted
here. U

We give an example of weak simulation over distributions as follows:

Example 34. Suppose that we have two networks:
E=[2-p+2-(x)-q+3-qly/z}]i || [0,

F=12-p+5-(z)-qli | {y> D]

Assume that in the given SMF M, the node at | can receive messages from k with
probability 0.6. Let C = {{(0.6,k)} — [}, then we have

EllC 24 FlC.

Intuitively, in E the node at k has received the message y, while in F' the message y

has not been received by . Since (F || C)(k,1) = 0.6, the node at k can also receive

3

y and evolve into |q{y/x}]|r with probability % 0.6 = 3, which is the same as in E,

similarly for other cases.

As in the bisimulation setting, 34 is strictly coarser than ZM.
Theorem 18. 3™ C 3.

Proof. Tt is easy to see that £ ZM [ implies £ 3J4 F given Definition 18 and
19. To show that E Z4 F does not always imply E QM F, it is enough to give a

counterexample. Note that Example 31 also works here, for the same reason £ zM F,
but we can show E 3, F. O
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3.6 Removal of Memory

3.6 Removal of Memory

As we said in Section 3.1 even though we require that each message can only be received
by each node for at most once in our semantics, this can be removed easily by omitting
the parameter M associated with each node, and changing the semantics accordingly.
As a result we also need to modify the definition of weak bisimulation. In this section
we will show how to do so.

In order to remove the restriction, the only thing we need to do on the syntax level
is to remove the parameter M, and leave others unchanged. On the semantics level we
need to change several rules in Table 3.2 and 3.3. Most of the rules in Table 3.2 have
nothing to do with the memory, thus can be kept without any change except (gIGN)
and (gBRD) where we need to check if the coming message should be ignored or not.
Ifl ¢ LVye M ie. the broadcasted message is not intend to be received by the node
at location [ or the node at location [ has received the same message before, so in both
case the broadcasted message should be ignored, similarly for Rule (gBRD). Since we
do not have memory M, we can simply remove the condition y € M in (gIGN) and

y ¢ M in (gBRD), that is, the new rules will be as follows:

p vy(y>L) p/ l¢ L

- (gIGN)
1% L
plla 220, g

D,y g Wy gnfulg) =0 1L

3y>L)
g == | ¢

(sBRD)

Four rules in Table 3.3 depend on the parameter M i.e. (nBRD1), (nBRD2),
(nREC1), and (nIGN), thus they should be changed correspondingly. For (nREC1) and
(nIGN) we can simply remove the conditions related to M in their premises as we did
for (gBRD) and (gIGN). We should be more careful when dealing with rules (nBRD1)
and (nBRD2). For sure we do not need to consider the update of the parameter M,
and in addition the premises [ € L* in (nBRD1) and [ ¢ L* in (nBRD2) are needed in
order to determine whether the broadcasted message have been received or not, thus
we can update the parameter M correctly. But since we do not need to update M
anymore, therefore the premises | € L* and [ ¢ L* are also redundant now, so they can

be removed. After doing this (nBRD1) and (nBRD2) will be identical.
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3. CONTINUOUS MODEL

Ty
(z@QL,0)<k
/7,

(nIGN)

lpli Fay

vZ(z>L*)
7 (x> L* (/)>@lp (nBRD)
[p)i : 1P’ |y
P ﬂ p lel*
lp)i {0 —r: P ]1), (1 ——p = [p1)}

In Definition 16 we allow that a single broadcast can be simulated by a series of

(@QL* D)<k (nREC1)

broadcasts which can be combined together by operator ®. The definition of ® depends
on the assumption that each message can only be received by each node for at most
once. Without this assumption we cannot define ® as before, refer to the following

example.

Example 35. Given a network

E=|(z) (y)-pllC

Suppose that E(l, k) = %, then if there is a message z broadcasted from the node at
location k, E can receive z and evolve into |(y) - p{z/x}]; || C with probability 3. With
the assumption “reception for at most once”, this broadcast can be simulated by several
broadcasts. For instance two broadcasts of z in a row from the node at location m can
deliver z to E with probability % if E(Lk) = % But without this assumption we cannot
do so, since |(y) - p{z/x}]; | C will not ignore the coming z as before, but will receive
it and evolve into |p{z/x}{z/y}]i || C with positive possibility, this cannot happen if z

18 only be broadcasted once.

Based on these observation we should also change our definition of weak bisimula-
tion. We first define a new operator & which plays a similar role as ® in Definition 16
such that

vi{x > Ly,1L1)Ql; @ vi{x > Lo, L9)Qly = vz > L,L)Q]

where L1 N Ly = (), L = L1 U Ly, and . = IL; U Ly, again [ is not important and can
be any location name. In order to apply @, L1 and Lo should not contain common
elements, the intuition to do so is clear from Example 35. Accordingly, we should
extend the broadcast transitions in the following way:

(z>L*, L)@l
_>

E piff B =522 =5y
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3.7 A Leader Election Protocol

where

> L, L)al = ).
(x> L*,L) (159904)

The definition of weak bisimulation under the new framework , called ~\ ,;, is the

same as Definition 16, we repeat it for completeness as follows:

Definition 20 (Weak Bisimulation). An equivalence relation R C N x N is a weak
bisimulation without M iff E R F' implies that for each k and Cg rj, whenever

Qg
E « CE7F,]€ — U,

there exists

Qg
F CE,F,k ¢ ,u/

such that pu R .
Let E and F' be weakly bisimilar without M, written as E =~y F, if there exists
a weak bisimulation R such that E R F.

In the same way we can also define weak bisimulation on distributions as well as

the weak simulations. We omit the details here.

3.7 A Leader Election Protocol

We illustrate the application of our calculus by modeling an adaption of the leader elec-
tion protocol in (76). Before giving the model we first explain how this protocol works.
It is assumed that each node has a unique ID i. A node may regularly initiate an elec-
tion of a new leader; it will start the process of building a spanning tree by broadcasting
a message Flection to its neighbors and then wait for acknowledgement messages, Ack,
from its children in the tree. An Ack message will contain the information about the
node with the highest ID the child has found. When a node j receives an Election from
another node ¢, it will set 7 as its parent and then propagate Election to its neighbors
and then wait for the acknowledgements Ack from its children. In a state waiting for
Ack messages a node keeps track of the highest ID received before it times out after a
certain time limit. When timing out a node (not being the root of the spanning tree)
reports the highest ID found to its parent via an Ack message and enters a state where
it waits to be informed about the new leader found. When the initiator of the run

of the protocol times out waiting for Ack messages it broadcasts the new leader, i.e.
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3. CONTINUOUS MODEL

Process 1 The model of the leader election protocol
Node(i,1,m,p) Ninit - (B> I) - Init(i, 1, m,p)

+  Yppi(B-r) (Bl ) - waitAck(i,l,m, x)
Init(i,l,m,p) = Zx#(A—ﬂU) ([x > m]Init(i, 1, z,p), Init(i,l,m,p))
+  Aewp - (L-m > I) - Node(i, m, m,p)
waitAck (i, 1, m,p) = Y ezi(Ax) ([x > mlwaitAck(i, 1, z, p), waitAck(i, I, m,p))
+  Aewp - (A-m > p) - waitLeader (i, 1, m, p)
waitLeader(i,l,m,p) = Zx#(L_x) - Node(i,x,m,p)
+  Apar - (L-m > I) - Node(i, m, m,p)

the node with the highest ID found, to its neighbors via the message Leader. Notice
that due to node mobility a child may disconnect from its parent before it sends the
acknowledgement, the time out in this case prevents the parent getting stuck waiting
for the acknowledgement forever. Similarly for a node waiting for announcements of
a new leader, it will either receive the announcement in time, or it will time out and
announce the node with highest ID it has found so far as the new leader.

The state of a node is represented by Node(i,l,m,p) where ¢ is the ID, [ is the ID
of its leader, m is the maximum ID known in a protocol run, and p is the ID of its
parent. To model this protocol we define three types of messages (names) where I is a
finite set of all the possible ID numbers: {E_i | i € I} is the set of Election messages,
{A-m | m € I} is the set of Ack messages, and {L_l | | € I} is the set of Leader
messages which announces the elected leader. In (76) the messages in a given election
are all assigned a unique index used to distinguish the protocol run from other runs.
For simplicity we omit these details in the model of the protocol in this thesis.

To make the model more compact we extend the match operator in the following
way: [r > mlp,q denotes that the process will evolve into p if z > m, otherwise
it will evolve into ¢, this operator can be defined using the standard operators in
a straightforward way. The operator ) 7éi(E_az) means that the input only accepts
Election messages not from ¢, and ignores all the other messages, the operator can
easily be encoded by a sequence of conditional operators prefixed by (x). We introduce
similar operators for accepting just one type of protocol messages. The model of the
protocol is given in Model 1 where \;;; and A¢y, denote the rate of initializing a new

run of the protocol and the rate of timeout from waiting for the acknowledgements from
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3.7 A Leader Election Protocol

children respectively. If a node is not involved in any election, it will be at state Node.
The node with ID ¢ can initialize an election by broadcasting the message E_i to its
neighbors, and evolve into Init. When the neighbor nodes receive the message E_i, they
will join the election and evolve into waitAck after forwarding the FElection message to
their neighbors. While at Init or waitAck, a node will wait for the acknowledgements
from its neighbors. In order not to get stuck and wait for the acknowledgements forever,
we let each node stop waiting with rate A.y,. When the node at Init stops waiting for
the acknowledgements, it will announce m, the maximal ID found so far, as the new
leader. Differently, when timing out nodes at waitAck will send an acknowledgement
together with the parameter m to their parents, and then evolve into waitLeader waiting
for the announcement of the new leader. It may happen that a node will timeout when
waiting for the announcement from its parent while at waitLeader, in this case it will
simply announce m as its leader and terminate the election. Each node at waitLeader
will timeout with a certain delay by rate A,q;-.

Next we will show how to define mobility rules for our example. For simplicity we
assume that there are four locations in the network: [, k, m, and n where all the nodes
are stationary except the node at [. Suppose that nodes at location k and [ are always
disconnected, thus the move of node at [ will not affect the value of pp_,; and p;%.
There are two possible positions Posi and Poss for the node at location [ such that when
in Pos; it will be closer to the node at location m i.e. p,,; > pp—; while in Posy we
have pp,1 < pn—i;- When the node at location [ is at Pos1, it will move to Posy with
rate 2, while in Poss it will move to Pos; with rate 5. Moveover no matter how the node
at location [ moves, we can guarantee that p,, ; + pn—s; = 1 as long as pp—p = 1
and ppym = 1. Since p,y; and pp,; are dependent, their mobility rules should be
defined together in our SMF. Suppose that p,,,; = 0.8 and p,,; = 0.2 when the
node at location [ moves to Posy, and py,; = 0.3 and p,,; = 0.7 when it is at Poss.
By letting M(Cy,Co,¢) = 2 and M(Cq,C1,¢) = 5 we complete the definition of the
mobility rules with C = {{(0.8,m),(0.2,n)} — I}, Cy = {{(0.3,m),(0.7,n)} — I},
and ¢ = (pp—sn = 1L A pp—sm = 1). Note that more complicated rules can be defined,
for instance when the condition ¢ does not hold i.e. m and n are not close enough, we
can let the p,,; and p,__; evolve into other values such that p,, ;4 pn—; # 1. For

simplicity we will omit the details.
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Process 2 An simplified model of the leader election protocol

Node' (i) = Ninit - (B> 1T) - Init' (i) + (E_z) - (B4 > 1) - waitAck’ (i)
Init’ (i) = Aegp - (Li>I) - Node' (i)
waitAck’ (i) = Aegp - waitLeader’ (i)

waitLeader’ (i) = (L-x)- Node'(i) + Npar - (L > I) - Node' (i)

It is not hard to see that in this example we use group broadcast often between
nodes internally in the network, as a result we can abstract from the concrete execution
of the model. Suppose we only care whether each node in a network has a leader or
not, then the model can be simplified as Model 2 where the node which initializes the
election always chooses itself as the new leader.

In Model 2, the acknowledgement messages (A_i > I) can be abstracted totally, and

we can establish that:

| |Node'(i)|; ~ || |Node(i,l,m,p)|; (%)
1<6<T 1<i<I

Intuitively, (*) holds because all the group broadcasts will become internal and those
group broadcasts dealing with acknowledgements used to find the node with the high-
est ID will be abstracted. Since we do not care about the specific ID of the leader,
the broadcast actions (A-m > p) can be seen as internal. Essentially the node which
initializes the election simply commutes between two states depending on whether it
has a valid leader or not, while the nodes participating in an election simply commutes
between three states depending on whether they have a valid leader, are part of an
election waiting for acknowledgements from children, or are part of an election waiting
for the announcement of the leader.

Since =24 is strictly coarser than =~ by Theorem 15, therefore by applying ~; we

expect to equate even more networks. Refer to the following example.

Example 36. Let us consider a simple case where l is only connected to m,n such that
M(Cy, Cy, true) = 0 and M(Cy, Cy, true) = 0 where

Cr = {130} — m} | {50} — ),

Co = {{(%,l)} — m} || {{(0,)} — n}.
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Assume that the processes at location m and n have received the new leader and are
about to announce it to the neighbors, while the process at location [ is waiting for the

announcement of the new leader, then we can show that B ~4 F but E % F where

E = |(LA>1)- Node(m)|m || |(L-l>1)- Node(n)|, || | Node(l)]; || Cy,
F=[(Li>1)- Node(m)|m || |(LA>1I)- Node(n)|, || | Node(l)]; || Coa.

and for simplicity we omit the parameters of each node except the ID.

3.8 Related Work

The most relevant work is the stochastic version of RBPT in (77) by Ghassemi et al.,
where the semantics deals with the stochastic behavior arising from data-line layer,

physical layer, and mobility. We list its differences from our work as follows:

1. The mobility model of (77) is global and determined by three parameters: Thsac, Prey,
and Pyp, where Thy,. is the response time of MAC (Multi Access Control) proto-
col, P, is the probability of a node receiving the messages successfully, and Pyp
is the probability of one node being connected to another. These parameters are
global i.e. they describe the mobility of every node. While in our work we can

define mobility for arbitrary connections.

2. In (77), each action is associated with a rate which denotes the duration of the
action. This approach can also be found in (29). But in our calculus the rate is
not paired with actions, therefore the rate is used to denote the delay rather than

duration of the actions. In other words, we follow the approach adopted in (32).

3. Each model in (66) gives rise to a Continuous Time Markov Chain (CTMC) by
using Markovian network bisimilarity to collapse equivalent states, while this is
not the case in our setting. Specially, each model in our calculus corresponds to

a MA instead of CTMC.

Merro and Sibilio proposed a timed process calculus (TCWS) for wireless networks
which may suffer from the problem of communication collisions. Differently, in TCWS
the time is discrete instead of continuous, and moreover it is assumed that the net-
work topology is static without considering mobility, thus TCWS is mainly applied to

stationary networks.
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Chapter 4

Probabilistic Automata

In this chapter we will discuss the characterizations of bisimulations and simulations
w.r.t. PCTL" and its sublogics on probabilistic automata. Since PCTL* is a state-
labeled logic i.e. it only refers to the labels of states not the labels of transitions, thus
in this chapter and Chapter 5, we will consider state-labeled systems. As indicated in
(4), the theories in Chapter 4 and 5 can be easily transformed to the action-labeled
systems.

In Section 4.2 we first introduce some notations, and then we recall the definition
of probabilistic automata and bisimulation relations by Segala (78). We also recall
the logic PCTL* and its sublogics. Section 4.3 introduces the novel strong and strong
branching bisimulations, and proves that they agree with PCTL* and PCTL equiva-
lences, respectively. Section 4.4 extends them to weak (branching) bisimulations, and
Section 4.5 extends the framework to simulations. We discuss the coarsest congruent
bisimulations and simulations in Section 4.7, and the extension to countable states in

Section 4.6. We conclude this chapter in Section 4.8 by discussing some related work.

4.1 Motivation

Probabilistic automata (PA) (1) have been successfully applied in formal verification
of concurrent and stochastic systems. Efficient model checking algorithms have been
studied, where properties are mostly expressed in the logic PCTL, introduced in (2) for
Markov chains, and later extended in (3) for Markov decision processes, where PCTL

is also extended to PCTL*.
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4. PROBABILISTIC AUTOMATA

To combat the infamous state space problem in model checking, various behavioral
equivalences, including strong and weak bisimulations, are proposed for PAs. Indeed,
they turn out to be a powerful tool for abstraction for PAs, since bisimilar states im-
plies that they satisfy exactly the same PCTL formulae. Thus, bisimilar states can
be grouped together, allowing one to construct smaller quotient automata before an-
alyzing the model. Moreover, the nice compositional theory for PAs is exploited for
compositional minimization (79), namely minimizing the automata before composing
the components together.

For Markov chains, i.e., PAs without nondeterministic choices, the logical equiv-
alence implies also bisimilarity, as shown in (54). Unfortunately, it does not hold in
general, namely PCTL equivalence is strictly coarser than bisimulation — and their ex-
tension probabilistic bisimulation — for PAs. Even there is such a gap between behavior
and logical equivalences, bisimulation based minimization is extensively studied in the
literatures to leverage the state space explosion, for instance see (80, 81, 82).

The main reason for the gap can be illustrated by the following example. Consider
the PAs in Fig. 4.1 assuming that si, s, s3 are three absorbing states with different
state properties. It is easy to see that s and r are PCTL equivalent: the additional
middle transition out of r does not change the extreme probabilities, the interval of
probabilities in which the three observing states can be reached is not changed. Existing
bisimulations differentiate s and r, mainly because the middle transition out of r cannot
be matched by any transition (or combined transition) of s. Bisimulation requires that
the complete distribution of a transition must be matched, which is in this case too
strong, as it differentiates states satisfying the same PCTL formulae.

In this chapter we will bridge this gap. We introduce novel notions of behavioral
equivalences which characterize (both soundly and completely) PCTL, PCTL* and their

sublogics. Summarizing, our contributions in this chapter are:

e A new bisimulation characterizing PCTL* soundly and completely. The bisimu-
lation arises from a converging sequence of equivalence relations, each of which

characterizes bounded PCTL*.

e Branching bisimulations which correspond to PCTL and bounded PCTL equiva-

lences.
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@éé@@

Figure 4.1: Counterexample of strong probabilistic bisimulation.

e We then extend our definitions to weak bisimulations, which characterize sublogics

of PCTL and PCTL* with only unbounded path formulae.

e Further, we extend the framework to simulations as well as their characterizations.

4.2 Preliminaries

For a finite set S, a distribution is a function x : S — [0,1] satisfying |u| :=
Y sesi(s) < 1. We denote by Dist(S) the set of distributions over S. We shall
use s,7,t,... and p,v... to range over S and Dist(S), respectively. The support of p
is defined by Supp(p) = {s € S | u(s) > 0}. For an equivalence relation R over S, we
write p R v if it holds that p(C) = v(C) for all equivalence classes C' € S/R. A distri-
bution p is called Dirac if |Supp(p) = 1, and we let §; denote the Dirac distribution

117



4. PROBABILISTIC AUTOMATA

with d5(s) = 1. Given two distributions p; and po such that |p1| + |p2| < 1, then
w1 + pe is a distribution such that (1 + pe)(s) = pi(s) + ua(s) for each s € S. Let
i — C be a distribution such that (1 —C)(s) = pu(s) if s ¢ C, otherwise (u—C)(s) =0,
where C' C S, we also write u — {s} directly as p — s. Moreover a - p with a - |u| <1
is a distribution such that (a - p)(s) = a - u(s) for each s € S.

Let R be a relation over S, define RT(C) = {r | s R r As € O} and R+(C) =
{r|rRsAsecC} Wesay Cis R upward closed iff C = RT(C), and similarly C
is R downward closed iff C' = R+(C). We use R¥(s) as the shorthand of R+({s}), and
RY = {RHC) | C C S} denotes the set of all R downward closed sets.

4.2.1 Probabilistic Automaton

We recall the notion of a probabilistic automaton introduced by Segala (78). We omit
the set of actions, since they do not appear in the logic PCTL we shall consider later.
Note that the bisimulation we shall introduce later can be extended to PA with actions

directly.

Definition 21 (Probabilistic Automata). A probabilistic automaton is a tuple P =
(S,—,IS, AP, L) where

e S is a finite set of states;
o — C S x Dist(S) is a transition relation;

o [S C S is a set of initial states;

AP is a set of atomic propositions;
o L:S — 247 is q labeling function.

As usual we only consider image-finite PAs, i.e. {u | (s,u) €—} is finite for each
s € S. A transition (s, ) €— is denoted by s — p. Moreover, we write p — p/ iff for

each s € supp(u) there exists s — g such that
Py =Y pls) - ps(r).
sesupp (i)

A path is a finite or infinite sequence w = sps1s2 ... of states. For each i > 0 there
exists a distribution p such that s; — p and p(s;+1) > 0. We use Istate(w) and l(w) to
denote the last state of w and the length of w respectively if w is finite. The sets Paths
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is the set of all paths, and Paths(sg) are those starting from sg. Similarly, Paths® is
the set of finite paths, and Paths*(sg) are those starting from sg. Also we use wli] to
denote the (i + 1)-th state for i > 0, w|’ to denote the fragment of w ending at wli],
and wl; to denote the fragment of w starting from w(i].

When nondeterministic choices are involved, there does not exist a unique measure
for the paths. As in (1, 83, 84) we introduce the definition of a scheduler to resolve
nondeterminism. Intuitively, a scheduler decides how to choose the next transition
based on the history execution of a PA by associating a distribution over all the available

transitions at each step. Formally, a scheduler is a function
7 : Paths™ — Dist(—)

such that 7w(w)(s,p) > 0 implies s = Istate(w). A scheduler 7 is deterministic if it
returns only Dirac distributions, that is, the next step is chosen deterministically. We

Paths(sg,m) = {w € Paths(so) | Vi > 0.3p.m(w|")(wli], 1) > 0 A p(wli +1]) > 0}

to denote the set of paths starting from sg respecting 7. Similarly, Paths®(sg, ) only
contains finite paths.

The cone of a finite path w, denoted by C,, is the set of paths having w as their
prefix, i.e.,

C,={v|w<uw'}

where W' < w iff W is a prefix of w. Fixing a starting state sy and a scheduler 7, the
measure Prob s, of a cone C,, where w = sgsj ... s, is defined inductively as follows:

Proby s,(C,,) equals 1 if k = 0, and for k > 0,

Proby s,(Co,) = Proba s (Cyjr-1) - > mw@lF ) sk ) - 4 (sn)
(Sk—1,1')E—
Let B be the smallest algebra that contains all the cones and is closed under com-
plement and countable unions ', then Proby s, can be extended to a unique measure

on B.

!By standard measure theory this algebra is a m-algebra and all its elements are the measurable

sets of paths.
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Given a preorder R over S, (R*)" is the set of R downward closed paths of length i
composed of R downward closed sets, and is equal to the Cartesian product of R* with

itself 7 times. Let

(RY)* = U (R

i>1

be the set of R downward closed paths of arbitrary length. Define [(Q2) = n for Q2 €
(RH)™. Let

Q=CoCy...Cp e (R

be the R downward closed cone Cgq is defined as Cq = {C,, | w € Q}, where w € Q iff
wli] € C; for 0 <i <n.

For distributions pq and o, we define 1 X o by

(11 % p2)((s1, 82)) = pa(s1) x pa(s2)-
Following (4) we also define the interleaving of PAs:

Definition 22 (Parallel Composition). Let P; = (S;, —, IS;, AP;, L;) be two PAs with
i =1,2. The parallel composition Py || Py is defined by:

fPl H fPQ = (Sl X SQ,-),ISl X ISQ,APl X APQ,L)

where

L((s1,52)) = L1(s1) X La(s2)
and (s1,s82) — p iff either
® 51—y and = 11 X gy, OT
® So — o and (= 0s, X 2.
The following example illustrates the application of the operator ||.
Example 37. Suppose there are two states sy and tog as depicted in Fig. 4.2 (a) and

(b) respectively, and their composition sq || to is given in Fig. 4.2 (c) where either sg

or to will perform first.
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1
3

5

(a) (b)

4o
ap

bed b ol b

Figure 4.2: Parallel composition of sy and tg.

4.2.2 PCTL" and its Sublogics

We introduce the syntax of PCTL (2) and PCTL* (3) which are probabilistic extensions
of CTL and CTL" respectively. PCTL* over the set AP of atomic propositions are

formed according to the following grammar:

pu=a|pr A2 | | Pug(t)

V=@ | Y1 Ao | 2 [ Xep | 1 Uy

where a € AP, 1 € {<,>,<,>}, ¢ € [0,1]. We refer to ¢ and ¢ as (PCTL") state and

path formulae, respectively.
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The satisfaction relation s |= ¢ for state formulae is defined as follows:

skEa iff a € L(s)

s b= o1 Ao i s b= o1 As o

s = iff s =

5 | Pocg () iff Vr. Proby s({w € Paths(s) | w = ¥}) =g

The satisfaction relation w |= v for path formulae is defined exactly the same as for

LTL formulae i.e.

vk it 0] = ¢
w =1 Ao iff wkE=r Aw =1

w = ) iff w = o

w = X iff i E Y

w = 1 Uy iff 35 > 0.(w|; F Y2 AV0 <k < j.(wlk 1))

Sublogics. The depth of path formula i of PCTL* free of U operator, denoted by
Depth (1)), is defined by the maximum number of embedded X operators appearing in
1, that is,

e Depth(p) = 0,

o Depth(1 A1b2) = max{Depth(i1), Depth (i)},
o Depth(—) = Depth(1) and

o Depth(X1)) =1+ Depth(1)).

Then, we let PCTL*™ be the sublogic of PCTL* without the until (¢; Uty) operator.
Moreover, PCTL;™ is a sublogic of PCTL*™ where for each 1) we have Depth (1)) < i.
The sublogic PCTL is obtained by restricting the path formulae to:

P =X | o1 Ups | 1 US" 0o

Note the bounded until formula does not appear in PCTL* as it can be encoded by
nested next operator. PCTL™ is defined in a similar way as for PCTL*~. Moreover
we let PCTL; be the sublogic of PCTL™ where only bounded until operator ¢; U7 o
with 7 <1 is allowed.
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Logical equivalence. For a logic £, we say that s and r are L-equivalent, denoted

by s ~¢ r, if they satisfy the same set of formulae of £, that is

sEeiffriEoe

for all formulae ¢ in £. The logic £ can be PCTL" or one of its sublogics.

4.2.3 Strong Probabilistic Bisimulation

In this section we introduce the definition of strong probabilistic bisimulation (1). Let
{s — witier be a collection of transitions of P, and let {p;}icr be a collection of
probabilities with >, ;p; = 1. Then (s,>,.; pipi) is called a combined transition and
is denoted by 2p p where p = > icr Dilti-

Definition 23 (Strong Probabilistic Bisimulation). An equivalence relation R C S x S
is a strong probabilistic bisimulation iff s R r implies that L(s) = L(r) and for each
s — p, there exists a combined transition —p i’ such that p R p'.

We write s ~p 1 whenever there is a strong probabilistic bisimulation R such that

sRr.
It was shown in (1) that ~p is preserved by ||, that is,
s ~p rimplies s ||t ~p 7|t

for any t. Also strong probabilistic bisimulation is sound for PCTL which means that
if s ~p r then for any state formula ¢ of PCTL, s = ¢ iff = ¢. But the other way
around is not true, i.e. strong probabilistic bisimulation is not complete for PCTL, as

illustrated by the following example.

Example 38. Consider again the two PAs in Fig. 4.1 and assume that L(s) = L(r)
and L(s1) # L(s2) # L(s3). In addition, s1, sa, and s3 only have one transition to
themselves with probability 1. The only difference between the left and right automata
1s that the right automaton has an extra step. It is not hard to see that s ~pcti* T.
By Definition 23 s ~p 1 since the middle transition of r cannot be simulated by s
even with combined transition. So we conclude that strong probabilistic bisimulation is
not complete for PCTL* as well as for PCTL.

It should be noted that PCTL* distinguishes more states in a PA than PCTL. Refer

to the following example.
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Example 39. Suppose s and r are given by Fig. 4.1 where each of si, so, and ss3
is extended with a transition such that s; — p1 with py(s1) = 0.6 and pi(sg) = 0.4,
S9 = ug with ps(ss) = 1, and s3 — us with ps(ss) = 0.5 and us(sy) = 0.5. Here we
assume that every state satisfies different atomic propositions except that L(s) = L(r).

Then it is not hard to see s ~pctL 1 while s =pct> 7. Consider the PCTL* formula
¢ = P<oss(X(L(s1) V L(s3)) AXX(L(s1) V L(s3))),

it holds
s | o but r = .
Note that ¢ is not a well-formed PCTL formula. Indeed, states s and r are PCTL-

equivalent.

We have the following theorem:

TheOI‘em 19. 1 ~PCTL; ™~PCTL*» NPCTL77 NPCTL;’ NPCTL*77 NPCTLT77 and ~p are

equivalence relations for any i > 1.
2. ~p C ~pcTL & ~PCTL-
3. ~pcrti— & ~pcTL--

4 ~pCTL;” T TPCTLC

d. ~pCTLr C ~pCTLr for any i > 1.

0. ~pcTL & ~pcTL- € ~pcTiy,, & ~pcry for alli = 0.

7. ~pctir © ~peri- € ~periry, € ~periy- foralli =2 0.

Proof. We take ~pcTL as an example and the others can be proved in a similar way.
The reflexivity is trivial. If s ~pctL 7, then we also have r ~pcT. s since s and
r satisfy the same set of formulae, we prove the symmetry of ~pctL. Now we prove
the transitivity, that is, for any s,r,t if we have s ~pct. 7 and r ~pctL t, then
s ~pcTL t. It is also easy, since s and r satisfy the same set of formulae, and r and
t satisfy the same set of formulae by s ~pct. 7 and r ~pcL ¢, as result s | ¢
implies ¢ = ¢ and vice versa for any ¢, so s ~pctL t. We conclude that ~pcTL is an
equivalence relation.

The proof of ~p C ~pc1L can be found in (1) while the proof of ~p C ~pc+ can
be proved in a similar way. ~pct* € ~pcTL is trivial since PCTL is a subset of PCTL*.
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The proofs of Clause 3 and 5 are obvious since ~pc - is a subset of ~pc +— while
~pcTL- 18 a subset of ~pep <.

Wé now prove that NPCTZL*{* = ~pCTL; It is sufficient to prove that PCTL] and
PCTL]™ have the same expressiveness. ~pCTLI C ~pCTLy is easy since PCTL; is a
subset of PCTL]™. We now show how formulae of PCTL]™ can be encoded by formulae
of PCTL;. It is not hard to see that the syntax of path formulae of PCTL]™ can be

rewritten as:
Y= | X | |1 Ao

where we replace Xt with X ¢ since PCTL]™ only allows path formulae whose depth
is less or equal than 1. Since =X ¢ = X -, the syntax can refined further by deleting
-1, that is,

Y= [ X |1 A

Then the only left cases we need to consider are Puy(¢), Pogg(Xp1 A X¢2), and
Pocg (X o1 A 2),

1. S ): :PZQ(SO) IHS ): @,
2. s = P>q(Xp1 AXpa) iff s = P>q(X(e1 A 92)),
3. s Poe(Xpr Apa) iff s |= 02 AP>q(Xen).

Here we assume that 0 < ¢ < 1, other cases are similar and are omitted.

The proofs of Clauses 6 and 7 are straightforward. O

4.3 A Novel Strong Bisimulation

In this section we introduce a novel notion of strong bisimulation and strong branching
bisimulation. We shall show that they agree with PCTL and PCTL* equivalences,

respectively. As a preparation step we introduce the strong 1-depth bisimulation.

4.3.1 Strong 1-depth Bisimulation

Definition 24 (Strong 1-depth Bisimulation). A relation R C S'x S is a strong 1-depth
bisimulation if s R r implies that L(s) = L(r) and for any R downward closed set C'

1. for each s — p, there exists r — u' such that p'(C) > p(C),

2. for each r — p, there exists s — u' such that u/'(C) > p(C).
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We write s ~1 r whenever there is a strong 1-depth bisimulation R such that s R r.

The — though very simple — definition requires only one step matching of the dis-
tributions out of s and r. The essential difference to the standard definition is: the
quantification of the downward closed set comes before the quantification over tran-
sition. This is indeed the key of the new definition of bisimulations. The following
theorem shows that ~q agrees with ~pCTLy and ~pCTLi which is also an equivalence

relation:
Lemma 17. ~PCTL; T 1= YpCTLr
Proof. According to Clause (4) of Theorem 19, it is enough to prove that

~PCTLT

We defer the proof to Theorem 21. O

Note that in Definition 24 we consider all the R downward closed sets since it is not
enough to only consider the R downward closed sets in {R¥(s) | s € S}, refer to the

following counterexample.

Counterexample 1. Suppose that there are four absorbing states si,S2,S3, and 4
which are assigned with different atomic propositions. Suppose we have two processes
s and r such that L(s) = L(r) and

S — 1 § — 2

r— r— Uy
where
pa(s1) = 0.5 p(s2) = 0.5
p2(s3) = 0.5 pia(s4) = 0.5
vi(s1) =0.5 vi(s3) =0.5
va(s2) = 0.5 va(sq4) = 0.5

If we only consider the R downward closed sets in {R*(s) | s € S} where
S - {Sa r,S81,52,53, 34}7
then we will conclude that s ~1 r, but r = ¢ while s = ¢ where

¢ = P>05(X(L(s1) V L(s2)))-
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IR

o o @b e

Figure 4.3: ~! is not compositional when i > 1

It turns out that ~q is preserved by ||, implying that ~p-r - and ~pp - are
1 1

preserved by || as well.
Theorem 20. s ~q r implies that s ||t ~1 7|t for anyt.

Proof. We need to prove that for each ~; closed set C, if s || t — p such that u(C) > 0,
there exists r || ¢ — p/ such that p/(C') > u(C) and vice versa. This can be prove by
structural induction on s || ¢ and r || ¢. By the definition of || operator, if s || t — p,
then either s — ps with g = pg || 9, or t — py with p = ds || pe. We only consider the
case when p = pg || d; since the other one is similar. We have known that s ~1 7, so for
each C" if s — pg with pug(C”) > 0, then there exists r — p, such that p,(C") > us(C").
By induction, if & ~1 ¢/ for §',;7" € C’, then s’ ||t ~1 ' || t. So for each C' and
s ||t — p with u(C) > 0, there exists r || t — p’ such that p/(C) > u(C). O

Remark 1. We note that for Kripke structure (PA with only Dirac distributions) ~1

agrees with the usual strong bisimulation by Milner (8).

4.3.2 Strong Branching Bisimulation

Now we extend the relation ~; to strong i-step bisimulations. Then, the intersection
of all of these relations gives us the new notion of strong branching bisimulation, which
we show to be the same as ~pctL. Recall Theorem 19 states that ~pctp is strictly

coarser than ~pcti», which we shall consider in the next section.
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Following the approach in (85) we define Prob, s(C,C’,n,w) which denotes the
probability from s to states in C’ via states in C' possibly in at most n steps under
scheduler 7, where w is used to keep track of the path and only deterministic schedulers
are considered in the following. Formally, Prob, s(C,C’,n,w) equals 1 if s € C’, and
elseif n > 0A (s € C'\ (), then

Prob, (C,C" n,w) = Z W (r) - Probg .(C,C",n —1,wr) (4.1)
resupp(p’)
where m(w)(s, p') = 1, otherwise Prob, (C,C’,n,w) equals to 0.
Strong i-depth branching bisimulation is a straightforward extension of strong 1-
depth bisimulation, where instead of considering only one immediate step, we consider
up to i steps. We let Nll’ = ~1 in the following.

Definition 25 (Strong i-depth Branching Bisimulation). A relation R C S x S is a

strong i-depth branching bisimulation with i > 1 if s R r implies s Ng’_l r and for any

R downward closed sets C,C",

1. for each scheduler 7, there exists a scheduler @' such that

Prob. .(C,C',i,7) > Probr s(C,C",4,s),

2. for each scheduler m, there exists a scheduler ' such that
Prob. (C,C",i,s) > Prob, .(C,C",i,r).

We write s Ng’ r whenever there is a strong i-depth branching bisimulation R such

that s R r. The strong branching bisimulation ~° is defined as
b b
~ = ﬂ NZ .
i>1

b

; 1s an equivalence relation, and moreover, ~b

The following lemma shows that ~ i

decreases until a fixed point is reached.

b

Lemma 18. 1. ~% and ~*

are equivalence relations for any i > 1.
2. N? C N? provided that 1 <1 < j.

3. There exists © > 1 such that N? = Nz for any j, k > 1.
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Proof. We only show the proof of transitivity of Ni?, Suppose that s N? tandt ~0 r,

7
we need to prove that s Ng’ r. By Definition 25, we know there exists strong i-depth
branching bisimulations Ry and Ry such that s Ry t and t Ry r. Let

R=Ri0Ry = {(81,83) ‘ 382.(81 Ri 89 A s9 Re 7“)},

it is enough to show that R is a strong i-depth bisimulation. Note Ry URy C R, since
for each s1 R1 so we also have so Ro s9 due to reflexivity, thus s; R so, similarly we
can show that Ry C R. Therefore for any R downward closed sets C' and C’, they are

also R1 and Ry downward closed. Therefore for each 7, there exists 7’ such that

Prob.: +(C,C",i) > Prob, s(C,C",i).

Since we also have t N? r, thus there exists 7 such that

Prob .(C,C",i) > Prob +(C,C",i) > Prob. s(C,C',i).

This completes the proof of transitivity.

The proof of Clause (2) is straightforward from Definition 27, since s N? r implies
S N?‘—1 r when j > 1.

It is straightforward from the Definition 25 that ~? is getting more discriminating

as 1 increases. In a PA only with finite states the maximum number of equivalence

classes is equal to the number of states, as a result we can guarantee that ~2 = ~b

where n is the total number of states. O
Let R be an equivalence over S. The set C' C S is said to be R closed iff s € C' and

s R r implies r € C. C4y is used to denote the least R closed set which contains C'.

Definition 26. Two paths wy = sgsq ... and wo = 171 ... are strong i-depth branching

bisimilar, written as wy N? wa, iff wilj] Ng’ walj] for all 0 < j <.

We first define the Ng’ closed paths i.e. the set 2 of paths is N? closed if for any
w1 € Q and wy such that w; Ng’ wo, it holds that wy € Q. Let

B ={QCB|Qis ~? closed}.

By standard measure theory B_, is measurable. The ~; for paths can be defined

similarly and is omitted here.

Lemma 19. s ~pctL 7 iff s ~2 r for anyn > 1, that is,

_ b
~PCTL= ﬂ ~yp -

n>1
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Proof. The proof is based on the fact that

©1 Uz = 1 US™ .

O

It is not hard to show that Ng’ characterizes PCTL; . Moreover, we show that b

agrees with PCTL equivalence.
Theorem 21. ~pCTL; = Ng’ for any i > 1, and moreover ~pcTL = ~b.

Proof. In the following, we will use

Sat(p) ={s €S |s ¢}

to denote the set of states which satisfy ¢. Similarly,

Sat () = {w € Paths(sp) | w [ ¥}

is the set of paths which satisfy ).
Let
R=A{(s,7)]|s ~PCTLS r},

in order to prove that s ~p- - 7 implies s Ng’ r for any s and r, we need to show
1

that for any R closed sets C,C’ and scheduler , there exists a scheduler 7’ such that
Prob: .(C,C",i,r) > Prob, s(C,C',i,s)

and vice versa provided that s R r. Suppose there are n different equivalence classes

in a finite PA. Let ¢, ¢, be a state formula such that
Sat(¢c;,c;) 2 C; and Sat(pc; ;) NCj = 0,

here 1 < i # j < nand C;,C; € S/R are two different equivalence classes. Formula
like ¢¢; ¢; always exists, otherwise there will not exist a formula which is fulfilled by
states in Cj, but not fulfilled by states in C}, that is, states in C; and Cj satisfy the
same set of formulae, this is against the assumption that C; and C; are two different

equivalence classes. Let

= A
1<j#i<n

it is not hard to see that Sat(¢c,) = C;. For a R closed set C, it holds

()OC,',CJ'7

i

vo=\/ e
C'eS/RAC'CC
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4.3 A Novel Strong Bisimulation

then Sat(¢oc) = C. Now suppose Prob, s(C,C",i,s) = g, then we know
s = =P, where 1 = pc U e
By assumption r = =P .41, so there exists a scheduler 7’ such that
Prob. .(C,C',i,r) > q,

that is,
Prob, .(C,C',i,r) > Prob. s(C,C",i,s).

The other case is similar and is omitted here.
The proof of ~? C ~pcTL- 18 by structural induction on the syntax of state formula
¢ and path formula ¢ of PCTL;, that is, we need to prove the following two results

simultaneously.

1. s ~ rimplies that s = ¢ iff r = o for any state formula ¢.

7

2. w; ~% wy implies that wy |= ¥ iff wy = 1 for any path formula .

We only consider ¢ = P<,(v)) where ¢ = ¢ US<? s, since other cases are similar.

According to the semantics

s =@ iff Vo Prob, s({w |w E9¥}) <gq.

By induction Q = {w | w [= 9} is ~? closed. We need to show that [(Q) =i and there

exists two ~? closed sets C, C’ such that Q = 0<ng CkC’| this is straightforward by the
<k<1

semantics of US. We prove by contraction, and assume s E ¢ and r [~ ¢. Then for
any 7, we have Prob, 4(Q) > ¢. Since r [~ ¢, there exists 7’ such that Prob ,(2) > ¢,

thus there does not exist 7w such that

Prob s(C, i, s) > Prob. ,(C, C'i,r),

which contradicts with assumption s Né’ r. Therefore r = ¢, and s ~pcTLs T

The proof of ~pct=~" is straightforward by using Lemma 18 and Lemma 19. [

Intuitively, since Ng’ decreases as i increases, for any PA Ng’ will eventually converge
to PCTL equivalence.
Recall Nll’ is compositional by Theorem 20, which unfortunately is not the case for

~% with ¢ > 1. This is illustrated by the following example:
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Counterexample 2. s ~? r does not imply s | t ~° r ||t for any t generally if

i
1> 1.

We have shown in Example 38 that s ~pctL 7. If we compose s and r with t where
t only has a transition to p such that p(ty) = 0.4 and p(te) = 0.6, then it turns out
that

S || t *“pCTL T || t.

Since there exists ¢ = P<g.347 with
= ((L(s | t) vV L(s1 | 1) V (L(s3 || 1)) USA(L(s1 || t2) V L(s3 || t1)))

such that
slltEebutr |t e,

as there exists a scheduler m such that the probability of paths satisfying ¢ in Proby ,
equals 0.36. Fig. 4.3 shows the execution of r guided by the scheduler m, and we assume
all the states in Fig. 4.3 have different atomic propositions except that L(s || t) = L(r ||

t). It is similar for ~pctL=.
b

Note that ¢ is also a well-formed state formula of PCTL;, s0 ~pep — as well as ~;

are not compositional if i > 2.

4.3.3 Strong Bisimulation

In this section we introduce a new notion of strong bisimulation and show that it
characterizes ~pctp+. Given a preorder R, a R downward closed cone C, and a measure
Prob, the value of Prob(Cq) can be computed by summing up the values of all Prob(C,,)
with w € Q. We let Q C (RY)* be a set of R downward closed paths, then Cg is the

corresponding set of R downward closed cones, that is, Cgq = Ug g Cq. Define
1(Q) = Maz{l(Q) | Q € Q}

as the maximum length of  in Q. To compute Prob(Cg), we cannot sum up the value
of each Prob(Cgq) such that Q € Q as before since we may have a path w such that
w € Q1 and w € Q9 where 1,5 € ﬁ, so we have to remove these duplicate paths and
make sure each path is considered once and only once as follows where we abuse the

notation and write w € Q iff I (V€ QA w € Q):

Prob(Cg) = Z Prob(C,,) (4.2)

wefl/\ﬂw’eﬁ.w’gw
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4.3 A Novel Strong Bisimulation

Note Equation 4.2 can be extended to compute the probability of any set of cones in a
given measure.

The definition of strong i-depth bisimulation is as follows:

Definition 27 (Strong i-depth Bisimulation). A relation R C S x S is a strong i-depth
bisimulation if i > 1 and s R r implies that s ~;_1 r and for any OcC (RVY* with
1(Q) =i

1. for each scheduler w, there exists ' such that

Probﬂ/,r(Cﬁ) > Proby s(Cy),

2. for each scheduler m, there exists ' such that

Prob o(Cg) > Proby »(Cg).

We write s ~; r whenever there is a i-depth strong bisimulation R such that s R r.

The strong bisimulation ~ is defined as

i>1

Similar to N2?7 the relation ~; forms a chain of equivalence relations where the

strictness of ~; increases as ¢ increases, and ~; will converge finally in a PA.
Lemma 20. 1. ~; is an equivalence relation for any i > 1.

2. ~; C ~; provided that 1 <1 < j.

3. There exists i > 1 such that ~; = ~y, for any j, k > 1.
Proof. 1. The proof is similar as the proof of Clause 1 of Lemma 18.

2. The proof is straightforward from Definition 27.

3. Since there are only finitely many states, thus there are only finitely many equiv-

alence classes, such ¢ always exists.
O

Let ~= 91 ~n, we have a lemma as follows:
nz
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Lemma 21. s ~pcri= 7 iff s ~, 7 for any n > 1, that is,

~PCTL* = ﬂ ~p

n>1
Proof. The proof is based on the fact that ¥y U by = 1p1 US™ 4y, U

Below we show that ~; characterizes ~py »- for all ¢ > 1, and ~ agrees with

PCTL* equivalence:
Theorem 22. ~p-q -~ = ~; for any i > 1, and moreover ~pctx = ~.
Proof. Let

R={(s,r)]s ~PCTLI - r},
we need to show that R is strong i-depth bisimulation in order to prove that s ~peq «- 7
implies s ~; r for any s and r. According to Definition 27, we need to show that for
any Q C (RY)* with I(Q) = i and scheduler 7, there exists a scheduler 7/ such that

Prob . (Cg) > Proby s(Cg)

and vice versa provided that s R r. Following the way in the proof of Theorem 21, we
can construct a formula ¢ such that Sat(¢c) = C where C is a R closed set. Suppose
0= C()Cl .. .Cj Wlth] < i, then

Vo = pc, N X((pcl VAN X(chj_l A ticj))

can be used to characterize ), that is, Sat(1q) = Cq. Let v = V_1q, then Sat(y) =
Qe
Cgs. As aresult s = =P,9 where ¢ = Prob, s(Cg). By assumption r = =P 1), so

there exists a scheduler 7’ such that Probﬂgr(Cﬁ) > ¢, that is,
Prob (Cg) > Proby s(Cg).

The other case is similar and is omitted here.
The proof of ~; C ~peq +- is by structural induction on the syntax of state formula
¢ and path formula ¢ of PCTL}™, that is, we need to prove the following two results

simultaneously.
1. s ~; rimplies that s |= ¢ iff r |= ¢ for any state formula ¢ of PCTL; .

2. w1 ~; wy implies that wy = 1 iff wy = 4 for any path formula ¢ of PCTL; ™.
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4.4 Weak Bisimulations

We only consider ¢ = P<,(¢) where ¢ = 11 US%14)y, since other cases are similar. By
induction Q = {w | w = ¥} is ~; closed, and also I(Q) = i. We prove by contra-
diction, and assume that s = ¢ and r [~ ¢. According to the semantics s = ¢ iff

V. Proby s(Q) < q. If r [= ¢, then there exists 7’ such that Prob, .(Q) > ¢, conse-

quently for such 7’ of r there does not exist m of s such that

Proby () > Prob, (Q)

which contradicts with assumption that s ~; 7, therefore r = ¢ and s ~pep — 7.

The proof of ~pc* = ~ is straightforward by using Lemma 20 and Lemma 21. [

Recall by Lemma 20, there exists ¢ > 0 such that ~pc1 *=r~;.
For the same reason as strong i-depth branching bisimulation, ~; is not preserved

by || when i > 1.

Counterexample 3. s ~; r does not imply s ||t ~; r ||t for any t generally if

i > 1. This can be shown by using the same arguments as in Counterexample 2.

4.3.4 Taxonomy for Strong Bisimulations

Fig. 4.4 summaries the relationship among all these bisimulations and logical equiv-
alences. The arrow — denotes C and —» denotes Q We also abbreviate ~pcTL as
PCTL, and it is similar for other logical equivalences. Congruent relations w.r.t. the ||
operator are shown in circles, and non-congruent relations are shown in boxes. Segala
has considered another strong bisimulation in (1), which can be defined by replacing
the Dp p/ with r — g/ and thus is strictly stronger than ~p. It is also worth mention-
ing that all the bisimulations shown in Fig. 4.4 coincide with the strong bisimulation
defined in (54) in the DTMC setting which can be seen as a special case of PA (i.e.,

deterministic probabilistic automata).

4.4 Weak Bisimulations

As in (54) we use PCTL\ x to denote the subset of PCTL without next operator X ¢
and bounded until ¢; US"™ @y, Similarly, F’CTLiX is used to denote the subset of PCTL*
without next operator X. In this section we shall introduce weak bisimulations and

study their relation to ~PCTL, x and ~PCTLY 0 respectively. Before this we should point
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~b PCTL, PCTL;™ ~1
Yy | y | Y | y |
rwg PCTL, \ PCTL;™ NQT
Y Y Y Y
\\
~b PCTL, \ PCTL:™ ~n
~P PCTL™ \ PCTL* ~
PCTL \ PCTL*

Figure 4.4: Relationship of different equivalences in strong scenario.

out that ~PCTLY implies ~PCTL, x but the other direction does not hold. Refer to the

following example.

Example 40. Suppose s and r are given by Fig. 38 where each of s1 and s3 is attached

with one transition respectively, that is, s — p1 such that
pi(s4) = 0.4 and p1(ss) = 0.6,

s3 — u3 such that
ws(s4) = 0.4 and us(ss) = 0.6.

In addition, so, s4 and s5 only have a transition with probability 1 to themselves, and

all these states are assumed to have different atomic propositions. Then s ~PCTLx T
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4.4 Weak Bisimulations

but s *PCTLY, T since we have a path formula

= ((L(s) vV L(s1)) U L(s5)) V ((L(s) V L(s3)) U L(s4))

such that
s | P<o3atp but r [ P<osa),
since there exists a scheduler m where the probability of path formulae satisfying ¢ in

Proby , is equal to
Proby »(ss1s5) + Proby »(ss3s4) = 0.36.

Note 1 is not a well-formed path formula of PCTL\ x.

4.4.1 Branching Probabilistic Bisimulation by Segala

Before introducing our weak bisimulations, we give the classical definition of branching
probabilistic bisimulation proposed in (1). Given an equivalence relation R, s can evolve

into u by a branching transition, written as s =% p, iff
b /’[/ = 587 or

e s — i and

= > Pyt >l

re(supp(u)N[s))Ar=Rp, resupp()\[s]

where [s] denotes the equivalence class containing s. Stated differently, s =% ;1 means
that s can evolve into p only via states in [s]. Accordingly, branching combined tran-
sition s jg 1 can be defined based on the branching transition, i.e. s :>9|§ w iff there
exists a collection of branching transitions {s =%* ji;};¢7, and a collection of probabili-
ties {pi}icr with > ,;p; = 1 such that u =", ; pip.

We give the definition branching probabilistic bisimulation as follows:

Definition 28 (Branching Probabilistic Bisimulation). An equivalence relation R C
S x S is a branching probabilistic bisimulation iff s R r implies that L(s) = L(r) and
for each s — p, there exists r :>§ w' such that p R 1.

We write s ~p 1 whenever there is a branching probabilistic bisimulation R such
that s R r.

The following properties concerning branching probabilistic bisimulation are taken

from (1):
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Lemma 22 ((1)). 1. ~p C ~PCTL, & ~PCTL -

2. ~p is preserved by ||.

4.4.2 A Novel Weak Branching Bisimulation

Similar to the definition of bounded reachability Prob, s(C,C’,n,w), we define the
function Prob, s(C,C’,w) which denotes the probability from s to states in C possibly
via states in C. Again w is used to keep track of the path which has been visited.
Formally,

e if s € Cl, PTObW,s(Ca Claw) = 17
o if s ¢ C, P'f’Obﬂ,s(C, C,’w) = 0;
e otherwise

Prob, (C,C",w) = Z W (r) - Proby .(C,C" wr) (4.3)
resupp(u')

where m(w)(s,p’) = 1.
The definition of weak branching bisimulation is as follows:

Definition 29 (Weak Branching Bisimulation). A relation R C S'x .S is a weak branch-

ing bisimulation if s R r implies that L(s) = L(r) and for any R downward closed sets
c,c’

1. for each scheduler w, there exists ©' such that

Prob, ,(C, C',r) > Prob, s(C,C',s),

2. for each scheduler m, there exists @' such that
Prob. (C,C",s) > Prob. .(C,C",r).

We write s ~° r whenever there is a weak branching bisimulation R such that

sRr.

The following theorem shows that AP is an equivalence relation. Also different from
the strong cases where we use a series of equivalence relations to either characterize or

approximate ~pcti and ~pcTL*, in the weak scenario we show that ~P itself is enough
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to characterize ~PCTL, x- Intuitively because in ~PCTL, x only unbounded until operator
is allowed in path formula which means we abstract from the number of steps to reach

certain states.
Theorem 23. 1. =% is an equivalence relation.
2. ~b = ~PCTL, x -
Proof. 1. The proof is similar as the proof of Clause 1 of Lemma 18.

2. In order to prove that s ~PCTLx T implies s &P r for any s and r, we need to

prove that
R=A(s,r) |'s ~pcrLx 7}
is a weak branching bisimulation. Therefore we need to show that for any R

closed sets C,C’ and any scheduler 7 of s, there exists a scheduler 7’ of r such
that

Prob, .(C,C',r) > Prob, s(C,C",s)

and vice versa provided that s R r. Following the way in the proof of Theorem 21,
we can construct a formula pc such that Sat(pc) = C where C is a R closed
set. Let ¢ = oo U, then it is not hard to see that s = =P, where ¢ =
Prob, s(C,C",s). By assumption r = =P, so there exists a scheduler 7’ such
that Prob. .(C,C’,r) > ¢, that is,

Prob, ,(C, C',r) > Prob, s(C,C', s).

The other case is similar and is omitted here.

The proof of ~P C ~PCTL x 18 by structural induction on the syntax of state
formula ¢ and path formula ¢ of PCTL, x, that is, we need to prove the following

two results simultaneously.

(a) s ~P r implies that s = ¢ iff 7 |= ¢ for any state formula ¢.

(b) w1 ~" wy implies that wy = 1 iff wo |= 4 for any path formula 1.

We only consider ¢ = P<4(1)) with ¢ = @1 U ¢y since the other cases are similar.

By induction Sat(y;) and Sat(ps) are =P closed, moreover

Proby s({w | w = ¥}) = Proby s(Sat(e1), Sat(p2), s)
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by Equation (4.3) for any m. We prove by contradiction, and assume that s = ¢

and r j= ¢. According to the semantics,
s |= @ iff Y. Proby s(Sat(e1), Sat(y2),s) < q.
If r £ ¢, then there exists " of r such that
Probz »(Sat(e1), Sat(p2),r) > q,
therefore for such 7/, there does not exist 7 of s such that
Proby s(Sat(e1), Sat(p2),s) > Proby (Sat(e1), Sat(e2),r)

which contradicts with the assumption s ~P r. As a result, it must hold that

r = @, and s ~PCTL x T
O

As in the strong scenario, ~P suffers from the same problem as N? and ~; with

i > 1, that is, it is not preserved by ||.

Counterexample 4. s ~" r does not always imply s || t ~* r || t for anyt. This can
be shown in a similar way as Counterexample 2 since the result will still hold even if we

replace the bounded until formula with unbounded until formula in Counterexample 2.

4.4.3 Weak Bisimulation

In order to define weak bisimulation we consider stuttering paths. Let Q be a finite R

downward closed path, then

1

Co 1($2)

CQst = C l Q . > 2
VO<i<n.Vk; >0 (@o)*o...@n-2)Fn—20pm-1 L) >

(4.4)

is the set of R downward closed paths which contains all stuttering paths, where Q]

denotes the (i 4+ 1)-th element in 2 such that 0 <14 < [(2). Accordingly,

contains all the stuttering paths of each ) € Q. Given a measure Prob, PT’Ob(ﬁst) can
be computed by Equation (4.2).

Now we are ready to give the definition of weak bisimulation as follows:
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Definition 30 (Weak Bisimulation). A relation R C S x S is a weak bisimulation if
s R r implies that L(s) = L(r) and for any Q C (R})*

1. for each scheduler w, there exists 7 such that

Prob .(C,

ﬁst) Z PTObﬂys(Cﬁst)7

2. for each scheduler m, there exists ' such that

Probﬂgs(cﬁst) > Pmbmr(cﬁst)'

We write s ~ r whenever there is a weak bisimulation R such that s R r.

The following theorem shows that ~ is an equivalence relation. For the same reason
as in Theorem 23, ~ is enough to characterize ~PCTLY which gives us the following

theorem.
Theorem 24. 1. =~ is an equivalence relation.

2. A= ~pCTL -

Proof. 1. The proof is similar with Clause 1 of Theorem 23 and is omitted here.

2. Let
R={(s,r)[s ~pcrir, T}
in order to prove that s ~PCTLE, T implies s ~ r for any s and r, it is enough

to show that R is a weak bisimulation. We need to show that for any  C (R4)*
and scheduler , there exists a scheduler 7’ such that

Probz (Cg ) = Probrs(Cg )

st s

and vice versa provided that s R r. Following the way in the proof of Theorem 21,
we can construct a formula ¢ such that Sat(pc) = C where C'is a R closed set.

Let o = ¢, U...Upc, where Q = C¢,..c,, then
@ Qe

It is easy to see that s |= =P, where ¢ = ProbW,S(Cﬁst) and ¢ = 1. By
assumption r = =P 1, so there exists a scheduler 7’ such that Prob, .(Cg t) >

q, that is,
PTObﬂ-/’r(Cﬁ ) Z PrObW7S(Cﬁst).

st
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The other case is similar and is omitted here.

The proof of ~ C ~PCTLY is by structural induction on the syntax of state
formula ¢ and path formula v of PCTL’{X, that is, we need to prove the following

two results simultaneously.

(a) s &~ r implies that s = ¢ iff 7 = ¢ for any state formula .
(b) w1 &~ wy implies that wy = ¢ iff wy = 9 for any path formula .

To make the proof clearer, we rewrite the syntax of PCTLiX as follows which is

equivalent to the original definition.
Y= [P Ve | | 1 Uty

We only consider ¢ = P>4()) here. We need to prove that for each 7 for each 9,
there exists € C (=4)* such that

Proby s(Q) = Proby 4(Sat(1))).

The proof is by structural induction on 1) as follows:

(a) ¥ = ¢/. By induction Sat(¢') is &~ closed. Let Q = {Sat(¢')}, then
Probms(ﬁ) = Prob, s(Sat(v))).
(b) ¥ = 1)1 V15 By induction there exists € and ©” such that
Proby s(Sat(¢1)) = ProbW,S(Cﬁ/st),
).
It is not hard to see that Q = Q' U Q" will be enough.
(¢) ¥ = 1y Uy, By induction there exists Q' and Q" such that

Proby s(Sat(1z)) = Prob (Cg

"
st

Probr s(Sat (1)) = Probr«(Cg, ),

Probs s(Sat(yz)) = Probr s(Cg ).

G
Let

Q={0Q" | Qe rQ" "},
then

Probr s(Q) = Proby s(Sat(1))).
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PCTL:

Figure 4.5: Relationship of different equivalences in weak scenario.
(d) v = . s = Psq(y) iff s = Pei_g(¢), so ¢ can be reduced to another
formula without — operator.

The following proof is routine and is omitted here.

Not surprisingly = is not preserved by ||.

Counterexample 5. s ~ r does not always imply s ||t ~ r ||t for any t. This can

be shown by using the same arquments as in Counterexample 4.

4.4.4 Taxonomy for Weak Bisimulations

As in the strong cases we summarize the relation of the equivalences in the weak
scenario in Fig. 4.5 where all the denotations have the same meaning as Fig. 4.4.
Compared to Fig. 4.4, Fig. 4.5 is much simpler because the step-indexed bisimulations
are absent. As in strong cases, here we do not consider the standard definition of
branching bisimulation which is a strict subset of ~p and can be defined by replacing
=>,9§ with =% in Definition 28. Again not surprisingly all the relations shown in Fig. 4.5
coincide with the weak bisimulation defined in (54) in the DTMC setting.

4.5 Simulations

In Section 4.3 and 4.4 we discuss bisimulations and their characterizations. Usually two

states s and r are bisimilar iff s can mimic stepwise all the transitions of r and vice versa.
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In this section we relax the conditions of bisimulations, and only requires one direction
mimicking, which introduces us the definitions of simulations. Simulations are preorders
on the states, which has been used widely for verification purpose (1, 8, 54, 70, 71).
Intuitively, if r simulates s, then r can be seen as a correct implementation of s. Since
s is more abstract and contains less details, it is much easier to be analyzed. We
also discuss the characterization of simulations w.r.t. the safe fragments of PCTL and
PCTL". First let us introduce the safe fragment of PCTL", denoted by PCTLY,.., which
is a fragment of PCTL" without negative operators except for the atomic propositions,

and is defined by the following syntax:

pu=al-alerAp2 |1V e | Peg(t)
Y= |1 Adg [ Y1 Vo | Xap | 1 Ueho

where a € AP and ¢ € [0,1]. Accordingly the safe fragment of PCTL, denoted by
PCTLsqufe, is a sub logic of PCTL},,, where only the path formula is constrained to be

safe

the following form:

P =X | o1 Upa | o1 US" 0o,

*

safer and

We write s =<pcTLy,, T iff r = ¢ implies that s = ¢ for any ¢ of PCTL
similarly for other sublogics.

We first recall the definition of weight function defined in Definition 7.

Definition 31 (Weight Function). Let R = S x S be a relation over S. A weight
function for p and v w.r.t. R is a function A : S x S — [0,1] such that:

o A(s,r) > 0 implies that s R r,
o u(s) =) ,cgA(s,r) for any s € S,
o u(r)=> cgA(s,r) foranyreS.
We write p T v iff there exists a weight function for p and v w.r.t. R.
Below follows the definition of strong probabilistic simulation.

Definition 32 (Strong Probabilistic Simulation). A relation R C S x S is a strong
probabilistic simulation iff s R r implies that L(s) = L(r) and for each s — p, there
exists a combined transition —p 1’ such that p Cg .

We write s <p 1 whenever there is a strong probabilistic simulation R such that

sRr.
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It was shown in (1) that Cg is congruent, i.e. s <p r implies that s ||t <p 7 || ¢
for any t. But not surprisingly, it turns out that the strong probability simulation is

too fine w.r.t <pcTL

safe

and =<PCTLY,, which can be seen from Example 38. Similarly
we have the correspondent theorem of Theorem 19 in the simulation scenario where we
only consider the safe fragment of the logics, thus the subscription s is often omitted

for readability.

Theorem 25. 1. <pcTL, <PCTL*) <pCTL-> <PCTL;7 =<pCTL*» <PCTL;*7 and <p are
preorders for any i > 1.

2. <p © <pcTLr € <pPCTL-
3. <pcti- € <pcTL--

4 =pcTLr = =pcTL; -

5. '<PCTL;“ C <PCTL; for any v > 1.

6. <pcTL € <pctL- & <pcTiz, € Zpcri; foralli= 0.
7. =pcTis € <pcti- € <petiin, € <peri- foralli = 0.

Proof. For Clause (1) we only prove that <pctL is a preorder since the others are
similar. The reflexivity is trivial as s <pcTL § for any s. Suppose that s <pctL t
and t <pcTL 7, then we need to prove that s <pctL 7 in order to the transitivity.
According to the definition of <pcTL, we need to prove that r = ¢ implies s = ¢ for
any . Suppose that r |= ¢ for some ¢, then t = ¢ because of t <pctL 7, moreover
since s <pcTL ¢, hence s = ¢ which completes the proof.

The proof of Clause (2) can be found in (1). Since we have shown in Theorem 19
that PCTL] and PCTL]™ have the same expressiveness, thus the proof of Clause (4) is

straightforward. The proofs of all the other clauses are trivial. O

4.5.1 Strong i-depth Branching Simulation

Following Section 4.3.2 we can define strong i-depth branching simulation which can

be characterized by <pc—. Let s <¢ r iff L(s) = L(r), then

Definition 33 (Strong i-depth Branching Simulation). A relation R C S x S is a
strong i-depth branching simulation with i > 1 iff s R r implies that s <ZZ~’_1 r and for

any R downward closed sets C,C’, and any scheduler m, there exists ' such that

Prob, .(C,C' i) > Prob, s(C,C",1).
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We write s <ZI~’ r whenever there is a strong i-depth branching simulation R such

that s R r. The strong branching simulation <° is defined as

<P = (=

i>0
Below we show the similar properties of strong i-depth branching simulations.
Lemma 23. 1. < and —<ZI? are preorders for any i > 0.
2. <? - <§-’ provided that 0 < i < j.
3. There exists © > 0 such that <? = —<£ for any 5,k > 1.

Proof. 1. The reflexivity is trivial, we only prove the transitivity. Suppose that
s3. By Definition 33

there exists strong simulation Ry and Ry such that s; Ry s and so Ry s3. Let

81 —<l? s9 and sg <}) s3, we need to prove that s; <})

R=Ri0Ry = {(51,83) | 352.(81 Ri 89 A 89 Rey 83)},

it is enough to prove that R is strong i-depth branching simulation. Due to the
reflexivity, any R downward closed set C is also Ry and Ry downward closed.
Therefore for any R downward closed sets C,C’ and any scheduler 7, then there

exists 7’ such that
Prob, ,(C,C",i) > Proby s, (C,C", 1)
according to Definition 33. Similarly, there exists 7" such that
Prob, s,(C,C",i) > Prob, 4,(C,C",i) > Prob, s, (C,C', 1),
and R is indeed a strong i-depth branching simulation. This completes the proof.
2. It is straightforward from Definition 33.

3. Since there are only finite states, thus only finite equivalence classes, such ¢ always
exists.

O

Our strong i-depth branching simulation coincides with <p - for each i, therefore

~<pcTL is equivalent to <P as shown by the following theorem.

Theorem 26. <y - = <§’ for any i > 1, and moreover <pctL = <b,
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Proof. We first prove that <p-r - implies —<l?. Let

R={(s,7)|s =pPCTL; r},

it is enough to prove that R is a strong i-depth branching simulation. Suppose that
s R r, we need to prove that for any R downward closed sets C,C’ and any scheduler

7 of s, there exists 7’ of r such that
Prob,: ,(C,C',i) > Prob, (C,C" 7).

Note that Sat(y) is a R downward closed set for any . Since the states space is finite,
for each R downward closed set C, there exists pc such that Sat(pc) = C. Assume
that there exists R downward closed sets C,C’ and 7 such that

Prob .(C,C",i) < Probr 4(C,C" i)
for all schedulers 7’ of . Then there exists ¢ such that

m | P<q(¥) but s [ Py(¥)

where ¢ = ¢ ust @cr, this contradicts with the assumption that s <p-r - 7. There-
fore R is a strong i-depth branching bisimulation.

In order to prove that 4? implies <PCTL;, we need to prove that whenever s 4? r
and r = ¢, we also have s = ¢. We prove by structural induction on ¢, and only
consider the case when ¢ = P<,(¢1 U=? () since all the others are trivial. By induction

Sat(p1) and Sat(ps) are <P downward closed, therefore if
r = Pq(p1 U a) but s = Pey (01 US ),
then there exists 7 of s such that there does not exist 7’ such that
Proby ,(Sat(p1), Sat(pz),i) > Proby s(Sat(p1), Sat(p2), 1)
which contradicts with the assumption that s —<'Z-° . O

In Counterexample 2 we have shown the NIZ-’ is not compositional for ¢ > 1, using
the same arguments we can show that —<'i° is not compositional either for ¢ > 1, thus

we have

Theorem 27. s <} r implies that s ||t <} 7| t for any t, while <! with i > 1 is

not compositional in general.
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Proof. Let
R={(sllt,re)]s <t r},

it is enough to show that R is a strong 1-depth simulation. Let C, C’ be two R downward

closed sets, there are several cases we need to consider:

1. If s || t ¢ C, then Prob, 4+(C,C",1) = 0. Since C is R downward closed, r || t ¢ C
by induction, thus there exists 7’ such that

PT’Obﬂ/m”t(C, Cl, 1) > PT’Obms”t(C, Cl, 1).

2. If s || t € C, and for each scheduler 7, there exists s || t — p such that p(C’) =
Prob, 4:(C,C",1). According to Definition 22, s || t — p iff either s — us such
that ps || 8¢ = p, or t — py such that s || gy = p. We only consider the first case,
since the other one is similar. Since us || 6y = p, there exists R downward closed
set C" such that pus(C”) = p(C’). The following proof is then straightforward.

Note that Counterexample 2 also applies here, thus —<'i° is not compositional when
1> 1. O

Remark 2. The safe fragment of PCTL we adopt in this chapter is slightly different
from (54) where two new operators X and U are introduced, called weak next and until
respectively, and the P<q(1) is replaced by P>q4(v). The semantics of)? and U are
defined as follows where |w| denotes the length of w:

w b Xe iff (] <1Vl E )
w 10z iff (w 91 Ups V Vi < ] wfi] E o1)

Similarly we can also define the weak counterpart of bounded until ng. Due to duality
between X, US™, U and their weak counterparts, these two variants of safe PCTL are
essentially equivalent, refer to (54) for detail discussion.

Let PCTLyye denote the liveness fragment of PCTL in (54) which is the same as
PCTLgqafe except that P<4(v) is replaced with P>4(v). We say s <pcti,, T iff sE=¢
implies v = ¢ for any state formula of PCTLyy.. Even though it has been shown in
(54) that <PCTLuse and <pcTL,,, are equivalent for DTMC, the result is not true for
PA. Refer to the following example.

Example 41. Consider the two states so and ro shown in Fig. 4.6, where we assume
that all the states have different labels except that L(sg) = L(ro). It is easy to check

that sg <p 1o, thus s9 =<pcTL ro according to Clause 2 of Theorem 25, but we

safe
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Figure 4.6: so #ApcTL,,. To-

have so #ApcTiL,, To- Let ¢ = P>1(L(so)U L(s1)) which is a valid state formula of
PCTLjiye, it is obvious that sy = ¢, but ro = ¢ since the minimal probability of ro

reaching state s1 is equal to 0 i.e. by choosing the transition to so.

4.5.2 Strong i-depth Simulation

In this section we introduce strong i-depth simulation which can be characterized by

=pcTLr Below follows the definition of strong i-depth simulation where <q = <.

Definition 34 (Strong i-depth Simulation). A relation R C S x S is a strong i-depth
simulation with i > 1 iff s R r implies that s <;_1 7 and for any Q C (RV)* with

1(2) =i and any scheduler m, there exists © such that

PmbW/,T(C'ﬁ) > Probms(C'ﬁ).

We write s <; r whenever there is a i-depth strong simulation R such that s R r.

The strong simulation < is defined as

< = ﬂ_<i'

i>0
Below we show the similar properties of strong i-depth simulations.
Lemma 24. 1. < and <; are preorders for any i > 0.
2. <j € <; provided that 0 <7 < j.
3. There exists i > 0 such that <; = < for any j, k > 1.
Proof. 1. This clause can be proved in a similar way as Clause (1) of Lemma 23.

2. According to Definition 34, as i is growing, <; is getting finer.
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3. The proof is based on the fact that the states are finitely many, with the similar
argument as in Clause (3) of Lemma 23.
O

Our strong i-depth simulation coincides with < « for each i, therefore <pc

is equivalent to < as shown by the following theorem.
Theorem 28. < 1+ = <; for any i > 1, and moreover <pct .+ = <.

Proof. We first prove that s <p-p «~ 7 implies s <; 7 for any s and r. Let
R=A{(s,7)]|s =pcTL r},

we need to show that for any © C (RY)* with () < i and scheduler 7, there exists a

scheduler 7/ such that
Prob .(Cg) > Prob, (Cg)

whenever s R r. By induction, there exists a formula ¢ such that Sat(pc) = C where
C is R downward closed set. Suppose 2 = CyC1 ... C; with j <4, then

Yo = @, AX(poy A A X(pe;_y A Xpe;))

can be used to characterize ), that is, Sat(iq) = Cq. Let ©» = V_1q, then Sat(y) =
Qe
Cg- We prove by contradiction. Suppose that there does not exist 7’ such that

Prob .(Cg) > Prob, (Cg),

then there exists ¢ such that r = P<41), but s & P<,1p which contradicts with the

assumption that s <p-q «~ 7, so there exists a scheduler 7’ such that
Prob . (Cg) > q = Proby (Cg).

The other case is similar and is omitted here.
The proof of <; € <pcy - is by structural induction on the syntax of state formula
¢ and path formula ¢ of safe PCTL; ™, that is, we need to prove the following two results

simultaneously.
1. r = ¢ implies s = ¢ for any state formula ¢ provided that s <; r.

2. wy = v implies w; = ¢ for any path formula 1 provided that w; <; ws.
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We only consider ¢ = P<,(¢)) here. Suppose that r |= ¢, i.e.

V. Proby ,({w | w = ¢}) <q,

we need to show that s = ¢. We prove by contradiction, and assume that s [~ ¢, i.e.

there exists 7 such that
Probr s({w | w = v}) > q.

By induction {w | w = ¢} is <; downward closed, that is, there exists Q = {w | w = ¥},

and moreover [(§2) < i since the depth of ¢ is at most i. Since r = ¢, there does not

exists 7’ such that

Pmbﬂ/,r(Cﬁ) > Pmbw,s(cﬁ) =4q,

which contradicts the assumption that s <; r, thus it holds that s = ¢. [

Similarly, we can show that <; is not compositional either for ¢ > 1, thus we have

Theorem 29. s <y r implies that s ||t <1 r || t for any t, while <; with i > 1 is

not compositional in general.

Proof. According to Theorem 26 and 28, and Clause (4) of Theorem 25, <? = <1, thus
the result is straightforward according to Theorem 27. O

4.5.3 Weak Simulations

Given the results for weak bisimulations from Section 4.4, the characterization of weak
simulations is straightforward. Let us first introduce the definition of branching prob-

abilistic simulation by Segala as follows:

Definition 35 (Branching Probabilistic Simulation). A relation R C Sx S is a branch-
ing probabilistic simulation iff s R r implies that L(s) = L(r) and for each s — p, there
evists r =%y’ such that p R 1.

We write s =<p 1 whenever there is a branching probabilistic simulation R such
that s R r.

From (1) we know that <p is compositional, but it is too fine for éPCTL\X as well
as éPCTL<X, therefore along the line of weak bisimulations, we come out similar results

for weak simulations. Below follows the definition of weak branching simulation.
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Definition 36 (Weak Branching Simulation). A relation R C Sx S is a weak branching
simulation iff s R r implies that L(s) = L(r) and for any R downward closed sets C,C’

and any scheduler , there exists @ such that
Prob .(C,C',r) > Prob, ,(C,C",s).
We write s éb r whenever there is a weak branching simulation R such that s R r.

Due to Counterexample 4, éb is not compositional, but it coincides with éPCTL\X
as shown by the following theorem.
Theorem 30. 3P is a preorder, and 3° = QPCTL\X.

Proof. 1. The reflexibility of gb is trivial. We only prove the transitivity of gb.
Suppose that s ZP 7 and » 3P ¢, then for any <P downward closed sets C,C’

and scheduler 7, there exists 7’ such that
Prob .(C,C',r) > Prob, ;(C,C",s).
Since we also have » 3P ¢, so there exists 7 such that
Probi +(C,C',t) > Proby (C,C',r) > Prob, (C,C", s).
This proves the transitivity of éb.

2. In order to prove that s éPCTL\X r implies s éb r for any s and r, it is enough
to show that

R={(s,7) | s ZpcTL x T}

is a weak branching simulation i.e. we need to prove that for any R downward

closed sets C,C” and scheduler 7, there exists a scheduler 7’ such that
Prob .(C,C",r) > Prob, ,(C,C’,s)

provided that s R r. Let ¢ be a formula such that Sat(¢c) = C where C is a
R downward closed set. We prove by contradiction. Suppose that there does not

exist 7’ such that
Prob .(C,C',r) > Prob, (C,C",s),

then there exists ¢ such that r |= P<,¢) where ¢ = oo Upcr, but s = P<y1),
which contradicts with the assumption that s QPCTL\X r. Therefore there must

exist a scheduler 7’ such that

Prob .(C,C',r) > Prob, ,(C,C",s).
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The other case is similar and is omitted here.

The proof of éb C —<ch|_\)( is by structural induction on the syntax of state

formula ¢ and path formula 1) of safe PCTL, x, that is, we need to prove the

following two results simultaneously.

(a) r |= ¢ implies s = ¢ for any state formula ¢ provided that s 3" r.
(b) wa [= 9 implies that wy [= 9 for any path formula 1 provided that w; <P ws.

We only consider ¢ = P<, (1) where 1) = 1 U 9 since the other cases are similar.
Suppose that r = ¢, we need to prove that s = ¢. We prove by contradiction,

and assume that s [~ ¢, then there exists 7 such that

Probr s({w | w = v}) > q.

By induction Sat(y1) and Sat(ps) are ZP downward closed, thus

Proby s(Sat(¢1), Sat(p2),s) = Proby s({w | w = ¢}) > q.

Since r |= ¢, there does not exist 7’ such that
Probry(Sat(p1), Sat(pa),r) > Probs,s(Sat(p1), Sat(p2), s)

which contradicts with the assumption that s éb r, thus s = ¢, and s éPCTL\X r.

The weak simulation equivalent to QPCTL<X can also be obtained in a straightforward

way by adapting Definition 30.

Definition 37 (Weak Simulation). A relation R C S xS is a weak simulation iff s R r
implies that L(s) = L(r) and for any Q C (RY)* and any scheduler w, there exists 7'
such that

Pmb,ﬂm(C’?2 ) > Probms(C'ﬁst).

st

We write s Z r whenever there is a weak simulation R such that s R r.

Again 3 is not compositional, but it coincides with éPCTL’\‘X7 therefore we have the

following theorem.
Theorem 31. 3 is a preorder, and S = ZJpcTL:

X

Proof. 1. The proof is similar as the proof of Clause 1 of Lemma 23.
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2. In order to prove that éPCTL<X C 3, it is enough to show that

R=A{(s,r)|s Zpcruy, 7}

is a weak branching simulation i.e. we need to prove that for any Q C (RV)* and

scheduler 7, there exists a scheduler 7’ such that

Probg (Cg ) = Probrs(Cg )

st

provided that s R r. By induction Cﬁst is R downward closed, thus there exists
¥ such that Sat(y) = Cﬁst’ We prove by contradiction. Suppose that there does

not exist 7’ such that
Proby (Cg ) > Probr s(Cq ),

then there exists ¢ such that r = P<,(1), but apparently s = P<,1, which
contradicts with the assumption that s QPCTL<X r. Therefore there must exist

a scheduler 7’ such that

PT’Obwlﬂn(Cﬁ ) > PTObw,s(Cﬁ

st st

).

The proof of 3 C éPCTL< . s by structural induction on the syntax of state formula
© and path formula 1 of safe PCTL(X, that is, we need to prove the following two

results simultaneously.

(a) 7 = ¢ implies s |= ¢ for any state formula ¢ provided that s 3 r.
(b) wa =1 implies that w; = 1 for any path formula ) provided that w; T wa.

We only consider ¢ = P<,4(1)) since the other cases are similar. Suppose that
r = ¢, we need to prove that s = ¢. We prove by contradiction, and assume that
s [~ ¢, then there exists 7 such that

Proby s({w | w = ¢}) > q.

By induction {w | w = 9} is T downward closed, thus there exists Qg such that
Qy = {w |w = ¥}. Since r |= ¢, there does not exist 7 such that

Proby »(Qg) > Probr s(Qst) = ¢

which contradicts with the assumption that s 3 r, thus s = ¢, and s éPCTLix r.
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4.5.4 Simulation Kernel and Summary of Simulation

Let R~! denote the reverse of R, then RN R~ is the simulation kernel. In this section
we will show the relation between the simulation kernels and their correspondent bisim-
ulations. Not surprisingly, the simulation kernels are coarser than the bisimulations as

shown in the following theorem.
Theorem 32. 1. ~? C (<!n(=H)~1).

2. ~; C (=N _<i_1)'

4.~ C (

ON

Nn37Y.

Proof. We only prove the first clause here, since the others are quite similar. The proof
of ~ C <P N(<P)~1 is trivial and omitted here. To show that <P N(<P)~1 is strictly

3 3

coarser than Ni?, it is enough to give a counterexample. Suppose we have three states

$1, So2, and s3 such that s; <? S9 <? s3 but sg 74'; S9 74'; s1. Let s and r be two
states such that L(s) = L(r). In addition s has three transitions: s — ds,, s — Js,,
5 — ds5, and r only has two transitions: s — ds,, S — 0s,. Then it should be easy
to check that s <P r and r <P s, the only non-trivial case is when s — dg,. Since
S9 <'Z-° sz, thus there exists r — d5, such that d, E@ 0s,. But obviously s 765’ r,

since the transition s — ds, cannot be simulated by any transition of 7. U

We summarize the preorders in strong and weak scenarios in Fig. 4.7 and 4.8 re-
spectively, note we omit the subscript s denoting safe fragment for the logic preorders

as before.

4.6 Countable States

For now we only consider finite PAs i.e. only contain finite states. In this section
we will show that these results also apply for PAs with countable states. Assume
S is a countable set of states S. We adopt the method used in (56) to deal with
strong branching bisimulation since all the other cases are similar. First we recall some
standard notations from topology theory. Given a metric space (S,d) where d is a

metric, a sequence {s; | i > 0} converges to s iff for any e > 0, there exists n such that
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<b PCTL, PCTL}™ <1
Yy |l y | Yy | Yy |
r@ PCTL, \ PCTLS™ <27

Y Y Y Y

\

\
<b PCTL, \ PCTL!™ ~n
<P PCTL™ \ PCTL* <

PCTL \ PCTL*

Figure 4.7: Relationship of different preorders in strong scenario.

d(sm,s) < € for any m > n. A metric space is compact if every infinite sequence has a
convergent subsequence.

Below follows the definition of metric over distributions from (56).

Definition 38 (Metric). Given two distributions u,v € Dist(S), the metric d is defined
by
d(p,v) = Supces|p(C) —v(C)] .
Since the metric is defined over distributions while in Definition 28 we did not
consider distributions explicitly, thus we need to adapt the definition of Prob, s(C,C’,n)

in the following way: s n:C> w iff either
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PCTL, x \ PCTLYy
=P \ =
~ ' ~

Figure 4.8: Relationship of different preorders in weak scenario.

./’[/:5870r

e s — v such that

Z v(r) - v, = p.

n—1,C
VreSupp (v).r———vr

. . . ,C
It is obvious that for each 7,C,C’, and n, there exists s . w such that p(C") =
Prob, s(C,C",n).
Now we can define the compactness of probabilistic automata as in (56) with a

slight difference.

Definition 39 (Compactness). Given a probabilistic automaton P, P is i-compact iff
iC
{nls == p}

is compact under metric d for each s € S and ~? closed set C.

As mentioned in (56, 86), the convex closure does not change the compactness, thus
we can extend n:’C> to allow combined transitions in a standard way without changing
anything, but for simplicity we omit this. A probabilistic automaton is compact iff it
is i-compact for any 7 > 1.

We introduce the definition of capacity as follows.

Definition 40 (Capacity). Given a set of states S and a mw-algebra B, a capacity on
B is a function Cap : B — (RT U{0}) such that':

!R™ is the set of positive real numbers.

157



4. PROBABILISTIC AUTOMATA

1. Cap(0) =0,
2. whenever Cy C Cy with C1,Cy € B, then Cap(Cy) < Cap(Cs),

3. whenever there exists C; € Cy C ... such that U;>1C; = C, or C; 2 Cy D ...
such that N;>1C; = C, then

lim Cap(C;) = Cap(C).

i—00
A capacity Cap is sub-additive iff
Cap(C1 U C2) < Cap(Cy) + Cap(Cs)
for any C1,Cy € B.
Different from (56), the value of Prob, s(C,C’,n) depends on both C' and C’. Let
PreCapgn(C’) = Sup, Prob. s(C,C",n),

PostCapg;L(C) = Sup, Prob, s(C,C",n)

i.e. given a C’, PreCapgn will return the maximum probability from s to C’ in at most
n steps via only states in C, similar for PostCapSC;L. The following lemma shows that

both PreCapgn and PostCapgn are sub-additive capacities.

Lemma 25. PTeCapsC:n and PostCapg;L are sub-additive capacities on B where B is

the w-algebra only containing Ng’ closed sets.

Proof. Refer to the proof of Lemma 5.2 in (56). O

Now we can show that the following results are still valid as long as the given

probabilistic automaton is compact even when it contains infinitely countable states.
Theorem 33. Given a compact probabilistic automata,
b _
L~y = ~peTLss
2. there exists n > 0 such that NI;L = ~pCTL-

Proof. 1. The proof of ~2 C ~pcTL- is similar with the proof of Theorem 21, and
is omitted here. We prove that ~peris © ~? in the sequel following the proof of
Theorem 6.10 in (56). Let

R=A{(s,r) |s ~PCTL;, r}
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we need to prove that R is a strong i-depth branching bisimulation. In order to

do so, we need to prove that for any (s,r) € R,
PreCapgn(C') = PreC'apgn(C')

for each R closed sets C and C’. Since both C' and C’ may be countable union
of equivalence classes while each equivalence class can only be characterized by

countable many formulas, therefore we have
C =U2,(N52,Ciy) and O = U2 (N2, C5 )

where M52, j corresponds the i-th equivalence class in C, and C; j corresponds
the set of states determining by the j-th formula satisfied by i-th equivalence

class, similar for N2, C} ; and C; ;. Similar as (56), let
k ! ! k

By, = N721(Uiz1Cig), Ay = N (Uiz Cig),
k Al k

By, = M52, (Ui Cy ), Ay, = N5y (Ui, Cy ).

It is easy to see that By and Bj are increasing sequences of R closed sets such
that U2 B, = C, and U2 B; = C’, while Af,c and A;Cl are decreasing sequences
of R closed sets such that ﬂfilAfk = Bj and ﬂfilA;f = Bj;. Both AL and A;j
only contain conjunction and disjunction of finite formulas, thus can be described
by PCTL; . The following proof is straightforward due to s ~per - 7 and

Lemma 25.

. Suppose that ~pct C N?L for any n > 0 which means that there exists s and r

such that s ~%

and 7 such that

r for any n > 0, but s ~pctL r. As a result there exists C, C’

lim Prob, s(C,C',i) > 0,

1—00

but there does not exist 7’ such that

lim Prob, .(C,C",i) > lim Prob. ((C,C" 7).

1—00 1—00

In other words,
lim Prob, ,(C,C",i) < lim Prob, s(C,C", i)
11— 00 11— 00

for any 7’ which indicates that there exists n > 0 such that
Prob .(C,C',n) < Prob, s(C,C',n)

for any 7', therefore s ~¢p-y - 7 which contradicts with our assumption.
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In a similar way we can extend the results of this section to strong bisimulations
and weak bisimulations, we skip their proofs here. For the simulations, we need to do
more work, since there may be uncountable many downward closed sets. We prove
along the line of (57). The following lemma is similar as Lemma 5.1 in (57) with only
slight differences: i) we consider downward closed sets instead of upward closed sets,

ii) we do not require R to be a preorder, but these do not change the proof.

Lemma 26 (Lemma 5.1 (57)). Let R C S x S be a relation, and C C S be a R
downward closed set, then C is a union of equivalence classes of =g where =g¢ is the

largest equivalence relation contained in R.

Given a R downward closed set C', we say C' is finitely generated if there exists a
finite set of equivalence classes of {C; € S/ =x}icr such that C = U;c;C;. Since the
set of the equivalence classes in S/ =g is countable, thus the set of finitely generated R
downward closed set is also countable (57). The following lemma shows an alternative
definition of <? in Definition 33 where we only focus on finitely generated downward

closed sets:

Lemma 27. A relation R C S xS is a strong i-depth branching simulation with i > 1 iff
s R r implies that s <ZZ~’_1 r and for any finitely generated R downward closed sets C,C",
and any scheduler o, there exists o’ such that Proby .(C,C’,i) > Prob, s(C,C’,1).

We write s <f r whenever there is a strong i-depth branching simulation R such
that s R r.

Proof. The proof is similar as the proof of Lemma 5.2 in (57). Let (<)’ denote the

new definition, we need to prove that s <P 7 iff s (<P

2) r. Since finitely generated

R downward closed sets are special cases of R downward closed sets, it is trivial to
see that s <P r implies s (<P) r. We prove that s (<P) 7 implies s <P 7 by
contradiction. Suppose that for any finitely generated R downward closed sets C,C’
and o, there exists o’ such that Prob, ,(C,C’,i) > Prob,s(C,C’ i), but there exists
R downward closed sets C,C" and o such that Prob,: ,(C,C",i) < Prob,s(C,C’, 1) for
any o’. Let o be a scheduler such that Prob, ,(C,C’,i) < Prob,(C,C",i) for any
o' and € = Prob,s(C,C",i) — Proby ,(C,C",i) > 0. According to Lemma 26, there
exists sets of equivalences classes: {C; € S/ =x}jcs and {C} € S/ =x}rek such that
C = UjejC; and C" = UpegCy, where J, K are (infinite) sets of indexes. Define two

sequences of finitely generated R downward closed sets:

{C<j =VUjreanji<j 1 J € I},
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4.7 The Coarsest Congruent (Bi)Simulations

{Cck = Upernw<k | k€ K}.

Obviously both Prob, s(C, C<j, 1) and Prob, s(C<;,C’, i) are monotone, non-decreasing
and converge to Prob, s(C,C’,i) for any C' and C'. Therefore there exists j € J and
k € K such that

Prob, s(C<;,C",i) > Prob,s(C,C’,i) — 2’ and
Probs (C<j,C<p, i) > Probs s(C<;, i) — %
This implies
Probg.s(C<j, C<k,) > Prob, s(C,C' i) — %

= Proby: . (C,C',i) + % > Probys ,(C,C",i) > Probys(C<;, C<p, i),

which contradicts with the assumption. [

By Lemma 27 it is enough to consider all the finitely generated < downward closed
sets in Definition 39 which is countable. The extension of Theorem 26 to the countable
state space is then routine, and is omitted here. Moreover the definitions of other
variants of simulations in Section 4.5 can be adopted to only consider finitely generated
downward closed sets too, thus their logic characterizations can also be extended to

countable states.

4.7 The Coarsest Congruent (Bi)Simulations

Before we have shown that ~p is congruent but cannot be characterized by ~pcTL
completely since it is too fine. On the other hand, there exists ~? which can be
characterized by ~pcrtr, but it is not congruent generally, this indicates that ~pcTL
is essentially not congruent. Therefore a natural question one may ask is that what
is the largest subset of ~pctL which is congruent. The following theorem shows that
~p is such coarsest congruent relation in ~pctp assuming that the given probabilistic

automaton is compact.
Theorem 34. ~p is the coarsest congruent equivalence relation in ~pcTL.

Proof. We prove by contradiction. Suppose that there exists ~p C ~ C ~pcTL such
that ~ is congruent. Since ~p C ~, there exists s and r such that s ~ r but s ~p r.

According to Definition 23 there exists s — p such that there does not exist r —p v
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with g ~p v. Theidea is to show that there always exists t such that s || ¢t pctL 7 || ¢
in this case, then it is enough to give a formula ¢ such that r || t = ¢, but s || t [~ ¢.
Let Supp(p) = {s1,52,...} and u(s;) = a;' with i > 1. Without losing of generality
we assume that there exists s — u such that for any two (combined) transitions of r:
r —p 11 and r —p v, there does not exist 0 < wy,wy < 1 such that wy +wy = 1 and
w ~p (wy- vy + we - vy) (every combined transition of r can be seen as a combined
transition of two other combined transitions of 7). Let v1(s;) = b; and va(s;) = ¢; in the
following, then there must exist ¢ # j > 1 such that there does not exist 0 < wq,wy < 1
such that wq - b; + w3 - ¢; = a; and wy - bj + w2 - ¢; = a; with wy +we = 1, otherwise
we will have 1 ~p (w; - v1 + wa - v2) which contradicts with the assumption. There
are nine possible cases in total depending on the relation between a;, a; and b;, ¢;, bj, c;.
Most of the cases are trivial except when a; € [b;, ¢;] and a; € [cj,b;]. 2 For instance if
a; > b;, c;, r will evolve into s; with probability less than a; which is not the case for
s, thus s ~pctL 7 which contradicts with the assumption. Considering the following

inequations where p; and ps are two variables with values in [0, 1]:

a; - p1+aj-p2 <b;-p1+bj-pa, (4.5)

a;-p1+aj-p2 <ci-pr+cjp2 (4.6)

which can be transformed into the following forms:

(ai —b;) - p1 < (bj — aj) - p2, (4.7)

(@i — i) - p1 < (cj —az) - pa. (4.8)

Note that (a; — b;), (a; — ¢;), (bj —a;), and (¢; — a;j) cannot be 0 at the same time,
so there always exists 0 < p1,p2 < 1 such that a; - p1 + a; - p2 is either greater or
smaller than both of b; - p1 +b; - p2 and ¢; - p1 + ¢; - p2. By simple calculation whenever

bj—aj a;—c; s . bj—a; _ aj—c; . .
p1 € (ai_bi P2 p2) (it is not possible for b = oan otherwise there exists

0 < wy,wp < 1 such that wy-b; +ws-¢; = a; and wy -bj +ws - ¢j = a; with wy +we = 1),
then a; - p1 + aj - p2 is smaller than b; - p1 +0; - p2 and ¢; - p1 +¢; - p2. Let t be a state
such that it can only evolve into ¢; with probability p; and to with probability ps where
p1+p2=1and p; € (Z]z:%f - P2,
all the states have distinct labels except for s and r, moreover let

acj_gj - p2), obviously such t always exists. Assume that

= ((L(s 1) v Lisi 1 4) v (L(s; 1)) US2(L(sq [l #1) v Ls; [l 2))),

!For simplicity we assume that s;(i > 1) belong to different equivalence classes.
2We assume here that ¢; > b; and b; > ¢
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it is not hard to see that the minimum probability of the paths of s || ¢ satisfying ) is
at most a; - p1 +a; - p2 i.e. when s || ¢ first performs the transition s — p of s and then
performs the transition ¢ — {p; : t1,p2 : ta} of t. Let r —p v be the transition such
that when r || ¢ first performs it and then performs ¢ — {p : t1, p2 : t2}, the probability
of the paths of 7 || ¢ satisfying ¢ is minimal. Since v(s;)-p1 +v(s;)-p2 > a;-p1+a;- pa,
we have r || t |= P>q0) but s || t & P>qtp where ¢ = v(s;) - p1 + v(sj) - p2. In other
words s ||t wpcTL 7 || t, as aresult s ||t % r | t, so~ is not congruent. When all
the states do not have distinct labels, we can always construct formulas to distinguish
them, since the probabilistic automaton is compact and these states are in different
equivalence classes by assumption, the following proof is the same. This completes our

proof. O

Theorem 34 can be extended to identify the coarsest congruent weak bisimulation
in ~PCTL x5 and the coarsest congruent strong and weak simulations in <pctL and

QPCTL\X respectively.

Theorem 35. 1. ~p s the coarsest congruent equivalence relation in ~PCTL,
2. <p is the coarsest congruent preorder in <pcTL,
3. =<p is the coarsest congruent preorder in gpcﬂ_\x.

Proof. The proof is similar with the proof of Theorem 34 and we only sketch the proof
of Clause (2) here. In order to prove that <p is the coarsest congruent preorder in
<pcTL, we need to show that for any < such that <p C < C <pcTL, it holds that < is
not congruent i.e. there exists s, r, and ¢ such that s < r, but s ||t A r | ¢t. First
assume that =< is a congruence, and we then prove by contradiction as in Theorem 34
and show that if s < 7 and s Ap r, there exists ¢ such that s || t ApctL 7 | ¢,
thus s || t A r || t which contradicts with the assumption that < is a congruence.
Since s Ap r, then there exists s — p such that there does not exist r —p v with
i E~, v. With the same argument as in Theorem 34 and Lemma 27, there exists ¢
and v such that r || ¢t = P>qtp but s || t = P>gpie. s ||t ApctL 7| t, thus < is not

congruent. [

4.8 Related Work

For Markov chains, i.e., deterministic probabilistic automata, the logic PCTL char-

acterizes bisimulations, and PCTL without X operator characterizes weak bisimula-
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tions (54, 87). As pointed out in (1), probabilistic bisimulation is sound, but not com-
plete for PCTL for PAs. In the literature, various extensions of the Hennessy-Milner
logic (88) are considered for characterizing bisimulations. Larsen and Skou (49) consid-
ered such an extension of Hennessy-Milner logic, which characterizes bisimulation for
alternating automaton (49), or labeled Markov processes (56) (PAs but with continuous
state space). For probabilistic automata, Jonsson et al. (89) considered a two-sorted
logic in the Hennessy-Milner style to characterize strong bisimulations. In (57), the
results are extended for characterizing also simulations.

Weak bisimulation was first defined in the context of PAs by Segala (1), and then
formulated for alternating models by Philippou et al. (53). The seemingly very related
work is by Desharnais et al. (56), where it is shown that PCTL* is sound and complete
w.r.t. weak bisimulation for alternating automata. The key difference is that the
model they have considered is not the same as probabilistic automata considered in
this chapter. Briefly, in alternating automata, states are either nondeterministic like
in transition systems, or stochastic like in discrete-time Markov chains. As discussed
in (90), a probabilistic automaton can be transformed to an alternating automaton by
replacing each transition s — u by two consecutive transitions s — s’ and s’ — p where
s’ is the new inserted state. Surprisingly, for alternating automata, Desharnais et al.
have shown that weak bisimulation — defined in the standard manner — characterizes
PCTL* formulae. The following example illustrates why it works in that setting, but

fails for probabilistic automata.

Example 42. Refer to Fig. 4.1, we need to add three additional states s,,,S,,, and
Suz 1 order to transform s and v to alternating automata. The resulting automata
are shown in Fig. 4.9. Suppose that si,s2, and s3 are three absorbing states with
different atomic propositions, so they are not (weak) bisimilar, as a result s,,,s,, and
Suy are not (weak) bisimilar either since they can evolve into s1, s2, and s3 with different

probabilities. Therefore s and r are not (weak) bisimilar. Let
p = P>04(XL(s1)) A P203(X L(s2)) A P0.3(X L(s3)),

it is not hard to see that s, |= @ but s,,, 54, = @, s0s |= P<o(Xp) while r = P<o(X ).
When working in the setting of probabilistic automata, s,,, S.,, and s,, will not be
considered as states, so we cannot use the above arguments for alternating automata

anymore.
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Figure 4.9: Alternating automata.

In the definition of ~7 and <7, we choose first the downward closed set C before
the successor distribution to be matched, which is the key for achieving our new notion
of bisimulations and simulations. This approach was also adopted in (91) to define
the priori e-bisimulation and simulation. It turns out that when ¢ = 0, the priori
e-bisimulation coincides with ~y. The priori e-bisimulation was shown to be sound
and complete w.r.t. an extension of Hennessy-Milner logic, similarly for the priori
e-simulation. Finally, the priori e-bisimulation was also used to define pseudo-metric

between PAs in (91, 92). The definition of priori O-simulation in (91), denoted as </,
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Figure 4.10: <] # ~pcTLs

is however not equivalent to <;. In the definition of </, the upward closed sets are
considered while in the definition of <; we consider downward closed sets. If we adopt
the definition of <) here, Theorem 26 will not be valid anymore. Refer to the following

example.

Example 43. Consider the two states so and ro in Fig. 4.10 where all the states have
different labels except that L(sg) = L(ro), and the transitions of s1 and sy are omitted.
Moreover we assume that so <} s1, but s1 A} so. Let R = {(s0,70), (1,51), (s2,51)},
in order to show that R is a priori 0-simulation, we need to check that for each R
upward closed set C and sy — p, there exists ro — v such that p(C) < v(C). The only
non-trivial cases are when C = {s1} or {sa,s1}, thus so <} 7r0. But we will show
that sg %PCTL; ro. By contradiction, assume that < = =pcTL; Let ¢ = P<p(X ps,)
where @g, is a formula such that sy = ps, but s1 [~ ps,. Since s1 A) sa, such formula
always exists by assumption. It is easy to see that ro = ¢, but sy & ¢ since the
maximal probability from sg to so in one step is equal to 0.5, thus we get contradiction,
and <) # ~pcTL; -
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Chapter 5

Continuous-time MDP

In Chapter 4 we show the characterizations of bisimulations and simulations w.r.t.
PCTL* and its sublogics on probabilistic automata. In this chapter we will extend the
work to continuous case i.e. we will show the characterizations of bisimulations and
simulations w.r.t. CSL and its sublogics on continuous-time Markov decision processes
(CTMDP).

We first motivate the work in Section 5.1, and then in Section 5.2 we recall the def-
inition of CTMDPs and the logic CSL. In Section 5.3 we propose a parallel composition
operator for CTMDPs. Strong and weak bisimulation relations and the corresponding
logical characterization results are studied in Section 5.4. In Section 5.5, we present
the sequence of i-depth bisimulations. The work is extended to simulations in Sec-
tion 5.6. In Section 5.7, we discuss how the (bi)simulations on CTMDPs relate to those
in probabilistic automata and Markov chains. Section 5.8 summarizes the chapter. We

conclude this chapter by discussing some related work in Section 5.9.

5.1 Motivation

Recently, continuous-time Markov decision processes (CTMDP) have received extensive
attentions in the model checking community, see for example (37, 54, 93, 94, 95, 96, 97,
98). Analysis techniques for CTMDPs suffer especially from the infamous state space
explosion problem. Thus, as for other stochastic models, strong bisimulations have been
proposed for CTMDPs in (37), which were shown to be sound w.r.t. the continuous-time

stochastic logic (CSL). This result guarantees that one can first reduce the CTMDP

167



5. CONTINUOUS-TIME MDP

using bisimulations before analyzing the CTMDPs, as in the standard setting. On the
other hand, as indicated in the paper (37), strong bisimulation is not complete w.r.t.
CSL, i.e., logically equivalent states might not be bisimilar.

CTMDPs can be considered as extending the Markov decision processes (MDPs)
with exponentially sojourn time distributions, and this subsumes models such as la-
beled transition systems and Markov chains as well. While linear and branching time
equivalences and preorders are studied for these submodels (42, 43, 54, 99), this has not
been studied for CTMDPs. In this chapter we study the branching time equivalences
and preorders for CTMDP, and the logical characterization problem of these relations
w.r.t. CSL.

We start with a slightly coarser notion of strong bisimulations, and then propose
the notion of weak bisimulations for CTMDPs. We study the relationship between
weak bisimulations and the logical equivalence induced by CSL\x, the sub-logic of CSL
without the next operator. Our first contribution is to identify a subclass of CTMDPs
under which our weak bisimulation coincides with CSL\x equivalence. We discuss then
how this class of CTMDPs can be efficiently determined.

Recently, in (99), we have introduced a sequence of i-depth bisimulations, which
are shown to be converging to the logical equivalence w.r.t. probabilistic CTL (PCTL).
As a second part of this chapter, we propose strong and weak i-depth bisimulations
for CTMDPs, and provide logical characterization results for them. We show that, for
general CTMDPs with finitely many states, the strong and weak i-depth bisimulations
converge to equivalence relations which are exactly the CSL and CSL\x equivalences,
respectively.

Further, we extend the definitions to (weak) simulations, and study their relation-
ship to the logical preorders w.r.t. the (weak) safety CSL respectively. As CTMDPs
can be considered as combining MDPs and CTMCs, we will discuss the downward com-
patibility of the relations with those for MDPs and CTMCs.

As another notable contribution, we propose a novel — and very simple — parallel
composition operator for CTMDPs. We show that both strong and weak bisimulations
are congruence relations w.r.t. this new operator. As a direct consequence of this result,
(weak) bisimulation compositional minimization reduction technique can be applied for

analyzing the CTMDPs.
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Summarizing, in this chapter we introduce various (weak) simulation and bisimu-
lation relations, and develops for the first time a taxonomy of logical characterizations

of these relations on CTMDPs:

e We introduce a new notion of weak bisimulation for CTMDPs. We identify a

subclass of CTMDPs and show the sound and complete characterization for CSL\x.

e We present a sequence of i-depth (weak) bisimulations and the corresponding

logical characterization results.

o We extends the definitions and logical characterization results to (weak) simula-

tions and i-depth (weak) simulations.

e We introduce a novel parallel operator for CTMDPs, and study the congruence

property of strong and weak bisimulations and simulations with respect to it.

5.2 Preliminaries

We first recall the definition of continuous-time Markov decision process as follows.

5.2.1 Continuous-time Markov Decision Process.

Definition 41 (Continuous-time Markov Decision Process). A tuple C = (S, —, AP, L, sq)

is a continuous-time Markov decision process (CTMDP ) where
e S is a finite but non-empty set of states;

e —C Sx RT x Dist(S) is a finite transition relation where R™ is the set of positive

real numbers;

AP is a finite set of atomic propositions;

o L:S — 247 is labeling function;

so € S is the initial state.

Let
Suc(s) ={r|3(s 2 w).u(r) > 0}
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denote the successor states of s, and Suc*(s) the transitive closure. To avoid timelock,

we assume w.l.o.g. that Suc(s) # () for each s € S. A state s is said to be absorbing,

denoted as s, iff
V(s € Suc*(s)).L(s") = L(s).
A continuous-time Markov chain (CTMC) is a CTMDP satisfying the condition that:
si>,uands/\—l>,u'imply)\:)\’anduzu’.
Below we recall the notion of uniformization for CTMDPs (95, 100). Essentially, by

uniformizing each state will have a unique exit rate while preserving certain properties.

Definition 42 (Uniformization). Given a CTMDP C = (S,—, AP, L,sq), the uni-
formized CTMDP is denoted as C = (S,—', AP, L, 3y) where

e S={5]s5€8};
o L(5) = L(s) for each s € S;
e (5,E,n) €' iff there exists (s, \,u) €= and

A
pA (=)0

H=F" E

where p'(F) = u(r) for each r € Supp(p) and
E =max{\| (s,\, n) €=}
is the maximum rate in the original CTMDP.

A CTMDP @ is uniformized iff for any (s1, A1, 1) €— and (s2, A2, pi2) €=, A\ = Ao.

5.2.2 Path and Measurable Scheduler
Let €= (S,—, AP, L,sg) be a given CTMDP. Let
Paths"™1(C) = S x (RT x )"

denote the set of paths with length n + 1 of €. The set of all the finite paths of € is
the union of all the Paths™(C) with n > 0, that is,

Paths*(C) = Uyp>oPaths™(C).
In addition Paths®™(€) =S x (RT x S)° contains all the infinite paths and

Paths(€) = Paths™(C) U Paths>(C)
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is the set of all the paths of C. Intuitively, a path is comprised of alternation of state
and its sojourn time. To simplify the discussion we introduce some notations some of
which are from Chapter 4 and overloaded here. Given a path w = sg, tg, s1,t1 - Sp_1 €
Paths™(C), |w| = n is the length of w, w|= s,_1 is the last state of w, w|* = sq, g, , 5;
is the prefix of w ending at the i-th state, and w|; = s;,t;, 8i+1, - is the suffix of w
starting from the i-th state, and w~(t,—1, s,,) is the path obtained by extending w with
tn—1,8n. Let w[i]| = s; and time(w,i) = t; denote the i-th state and the time spent in
the i-th state respectively where ¢ < n, while w@t is the state at time point ¢ in w, that

is, w@Qt = w(j] where j is the smallest index such that Z?:o t; > t. Moreover,
Steps(s) = {(rate, ) | (s, rate, p) €—}

is the set of all available choices in state s. Let {I; C [0,00)}o<i<i denote a set of
intervals, then
C(so, Lo,y I—1,sk)

is the cylinder set of paths w € Paths®(C) such that w[i] = s; and time(w,i) € ;.
Let § pathse<(e) be the smallest o algebra on Paths™ (C) containing all the cylinder sets.
Refer to (37) for more details.

Non-deterministic choices in CTMDPs are resolved by schedulers, which generates
a distribution over the available transitions based on the existing path. We consider

measurable timed history-dependent randomized schedulers (37, 101).
Definition 43 (Scheduler). A scheduler
7 : Paths*(C) x R x Dist(S) + [0,1]
is measurable if w(w, A, ) > 0 implies (A, u) € Dist(Steps(wl)) and
7(-,tr) : Paths™(C) — [0,1]

are measurable for all tr € 9(R* xDist(S))

Given a scheduler 7 a unique probability measure Pr; s, can be defined on the o

algebra § pasnse(e) by: Prr s (C(s0)) = 1 and Pry s,(C(s0, Lo, s 8ns In, Snt1)) equals:

/ < Yo wwlm A ) - plsng) - (e - 6“’)) (dPrzso(w[™))
(

WwEC(50,10, ,5n) i) ESteps(sn)

where I,, = [a, b].
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5.2.3 Continuous Stochastic Logic

Continuous stochastic logic (CSL) is introduced to reason about continuous-time Markov
chains (102), and to reason about CTMDP later on in (37). It contains both state! and
path formulas whose syntax is defined by the following BNFs:

pu=al|=p |1 Aps | Pogp()
pu=XolpUp|pUle

where a € AP, p € [0,1], I C [0,00) is a non-empty closed interval and < € {<, <
,>,>}. We also introduce a bounded until operator ¢ UL ¢ a restricted version of the
general until operator ¢ U’ ¢.

We use s = ¢ to denote that s satisfies the state formula ¢ while w |= ¢ denotes
that w satisfies the path formula . Below we give the satisfaction relation for the state

and path formulas:

sEaiff a € L(s)
skEpiff s o
sEpApiff si=@1 As = e
s = Pogp () iff V. Pry 5 ({w € Paths™ |w = 9¥}) >ap
w = XL iff wl] = @ A time(w,0) € T
w = 1 Ul g iff 3t € I.(wQt = o A (VH < t.w@t' = 1))
wlE UL gy iff 3 <n At e I.(w@t = wli]
Aw@t = o A (V' < t.w@t' = 1))

Logic Equivalences. We say s and r be CSL-equivalent, denoted by s ~cg_ 7, if
they satisfy the same set of formulas of CSL, that is, s = ¢ iff » = ¢ for all state

formulas ¢. Similarly for sub-logics of CSL. In the following, we let
e CSL™ denote the sub-logic of CSL without unbounded until operator,
e CSL\y, denote the sub-logic without bounded until,

e CSL\ x denote the sub-logic without next and bounded until, and

!The steady-state operator is omitted here for simplicity of presentation.
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e CSL; be the sub-logic such that all the bounded until operators are like ¢q U]I» V2
with j <.

The subscripts i.e. —, X, U, and i can be applied to CSL at the same time (for instance
CsL; ).

5.3 Parallel Composition for CTMDPs

Compositional theory plays an extremely important role in verification, as composition
based minimization and verification are effective methods for solving the state space
problem. For all sub-models of CTMDPs, including CTMCs and probabilistic automata,
their compositional theories have been studied extensively in the literature (32, 78, 103,
104). Surprisingly, to the best of our knowledge, the parallel operator has not been
defined for CTMDPs. Indeed, thus far, CTMDPs are considered as non-compositional.
In this section, we define a novel parallel composition operator for CTMDPs — directly
inspired by the parallel composition for CTMCs (32). We will show that the strong and

weak bisimulations we introduce are compositional w.r.t. our parallel composition.

Definition 44 (Parallel Composition). Let C; = (S;, —i, AP;, L;, s;) with i = 1,2 be
two CTMDPs, and py || p2 be a distribution such that

([ p2)(s1 || s2) = pa(s1) - pa(s2).
The parallel composition Cy || Cy is defined by:
C1 ] Cy=(S1 | So,—, APy x APy, L, s1 || s2)
where
e S| Sa={s|ls|seSiNs €S},
o L(s| s')=L(s) x L(s'), and

o (s| s A pu) €= whenever there exists (s,\1, 1) €—1 and (s', Ao, p2) €—2 such
that A = A\ + X\g and

B A Ao
n= \ (Ml H 53/) + Y (55 H /1'2)'

173



5. CONTINUOUS-TIME MDP

A

—_
win

$b _d

.&:-l""
.&:-l""
SIS
8Joe

1 1 1 1

e

Figure 5.1: Parallel composition of sq and tg.

In Definition 44 we have not considered labels of the transitions, but the composition
operator can be easily extended to deal with labels in a standard way. The following

example illustrates how the composition operator works.

Example 44. Given two processes sg and ty as in Fig. 5.1 (a) and (b) respectively,
where sg has two non-deterministic transitions labeled with 2 and 3, and ty only has
one transition with rate 4, then the parallel composition sy || to of so and ty according
to Definition 44 is described as in Fig. 5.1 (c).
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Discussion. The parallel composition is inspired by the parallel operator introduced
for CTMCs in (32). The extension is conservative, i.e., restricting to CTMCs, our
parallel composition agrees with that for CTMCs. The parallel operator have been
extended for both interactive Markov chains (IMCs) in (32) and Markov Automata
(MAs) (104). In both IMCs and MAs, for each state at most one transition is labeled
with Markovian rate s 2 u, that is, no nondeterministic choices between Markovian
transitions are allowed. But nondeterministic choices between transitions labeled with
actions are allowed.

Transformation between IMCs, CTMDPs and MAs have been studied in (105), which
allows techniques developed for one model to be exploited in the others, see for example
(96, 98). However, similar to the discrete setting (90), such transformation does not

preserve bisimulation relations that shall be introduced in the next section.

5.4 Bisimulations for CTMDPs

5.4.1 Strong Bisimulation

In this section we recall the notion of strong bisimulation for CTMDPs, introduced in
(37), where s X w iff there exists {s 2 witicr and {p;}ier such that p; € (0,1] for
eachic I, ), .;pi=1,and Y, ;pi-p; = . We assume that there is a given CTMDP
C=(S,—,AP,L,sp) throughout this chapter in the following.

Definition 45 (Strong Bisimulation). Let R C S x S be an equivalence relation. R is
a strong bisimulation if s R r implies that L(s) = L(r) and for each s LN 1, there exists
r e w such that R .

We write s ~ 1 whenever there exists a strong bisimulation R such that s R r.

The above bisimulation relation is slightly coarser than the one considered in (37),
where r i>p i/ is replaced by strong transition r LN i/, The idea of combining tran-
sitions with the same exit rate is borrowed from (1). The theorem shows that strong

bisimulation is sound, but not complete for CSL equivalence:

Theorem 36 ((37)). ~ C ~csL.

Note the proof in (37) can be directly adapted to our slightly more general strong

bisimulation. The inclusion is sound but not complete which is illustrated below:
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5. CONTINUOUS-TIME MDP

Example 45. Suppose that we have two states s and r such that s can evolve into sy
either with rate 8 or 5 while r can evolve into s1 with rate 3, 4, or 5. Also we assume
that L(s) = L(r) and sy is an absorbing state with L(s1) # L(s). It is easy to see that

s and r are CSL-equivalent, but they are not strongly bisimilar.

In Example 45 s ~ 7 would hold if one allows combining transitions with different

exit rates, but unfortunately this does not work generally, refer to Example 46.

Example 46. Suppose that we let s i>p w iff there exists {s N witier and {p;}icr
such that Y ,crpi =1, Y icrpi- i =X and Y-, pi - i = . Given two states s and r
such that
3 4 5
S = 1,8 = M2, 5 — 43

r e S g
where
u1(s1) = 0.3, u1(s2) = 0.7
p2(s1) = 0.4, p2(s2) = 0.6
us(s1) = 0.5, us(s2) = 0.5

For simplicity again we assume that s1, so, and s3 are absorbing states and all the
states have different atomic propositions except L(s) = L(r), then s and r should be
bisimilar. But there exists a formula ¢ such that r = ¢ and s = ¢. For instance let
= X'sy with I = [a,00), then the maximum probability of the paths starting from s
satisfying 1 is

max{0.3 - e 2% 0.4-e 0.5 ¢ "}

If e € (%, %), then mazimum probability is 0.4 - e~4¢

the maximum probability of the paths of r satisfying 1.

which is obviously greater than

Below we show that the bisimulation relation is a congruence w.r.t. the parallel

operator we introduced in Section 5.3:
Theorem 37. s ~ r implies that s ||t ~ r ||t for any t.

Proof. Let
R=A{(sllt,r )]s ~ r},
it is enough to show that R is a strong bisimulation. Suppose that (s || t) R (r || ©),

and s || ¢ A 1. By Definition 44 there exists s A 1 and ¢ 220, such that A = A+ Ao

and \ \
1 2

= —. 1) — - (0 .

=St 118+ 32 64 )
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5.4 Bisimulations for CTMDPs

Since s ~ 7, there exists r )\—1>p p} such that pq ~ pf, thus

(m1 [ 6) R (pa || 0¢) and (55 | v) R (&, [ v).

As a result there exists

A

h\ (6 [l v),

A A
it =p == (0 | &) +

21
A
so p R p/ which completes the proof. O

5.4.2 Weak Bisimulation

In this section we will introduce a novel notion of weak bisimulation for CTMDPs in the
sense that it only preserves CSL\x equivalence. Our definition of weak bisimulation is
directly motivated by the two examples in the previous section, together with the well-
known fact that uniformization does not alter reachabilities for CTMDPs (96, 98, 100).
Even though we have seen that strong bisimulation is sound but not complete w.r.t. CSL
equivalence, we can show that the two relations do agree on a subclass of uniformized
CTMDPs. As a result, the weak bisimulation is both sound and complete for the sub-
logic CSLy\x for the same subclass of CTMDPs (not necessarily uniformed). The section
ends up with a discussion about why the results do not hold for general CTMDPs, and
motivates the study of a sequence of bisimulations in next section.

Below follows the definition of weak bisimulation.

Definition 46 (Weak bisimulation). We say that states s and r are weakly bisimilar,

denoted by s ~ r, whenever § ~ T in the uniformized CTMDP C.

Our weak bisimulation is a conservative extension of strong bisimulation. The

following lemma establishes a few properties:
Lemma 28. 1. ~C =,
2. for uniformized CTMDP, ~ = =.
3. s ~csbix T in Ciff s ~csL 1 in C.
Proof. To show that ~ implies ~, we observe that for each s A 1, we have
E— ) A

E
55 (T2 0+ =),
5= ( I + = 1)
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5. CONTINUOUS-TIME MDP

similar for s i>p . The following proof is trivial.

The proof of Clause 2 is straightforward from Definition 46.

We first prove that if € is a CTMC, then s ~CsLik T in Ciff s ~cg. 7 in C. Since
uniformization preserves the satisfiability of CSL\x, thus 5 ~csLy T Let

R=A{(s71)|s ~CSL\x r},

we first prove that R is a strong bisimulation. Let A denote the exit rate of § and 7,
and Az denote the rate from 5 to states in [s]y i.e. § EN pand Az = A - pu([8]r), where
[s]g = {5 | § R 7} is the equivalence class of R containing 5. The case when Az = A is
trivial, we assume that A > )z, then for each C € S/R such that 5 ¢ C, the probability
of the path of s satisfying ¢z ylat) pc is equal to

2 e e

where A\c = A - u(C). Since § ~Csl\x T, it must be the case such that r A with
w(C) =v(C)ie. p R v, thus R is a strong bisimulation. According to (54), § ~csL 7.

We now generalize the result to CTMDP. If s ~cshx T then s ~csiy T Since
in a uniformized CTMDP, every execution of € guided by a given scheduler can be seen

as a CTMC, thus s ~cg. 7 based on the above result. [l

Now we shall show that, different from the strong bisimulation, ~ coincides with

~CSL 1N 2 subclass of CTMDPs, which is defined in the following.

Definition 47 (2-step Recurrent). Let R be an equivalence relation on S. A state s is
said to be 2-step recurrent w.r.t. R iff s is not absorbing, and moreover |Suc(s)| > 2

and

(s 2 1)-(3(s" € Supp()).(v(s' X5 v)w(C) = 1))

where C' = (Use supp(w) [tlz) U[s]x. We say C is 2-step recurrent w.r.t. R, iff there exists

a state s € S which is 2-step recurrent w.r.t. R.

The non 2-step recurrent states can be seen as an extension of the well-known
non-absorbing states, those that can evolve into other equivalence classes. Non 2-step
recurrent states extend non-absorbing states further by excluding those non-absorbing
states that can evolve into other equivalence classes only through their parent and the
parents’ equivalent states. Moreover, we say that s (or C) is 2-step recurrent iff it is

2-step recurrent w.r.t. ~CSLyx- Intuitively, the term 2-step recurrent requires that s
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5.4 Bisimulations for CTMDPs

has more than 2 successors and there exists a transition s — p such that some states in
Supp(p) must only return back to states equivalent to s or states in Supp(u) directly.
We show below ~ coincides with CSL\x for CTMDPs without 2-step recurrent states.

Theorem 38. ~ C ~CSLyx - If C is not 2-step recurrent, = = ~CSLyx-

Proof. In the following the parameter E will be omitted in the transition, i.e. we simply
write s — p for s N L

First we show that ~ C ~CSLyx- Let € be a CTMDP and assume s =~ r. By the
definition of weak bisimulation, we have s &~ r in €. By Theorem 36, s ~cs_ 7 in C.
Applying the third claus of Lemma 28, it holds that s ~CSLy T in C.

Now we prove that ~CSLix implies ~ whenever € is not 2-step recurrent. By defi-
nition, it is the same to prove that ~cg_ implies ~ in a uniformized CTMDP. In the
following we assume that the given CTMDP is uniformized and assume that the rate is

equal to 1 for simplicity without losing generality. Let

R={(s,7) s ~csL 7}

which is obviously an equivalence relation, we are going to show that R is a strong
bisimulation. By contradiction we assume that R is not a strong bisimulation, then
there exists (s,r) € R such that either i) L(s) # L(r), or ii) there exists a s — p such
that there does not exist » —p v with ;4 R v. In both cases, if we can find a formula ¢
such that s = ¢ but r [~ ¢ or the other way around, then we can obtain a contradiction.
Case 1) is easy and we only focus on ii) here. Suppose there exists a transition s — p,

since € is not 2-step recurrent, there are three different cases to consider.

1. s, i.e. s is an absorbing state. This case is trivial since all the derivations of s

will stay in the same equivalence class [s]x.

2. Suc(s) < 2 i.e. there exists at most two equivalence classes C1,Cy € S/R such
that u(Cy U Cq) = 1, in the other words, u(C1) = 1 — pu(Cy). The reason to
consider this special case is that for each pu, if there exists u; and uo such that
11 (C1) < p(Cy) < p2(Ch), then we can make sure that there exists wq,ws such
that wy +wy =1 and wy - p1(Cy) + we - p2(C1) = p(Ch), therefore

wi - 1 (C2) + wa - 2 (Cy)

=w - (1 —p1(C1)) +wa - (1 — p2(Ch))
= wi +wz — (w1 - p1(Ch) + w2 - p2(C1))
=1—p(C1) = u(Cs)

!The Sucs = 1 can be covered by taking Co = ) in the proof.

179



5. CONTINUOUS-TIME MDP

thus (wy - p1 + ws - p2) = p as we expect. This cannot be generalized to the case
where Suc(s) > 2.

Let ¢ be the master formula of an equivalence class C' € S/R such that Sat(pc) =
C. Since s ~cg. 7, and

S ’: PZl(X[Opo)(QDCH \% 306'2))

obviously, thus
r = Por (X2 (pe, v ee,)),

that is, Suc(r) € Cy U Cy which means r can only move to states in C U Cy
too. Secondly, we prove that there exists » — 14 and r — v5 such that 11 (C7) <
1(Cy) < vo(Ch). Assume there does not exists r — v, such that v9(Cy) > u(Cy),
in the other words, for all » — v we have v(Cy) < u(Ch), so there exists ¢ such
that

r = Peg(X) o) but [ Py (X% o)

which contradicts with the assumption that s ~cg. r. Similarly, we can show
that there exists r — v such that v1(C7) < p(C1). Based on the discussion above,

we can guarantee that there always exists w; and wy such that w; +we =1 and
(w1 -1 +wa - 10) R p.

3. We consider the — most involved — remaining case: Suc(s) > 2 and for all s’ €
Supp (), there exists ¢ and 8" — ' such that p/(¢t) > 0 where ¢ is in a different

equivalence class from which s and the states in Supp(u) belong to.

We prove by contraction. Assume that there does not exists » —p v such that
1 R v. Note every combined transition of r can be seen as a combined transition
of two other combined transitions of r. We fix two arbitrarily fixed (combined)

transitions of r: r —p v and r —p 1o, thus
V0 < wp,we < 1.(wyg +we = 1A (w1 -1 +wsg-1va) ¢ R) (5.1)

Let Supp(p) = {s1,82,...,8,}. For simplicity we assume that sq,...,s, belong

to different equivalence classes. For 1 < ¢ < n, define:
w(s;) = ai,vi(s;) = by, and v5(s;) = ¢; .

Then there must exist 1 < k # j < n such that there does not exist 0 < wy,wy < 1
with wy; + wy = 1 such that

w1 - b +we - = ag andwl-bj—i—wg-cj:aj,
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otherwise (u, (wiv1 + ware)) € R which contradicts Eq. 5.1. The idea now is
then to construct a formula ¢ which is satisfied by s but not r, depending on
the relation between ay, a; and by, ¢, b;, c;. There are nine possible cases in total
depending on whether aj € [by,c;] and/or a; € [bj,cj]. Most of the cases are
trivial except when ay, € [by, ¢ and a; € [cj,b;] with ¢, > by, and b; > ¢;. 1 The

formula for this case is given by:
o= (rVsVsp)Ulatl(s; v s))

where s}, is the successor of s; not equivalent to s and the states in Supp(p),
and the names of states are used as the abbreviations of the state formulas char-
acterizing the equivalence classes where they are located. Suppose there exists

sk — i with pg(s)) = p, and define:

pr=p-(a-e%4e?—b-el—e?
Py = e 4 — e—b
then
e the probability of s satisfying ¢ by choosing transitions s — p and sy — ux
is equal to
p(s,p) == a; - p2+ag-p1
e the probability of r satisfying ¢ by choosing the combined transition of
r — vy and r — v; and s — g is either
p(r,v1) =10 - p2+ b p1
or
p(r,v) = cj - p2+ck - p1.

Now it is sufficient to prove that we can find 0 < a < b such that p(s, u) > p(r,v1)
and p(s, 1) > p(r, ). We claim 2 that it is the case once we can guarantee

&e(bj—aj aj—cj
) 7
p2 ag —bgp cx —ag

which can be seen as follows:

'For instance if ar > b, ck, s will evolve into s;, with higher probability than r, so ¢ is easy to
give.

2By solving two equations:ay, - p1 4+ a; - p2 > by - p1 +b; - pa, and ag - p1 +aj - p2 > ¢k - p1 4 ¢ - pa,
such p; and p2 always exists due to that there does not exists wi, w2 such that wy - by + w2 - ¢ = ak

and w1 - b; + w2 - ¢; = aj.
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e Let b = oo, then % = p-(a+1) and it is easy to see that there exists a,b

such that £ € [p, 00).

e On the other hand let a = 0, then
p=p-(1-e’=b-e?

and py =1 —e7? s0
P1 b-e?

—p-(1—
P2 a 1—e?

)7

note here that lbfe__bb € (0,1) since lbfe__bb

b is close to 0, and on the other hand,

can be arbitrary close to 1 when

be
1—e—b

is arbitrary close to 0 as b

increases. As a result 2 € (0, p).

e it is not possible for
bj —ay o aj — Cj

ap — by cp—ayp’

otherwise there exists 0 < wy,wy < 1 such that
wl'bk+w2‘Ck;:(lk; andwl-bj+w2-cj:aj

Thus there always exists 0 < a < b such that s will satisfy ¢ with higher proba-
bility than r for some a, b, therefore s ~¢cs_ 7, and we have a contradiction. All

the other cases are similar and omitted here.

O

In the proof we only need to use unbounded until, A (to construct the master
formula of each equivalence class), and V. Thus, the following sub-logic is sufficient to

characterize weak bisimulation for CTMDPs which are not 2-step recurrent:

pu=alpho| oV | Pup(y)
¥ u=pUl

Below we show that, as for strong bisimulations, the weak bisimulation relation is
a congruence w.r.t. the parallel operator we introduced in Section 5.3. Moreover, for

CTMDPs which are not 2-step recurrent, ~CSL\x is a congruence as well.

Theorem 39. 1. s ~ r implies that s ||t ~ r ||t for anyt.
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@éé®®

Figure 5.2: Counter example of strong probabilistic bisimulation.

2. if C is not 2-step recurrent, s ~csL 1 implies that s | ¢ ~csLyk T | t for any
t.

Proof. We prove Clause 1 first. Since s =~ r, by Definition 46 § ~ 7. According to

Theorem 37 § ||t ~ 7 || t for any ¢. It is easy to check that 5 || ¢ = s || ¢, as a result
s|[t ~ 7| t which implies that s ||t ~ 7 || ¢ for any ¢.

The proof of Clause 2 is straightforward based on Clause 1. O

General CTMDPs. The following example explains the necessity to consider CTMDPs
without 2-step recurrent states in Theorem 38. It is shown that when 2-step recurrent

states are involved, ~esLy &R does not always hold.

Example 47. Suppose we are given two states sy and ro of a CTMDP depicted in
Fig. 5.2.
First assume s; and r; are absorbing states for each 1 < i < 3. In this case, it is

easy to check that sg and ro are 2-step recurrent states where all the states have different
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atomic propositions except L(s;) = L(r;) for each 0 < i < 3. ' Then there does not
exist a CSL formula which can distinguish them, as a result they are CSL equivalent.
On the other hand, so and ro are not bisimilar, as for the middle transition of rq, so
has no way to simulate it even with combined transition.

Now suppose that so and 9 are not absorbing, for instance they can evolve into sg
and o with probability 1 respectively, then still they are CSL equivalent. But interest-
ingly, if the non-absorbing states are s3 and rs instead but with the same transitions,

then sy ~csL 19. Considering the formula
= (L(s0) V L(s3)) U™ L(s)),

the maximum probability of the paths of sg satisfying 1 is 8 while this probability in rg
18 % > 8, thus sg = ngi/) but ro [~ PS%Q,Z). Note that even we let so and s3 have such

transition, sg and ro are still 2-step recurrent by Definition 47.

The key idea behind the difference illustrated in Example 47 is that the bisimulation
relation only takes one step into consideration. This restriction might be the best one

can hope for the completeness results.

5.4.3 Determining 2-step Recurrent CTMDPs

In Theorem 38, the completeness holds only for CTMDPs which are not 2-step recurrent.
This section discusses a simple procedure for checking it. The following lemma holds
by applying the definition directly:

Lemma 29. Given two equivalence relations R and R’ over S such that R C R’, then

if € is 2-step recurrent w.r.t. R, then it is 2-step recurrent w.r.t. R', or equivalently if

C is not 2-step recurrent w.r.t. R', then it is not 2-step recurrent w.r.t. R.

Proof. Straightforward from Definition 47 and the fact the [s]x C [s]g/ provided that
R C R O

Lemma 29 suggests a simple way to check whether a given CTMDP C is 2-step

recurrent w.r.t. ~csp,y- We know that
~C®&Cr~esLy © R,

where
R=A{(s,r) | L(s) = L(r)}.

! Assume that R = {(s,7) | L(s) = L(r)}, and same for the following examples.
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By Lemma 29, we can first check whether C is 2-step recurrent w.r.t. R, if it is not,
we know that € is not 2-step recurrent either w.r.t. ~CSLyx- Otherwise we continue to
check whether € is 2-step recurrent w.r.t. ~ or &, if the answer is yes, then C is 2-step
recurrent t0o w.r.t. ~csi, - Both ~ and =~ can be computed in polynomial time, see
(106) for detail.

In the remaining cases, namely when C is 2-step recurrent w.r.t. =, but not w.r.t.
R, we cannot conclude anything, thus the relation ~csL,x shall be computed first for
this purpose. The decision algorithm for ~CSLix falls, however, out of the scope of this

dissertation.

5.5 Characterization of CSL in General CTMDPs

In (99) we have defined a sequence of strong bisimulations to characterize probabilistic
CTL (PCTL) as well as its sub-logics. Following that approach, in this section we show
that such strong bisimulations can be used to characterize CSL and its sub-logics as

well, for general CTMDPs.

5.5.1 Strong i-depth Bisimulation

For the interval I = [a,b], define 6 x =[a—z,b—2z]ifa >z, and I © 2z = [0,b— ] if
a < x < b. First, we define the notation Prob, s(C,C’,n,I,w), denoting the probability
of reaching C’, from state s, via only states in C' within time in the interval I C [0, c0)
and in at most n steps under scheduler m, where w is used to keep track of the path.

Formally, p = Prob, (C,C’,n, [a,b],w) is defined as follows:
1.if(n=0)A(a=0)A(s€ ), pisequal to 1

2. elseif (s€e CAs¢ C')A(n>0),pis equal to

3 w(w,A,m-(/obA-e”- S ul)

(M) €Steps(wl) s'€Supp (1)

- Prob, ¢(C,C"',n —1,[a,b] & z,w~(z, 5/))d:v>,
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3. elseif (s € CNC")A(n>0),pis equal to

Z 7(w, A\, ) - (67’\“ + /Oa)\ ceTAT Z u(s)

(A\;p)€Steps(wl) s’ € Supp ()

- Prob, (C,C",n —1,a,b] © z,w~(z, 5'))d:ﬂ>,

4. otherwise p is equal to 0.

The above definition has the same flavor as the definitions in (37, 102) — extended
with bounds on the discrete steps. The first clause is trivial. For the second clause,

s € CAs & C" and we have still steps n > 0. The term 7(w, A\, 1) denotes the probability

that the pair (), 1) is chosen by the scheduler m under consideration. Further, A - e=**

is the density of leaving s at time x. Once s is left, the successor s’ is taken with
probability pu(s’), from which we have n — 1 steps and [a,b] © x time left. The path is
then augmented with the pair (z,s’). For the third clause with (s € CNC’) A (n > 0),

either we stay in state s more than a time units with probability
[e.e]
/ e Mdy = e
a

otherwise we should continue, and the argument is the same as the previous case. For
all the other cases, it is obvious that the result equals 0. Below follows the definition

of strong i-depth bisimulation where s ~q r iff L(s) = L(r):

Definition 48 (Strong i-depth Bisimulation). A relation R C S x S is a strong i-depth

bisimulation with i > 0 if s R r implies s ~;_1 1 and for any R downward closed sets

C,C" and I,
1. for each scheduler w, there exists a scheduler @' such that

Prob, .(C,C',i,1,7) < Prob, s(C,C",4,1,s),

2. for each scheduler m, there exists a scheduler @' such that

Prob. (C,C",i,1,s) < Prob. ,.(C,C",i,1,r).

We write s ~; 1 whenever there is a strong i-depth bisimulation R such that s R r.

It is not hard to show that ~; is an equivalence relation.

Lemma 30. ~; is an equivalence relation for all i > 0.
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Proof. The reflexivity and symmetry are easy to show, we only prove the transitivity
here. Suppose that s ~; tandt ~; r, we should prove that s ~; r. By Definition 48
there exists two strong i-depth bisimulation R; and Ry such that s Ry ¢ and t Ry 7.
Let

R =Ry 0Ry ={(51,53) | Is2.(s1 R1 s2 A s3 Ry 1)},

it is enough to show that R is a strong i-depth bisimulation. Note Ry URy C R, since
for each s; Ry s9 we also have sy Ry so due to reflexivity, thus s; R so, similarly we can
show that Ry C R. Therefore for any R downward closed sets C' and C’, they are also

Ry and Ry downward closed. As a result for each I and 7, there exists 7’ such that
Prob +(C, C'y i, 1,t) < Prob, s(C,C" i, I, 5)

since s ~; t. Furthermore, since t ~; 7 there exists 7’ such that
Prob .(C,C',i,1,r) < Proby +(C,C’',i,1,t).

This completes the proof. [

Similarly we can show that ~; is both sound and complete for ~g -, and also
in an arbitrary CTMDP there exists a n such that ~,, = ~cs_, therefore we have the
following theorem.

Theorem 40. Lo~y = g -
2. There exists n such that ~, = ~cg - = ~csL-

3. ~; with i > 1 is not in general a congruence (w.r.t. the operator || in Defini-

tion 44).

Proof. Let
Sat(g) = {s € S| s = o)

denote the set of states satisfying ¢, and
Sat(y) = {w € Paths™ | w = ¢}
denote the set of paths satisfying ¢. We prove that ~esLr C ~; first. Let
R={(s,r)]s ~esL; r},

it is enough to show that R is a strong i-depth bisimulation. It is a standard technique

to construct a state formula ¢ such that Sat(pc) = C where C' is R downward closed.
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Suppose that there exists 7,C,C" and I such that there does not exist a scheduler 7/
with
Prob. (C,C",i,I,r) < Probs s(C,C",i,1,5)

where C,C" are R downward closed sets, and I C [0,00) is an interval. In other words
Prob. .(C,C",i,I,1) > Prob, s(C,C"i,1,5)

for any 7'. Let Prxs(¢1 UiI ¢2) denote the probability of the paths of s satisfying
1 UiI o guarded by the scheduler 7, it is not hard to see that

Prqs(pc Ul oor) = Proby o(C,C" i, 1, 5).
As a result there exists ¢ such that
r = Psq(po Ul por) but s [ Psy(pe Uf or)
which contradicts with our assumption, therefore there does exist 7’ such that
Prob .(C,C",i,I,r) < Prob, (C,C",i,1,s),

thus s R r.

In order to prove that ~; C ~g —, we need to show that for all states s and r,
s = ¢ implies r = ¢ and vice versa erllenever s ~; 1, where ¢ is any state formula of
CSL; . We only consider formula P<,(¢) here since all the others are trivial. Suppose
¢ = X! ¢ where I = [a,b]. We show that the next operator can be encoded by bounded
until. First consider the case when s ¢ Sat(y), then Pr, (X! ) = Pry (s Ul p) for
any scheduler m. Suppose that s € Sat(y). Since

Pros(X! ) = > m(s) (A ) - (€72 — e ) — Pro (XTI =),
(A\,p)ESupp (7(s))

so we can use the above result to encode Prms(Xl —p) as well. As a result we only
need to consider the case when ¢ = ¢; Ul 5. Suppose that s = P>4(1), that is,
V7. Prqs(p1 UZ-I p2) > q. Since

Prrs(1 Uf @2) = Proby s(Sat (1), Sat(p2), i, 1. 5)
for any scheduler 7, then we have

V. Proby s(Sat(p1), Sat(p2),i,1,s) > q.
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Again we prove by contradiction, assume that r = P>41, then there exists 7’ such that
Prob.s (Sat(y1), Sat(e2),i,1,7) < q,
since s ~; r, then there should exist 7 such that
Proby s(Sat(¢1), Sat(v2),i,1,s) < Prob (Sat(e1), Sat(e2),i,1,r) < q,

this contradicts with the fact that s = P41, so r |= P>41, this completes our proof.
The proof of Clause 2 is trivial since there are at most n equivalence classes where
n is the number of states in a CTMDP, thus ~, = ~cg - = ~csL.

For the counterexample of the last clause please refer to Example 51. [

The following example illustrates that ~; is both sound and complete for ~ g -

even for general CTMDPs.

Example 48. Refer to sy and ro in Example 47. If s; and r; are absorbing states
with 1 < j < 3, then it can be proved that sy ~; 1o, thus so ~cg - To for any
i > 0. Similarly for the case when so and ro are not absorbing but can Zevolve mto Sg
and ro with probability 1 respectively. Suppose now the non-absorbing states are s3 and
rg with same transitions, then we show that there exists n such that sy ~, ro. Let

C = {s0, 83,710,173}, C' = {81,711}, and I =[0,00), then it is easy to see that

n
Proby, «,(C,C",2n +1,1,50) = 0.3 - Z 0.4
i=0

where m; always chooses the left transition when at so. Similarly

n
Proby, ,(C,C",2n+1,1,5) =0.5-> _0.1'
i=0
where m,. always chooses the right transition when at sg. Given a m, which always

chooses the middle transition of ro when at ro, then

n
Proby,, ,(C,C",2n +1,1,70) =04 0.3',
=0
Observe that A
lim Proby,, ,(C,C',2n+1,1,19) = -

n—oo

which is greater than

1
lim Probs, s, (C,C",2n +1,1, ) = 5

n—oo
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and

n—oo

5
lim Proby, (C,C',2n+1,1,s0) = 9’

thus there must exists n such that it holds
Proby, +(C,C",n,I,19) > Probg, s (C,C",n,I,s0)

and
Proby, +(C,C",n,1,19) > Probs, s (C,C",n,I,sp),
thus sy ~p 1.
Recall that CSL\y, denotes the sub-logic of CSL without bounded until. The fol-

lowing lemma shows that the intersection of ~ and ~; is sound and complete for this

sub-logic:

Lemma 31. If C is not 2-step recurrent, we have
1. =N~y = ~CSLyy,, -
2. ~CSLyy, s not in general a congruence.

Proof. By Theorem 38 ~ = ~CSLyx in a CTMDP without 2-step recurrent states, and
moreover by Theorem 40 ~; = ~esiy Let CSL;, denote the sub-logic of CSL without
(bounded and unbounded) until operator. We are going to show that CSL; = CSL;.
The proof of ~esLo C ~esLy is trivial. We show that ~esig - ~esLr The only
case we need to consider is ¢ = P<4(p1 U ¢5). We prove by structural induction on
©. Suppose that s = ¢ and s | p1 A e, if we choose transition s A 1, then the
probability of the paths of s satisfying ¢ U{ 9 is equal to

pu(Sat(p2)) - (e — )

where I = [a, b], note the probability of the paths of s satisfying X! ¢y is also equal to

p(Sat(pa)) - (e — e ),

in other words, if s |= 1 A =, then s |= ¢ iff s = P<y (X! 3). Since s ~csiy 7 then
7 |= P<y(X! 9), by induction r = 1 A =g, thus 7 = . The other cases are similar
and omitted here. Therefore ~ N ~7 is both sound and complete for ~CSLyy,, -

Since ~1 is not congruent, the first clause implies clause 2 directly. O

The example below shows that Lemma 31 does not hold in CTMDPs with 2-step

recurrent states:
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Example 49. Again considering so and ro in Example 47, if s; and r; are absorbing
states for 1 < i < 3, then both sq and ro are 2-step recurrent states by Definition 47.
As we said before sy ~csL T, thus sg ~csLyy, 70 but s % 719.

5.5.2 Weak i-depth Bisimulation

Following the idea of defining weak bisimulations in Section 5.4.2, in this section, we

introduce weak i-depth bisimulations.

Definition 49 (Weak i-depth Bisimulation). We say that states s and r are weak i-

depth bisimilar, denoted by s =; r, whenever § ~; T in the uniformized CTMDP

C.

Due to that CSL\x satisfaction is preserved after uniformization, we have the fol-

lowing characterization results for CSL\x in arbitrary CTMDP.

Theorem 41. 1. There exists n such that =~,, = ~CSLyx -

2. &1 is congruent, and ==; with ¢ > 1 is not in general a congruence.

Proof. The proof of the first clause is based on Theorem 40. We first shows that s ~ r
implies that s ~csLy T ie. ~C ~CSLyx- Since s ~ r,thens ~ 7, thuss ~CSLyx 7 by
Theorem 40. Since uniformization does not change the satisfaction of CSL\x, therefore
§ ~esLy T To show that ~csLx & R, we prove that s ~csLy T implies that s ~ 7.
It is easy to see that ~CSLix = ~~CsL in a uniformized CTMDP, thus s ~csbiy T implies
that § ~cs. 7. By Theorem 40 s ~ 7, therefore s ~ r.

We prove that ~; is congruent. By Definition 49, s =~y r iff § ~; 7, so we only

need to show that ~q is congruent in uniformized CTMDPs. It is enough to show that
R=AGsltr )]s ~ 7}

is a strong 1-step bisimulation. Note that in a uniformized CTMDP s ~q 7 iff for each
~i-closed set and s — p, there exists » — v such that v(C) < u(C) and vice versa.
Suppose that s || ¢ — u, by Definition 44, there exists s — ps and ¢ — p; such that

1 1
uzimeM+§%@Hm%

the following proof is straightforward. O

We have seen that ~CSLx is a congruence in CTMDPs that are not 2-step recurrent.
Since =2; with ¢ > 1 are not congruent in general, it follows that ~CSLiy I8 also not

congruent in general.
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5.6 Simulations

In this section we introduce (weak) simulations, and i-depth (weak) simulations. Fur-

ther, we extend the characterization results to these simulation relations.

5.6.1 Strong and Weak Simulations

We extend the strong (weak) bisimulations to strong (weak) simulations for CTMDPs,

respectively:

Definition 50 (Simulation). Let R C S x S, R is a strong simulation if s R r implies
that for each s — u, there exists v —p u' such that u Cg .

We write s < r whenever there exists a strong simulation R such that s R r.

We say that s is weak simulated by r, denoted by s T r, whenever s < T in the
uniformized CTMDP C.

The relation < is then a preorder. To characterize <, we use the safe fragment of

CSL (54), denoted as CSLg, which is defined by the following BNFs:

pu=a|-aleANe|eVel|Pspt))
pu=Xp|pUle|pUle

As usual, CSL,\x is obtained from CSLs by removing the next operator. Below we
present the logical characterization results for strong and weak simulations with respect

to CSLs and CSL,\x, and their relationship:
Theorem 42. 1. < C <csL,-
2. if C is uniformized and not 2-step recurrent, <csp, = <.

3. 3 C <cslax-

4. if C is not 2-step recurrent, <CSLax = =

Proof. In order to show that <cs, € < when C is not 2-step recurrent, it is sufficient
to show that

R=A(s,r) s <csL, 7}
is a strong simulation. Suppose that s R r and s —p p, we need to show that there

exists r —p v such that p Cg v. Similar with the proof of Theorem 38, if there does

not exist r —p v such that 4 C¢ v, then a path formula 1) and 7 can be found such
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that Pry(¢) > Prg (1) for all /. Therefore there exists ¢ such that r = Ps41 but
s = P>41, which contradicts our assumption that s <csi, .

Now suppose that s < r, we are going to show that s <csi, 7, that is, r = ¢
implies s = ¢ for any ¢ of CSL4 by structural induction on ¢. First we show for each

7 of s, two < downward closed sets C,C’, and I = [a, b], there exists " of r such that
Prob, (C,C',I,1r) < Prob, (C,C",1,s).

Since C' and C” are < downward closed, there exists ¢ and ¢ such that Sat(oc) = C

and Sat(pcr) = C'. There are several cases we need to consider.

1. s = @c and s £ por.
Then

Prob, (C,C",1,s) = Z 7(s)(\, 1)
(Au")€Supp (7 (s))

b
. / Aoe . Z W (t) - Probr(C,C", I &z, s~(z,t))dr,
0 teSupp (')

thus there exists s —p p such that

Prob, (C,C",1,5)

= /b)\ ceTAT . Z u(t) - Proby +(C,C' I © z, s~(x,t))dz.
0 teSupp (1)
By induction if s = p¢ and s £ @, then r = oo and either r = pc or r (= ¢c,
the case when r (= ¢¢ is trivial, since Prob, ,(C,C’,I,r) =0 for all ©’. Suppose
that 7 = ¢ and r £ pc, since s < r, there exists  —p v such that 4 T v, in
other words, v(C) < u(C) for each < downward closed set C, hence there exists
7’ such that

b
/ Aoe A g v(t) - Proby +(C,C" 16 x,r~(z,t))dx
0
teSupp (v)

b
§/ Aoe A Z w(t) - Probr +(C,C", I & x,s~(x,t))dx
0 teSupp (1)

by induction. By definition there exists {v;}1<i<n, and {p;}i<i<n such that

Yi<icnPi = Land 33, pi-v; = v. Let 7 choose transition (A,v;) with
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probability p; at state r, then it is not hard to see that

b
/ Aoe AT Z v(t) - Probw +(C,C" 1 6 z,r~(z,t))dx
0

teSupp (v)

= > m'(r)(A V)

(A eSupp(n' (1))

/)\ e AT V' (t) - Proby +(C,C" 1 &z, r~(x,t))dx |
tESUPp( ")

thus there exists 7’ such that Prob. .(C,C’,I,r) < Prob, s(C,C’,1I,s).

2. s pc and s = o
Then

Probyr s(C,C',I,s) = e + Z w(s)(\ 1)

(A,u")€Supp(r(s))
(/ Ae”

and there exists s —p p such that

W' (t) - Probr+(C,C", IS x,y{a},t))da}) ,
tESupp(u )

Prob, (C,C",1,s) = e

+/ A-e AT Z u(t) - Proby +(C,C' I © x, s~(x,t))dz.
0

teSupp (u)

By induction there are four cases: either

e r = pc and 1 = ¢or, or
o 7 [~ pc and r = per, or
o 7 = ¢ and r = por, or

e r = po and 1 £ por.

The first case is similar with Clause 1, and is omitted here. If r = pc and
r = @cr, then

Proby «(C,C",1,5) = Prob (C,C', I,r) =1

if @ = 0, otherwise Prob, ,(C,C’,I,r) = 0, thus such 7’ always exists. When
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3.

r = wc and 7 [~ @cr, there exists r —p v such that
b
/ A-e A Z v(t) - Proby +(C,C" 1 & x,r~(z,t))dx
0 t€ Supp (v)

:/ Aoe A Z v(t) - Proby +(C,C", 1 & x,r~(z,t))dx
0
teSupp(v)

b
+ / Aoe A Z v(t) - Proby +(C,C" I & x,r~(z,t))dx
@ teSupp(v)

b a
§/ A-e N dx + / Aoe AT Z v(t) - Probg +(C,C", I &z, r~(z,t))dz
a 0 t€ Supp (v)

§/ A-e Mdx + / Ao AT Z v(t) - Prob +(C,C" I & z,r~(z,t))dx
a 0 t€ Supp(v)

—e M 4 / Ao AT Z v(t) - Prob +(C,C" I &z, r~(z,t))dx
0 t€ Supp (v)

<e M 4 / Ao AT Z w(t) - Proby +(C,C', I & x,s~(x,t))dz
0 te Supp (i)

Let 7’ be a scheduler which chooses transition (\,v;) with probability p;, then
Prob, (C,C',I,7) < Prob, 4(C,C", 1, s).
The last case is trivial since Prob, ,.(C,C’,I,r) =0 for all 7.

The other cases are trivial.

In all cases we have proved that for each w, C, ', and I, there always exists 7/
such that

Prob, ,(C, C'1,r)< Prob, s(C, C'1,s).

Suppose that r = Ps4(p1 U7 ¢2), that is,

Proby (Sat(p1), Sat(p2),1,7) > q

for all ', Tf s [ P> 4(1 UT 2) which means there exists  such that

Proby s(Sat(e1), Sat(p2),1,s) < q,

then there does not exist 7’ such that

Proby ,(Sat(p1), Sat(pz),I,r) < Proby s(Sat(p1), Sat(p2),I,s)

195



5. CONTINUOUS-TIME MDP

which contradicts the assumption that s < r, hence s |= P>q(p1 UL py).

Since uniformization does not change the satisfaction of CSL\x, thus the proof of

Clause 3) and 4) is straightforward according to Definition 50. O

Example 47 can applies here as well showing that Theorem 42 does not hold in

general CTMDPs. Let R~! denote the reverse of the relation R. The following theorem

shows the compositional properties and their relation to bisimulations:

Theorem 43. 1. s < 7 implies that s ||t < 7 ||t for any t.

2.

3.

4.

s 3 r implies that s ||t < r |t for any t.
If C is uniformized, < = 3, and <cs|, = =CSLx-

If € 1s not 2-step recurrent, s <csi, T implies that s || ¢ <cslyx T || t for any

R=A(sllt,rlt)]s < r}

it is enough to show that R is a strong simulation. Suppose that (s || t) R (r || t),
and s || t 2 pt. By Definition 44 there exists s 2, w1 and t 22, 1 such that
A= A1+ Ao,
A1 A2
p=20 G 8+ 226, | ),

Since s < r, there exists r A w} such that pq Cg pf, thus
(m1 [l 0)) Ex (wy || 6¢) and (05 [| v) Ex (67 || V)

by induction. As a result there exists

A A A2
T||75—>PM'ETI'(NI1H‘St)*'j‘(‘sru’/)’

so u Cg g/ which completes the proof.

. Suppose that s < r, then according to Definition 50, 5 < 7. Due to Theorem 37,

we have 5 ||t < 7| t. Asaresult s |t < 7| ¢, therefore s |[¢t < = | ¢
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3. The proof is < = 3 is directly from Definition 50. Since uniformization preserves
CSLg\x, thus CSLy = CSL,\x in a uniformized CTMDP.

4. The proof is straightforward based on Clause 2) and Theorem 42.

5. The proof of ~ C (< N <71) is trivial and omitted here. To show that (< N <~1)
is strictly coarser than ~| it is enough to give a counterexample. Suppose we have
three states s1, so, and s3 such that s; < s3 < s3 but s3 £ so A s1. Let s
and 7 be two states such that L(s) = L(r). In addition s has three transitions:
s L 0sy5 S LN Osq, 8 LN ds4, and r only has two transitions: s LN Osys S LN 0s5. Then
it should be easy to check that s < 7 and r < s, the only non-trivial case is
when s & 0s,. Since sa < 3, thus there exists r RN ds5 such that 65, T g,
But obviously s o4 r, since the transition s EN ds, cannot be simulated by any

transition of 7.

6. The counterexample adopted in the proof of Clause 3) in Theorem 43 also applies
here, thus the proof is similar and omitted.

O

5.6.2 Strong and Weak i-depth Simulations

In this section we introduce the one side strong and weak i-depth bisimulations. Below
follows their definitions where s <o 7 iff L(s) = L(r):
Definition 51 (i-depth Simulations). A relation R C S xS is a strong i-depth simula-

tion with i > 0 if s R r implies s <;_1 7 and for any R downward closed sets C,C", I

and 7, there exists a scheduler 7' such that
Prob .(C,C",i,I,r) < Prob, s(C,C",i,I,s).

We write s <; r whenever there is a strong i-depth simulation R such that s R r.

We say that s is weak simulated by r, denoted by s Z; r, whenever s <; T in the
uniformed CTMDP C.

The following theorem shows the properties of <; and Z;, especially there exists n

such that <, and 3, are enough to characterize CSLy and CSLg\ x respectively.
Theorem 44. 1. <; is preorder, and <; = < g - -
2. There exists n such that
=n = =csL; T =CsLs

and Zpn = <csL. n any CTMDP.

s\X

197



5. CONTINUOUS-TIME MDP

3. < with i > 1 and Z; with i > 1 are not congruences while Z1 is a congruence.

Proof. We first show that <; is a preorder. The reflexivity is trivial and we only show
the proof of transitivity. Suppose that s <; t and t <; 7, we need to prove that
s =<; r. By Definition 51 there exists two strong i-depth simulation such that s Ry ¢
and t Ry r. Let

R=Ri0Ry = {(81,83) ‘ 382.(81 <; S9N\ S2 <; 83)},

it is enough to show that R is a strong i-depth simulation. Similar with the proof of
Lemma 30 it can be shown that R; URy C R, thus for each R downward closed set
C, it is also Ry and Ry downward closed. The following proof is straightforward, and
is omitted here.

To prove that ~-g, - C <, it is enough to show that

R={(s,7r)|s ~esL r}

is a strong i-depth simulation. By definition given a R downward closed set C, there
exists ¢¢ such that Sat(pc) = C. Suppose that s R r and for two R downward closed
sets C,C" and I C [0, 00), there exists 7 such that

Prob .(C,C",i,I,1) > Probr s(C,C",i,1,5)

for any 7/. Since

Pry s(¢) = Proby s(C, C' i, 1,5)

where 1) = ¢c Ul pcr, thus there exists ¢ such that r = P>, but s = P>41p which

contradicts with the assumption that s ~cg - 7, so there must exist 7 such that
Prob .(C,C",i,I,r) < Prob, (C,C",i,1,s).

To show that <; C ~cg -, we need to prove that if s <; 7, then r = ¢ implies
s |= ¢ for any ¢ of CSL_;. We only consider the case when ¢ = P>4(¢1 U! ©5) since all
the other operators are either similar or trivial. Suppose that r = ¢, in other words,

Prz s(p) > q for any scheduler 7. Let

C={scS|skF e}

and

C'={seS|sk e},
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it is obvious that C' and C’ are <; downward closed by induction. Then
Prob. ,(C,C",i,1,r) > q
for any scheduler m. Assume that s £ ¢, that is, there exists 7’ such that
Prob. (C,C",i,1,s) < q.
By definition of <;, there should exist 7 such that
Probr ,(C,C",i,1,r) < Proby s(C,C",i,1,s) < q

which contradicts with the fact that r = ¢, thus s = ¢.

Since in a finite system we only have finite equivalence classes, thus the same argu-
ment applied in Theorem 40 also works here.

Similar as the proof of Clause 3 of Theorem 40, Example 51 can be used as a
counterexample here too, thus <; with ¢ > 1 is not congruent in general.

Now we prove that there exists n such that 3, = ~CSLy - We first shows that
s Zpn rimplies that s <csLx T e =n C =csLyx- Since s Z, 7, then § <, 7, thus
5 <csLx T as shown before. Since uniformization does not change the satisfaction of
CSL\X, therefore s <csLx T To show that <csLix € <n. we prove that s <csLyx T
implies that s 3,, 7. It is easy to see that <csLix = =csL in a uniformized CTMDP,
thus s <csi,, r implies that § <csL 7. Therefore s ~ 7ie s 3 7.

We prove that Z; is congruent. By Definition 51, s Z; riff § <1 7, so we only

need to show that <; is congruent in uniformized CTMDPs. It is enough to show that
R=AGslt,r )]s <1 7}

is a strong 1-step simulation. Note that in a uniformized CTMDP, we can change the
definition of strong 1-step simulation as follows: s R r implies that for any R download
closed set C' and s — p such that u(C) > 0, there exists r — v such that v(C) < p(C).
Suppose that for a R download closed set C, and s || t — p with u(C) > 0, there exists
s — p1 and t — ug such that

1 1
- 5 = (s =1,
S (1180 + 5 (8, I ) =

thus there exists R downward closed sets C; and C5 such that
1 1
5 1(C) + 5 - p2(Ca) = u(C)

where

{s"It]s"eCiyu{r |t [t]Ca})cC.

199



5. CONTINUOUS-TIME MDP

Since s <3 r, there exists r — v such that 11 (Cy) < p1(Ch), by induction there exists
r — v such that

-11(Cy) + % - p2(Cy)

DO | —

1 1
3 -1 (Ch) + 3 p2(Cy) <

i.e. v(C) < p(C). This completes our proof. O

As a direct consequence, <cs| ., = ~; 1S not congruent for ¢ > 1. Below we prove

s\X

a few properties of i-depth simulations, along Theorem 43:

Theorem 45. 1. If C is uniformized, <; = ;.

2. ~; C (=N -<;1).
Proof. 1. According to Definition 51, <; = Z; in a uniformized CTMDP.

2. The proof of ~; C (=<; N <; 1) is trivial. Note that the counterexample used in
Clause 5) of Theorem 43 also applies here, thus ~; C (=; N <; ).

3. Similar as Clause 2), the proof of ~; C (Z; N Z;') is trivial, and moreover
the counterexample used in Clause 5) of Theorem 43 also applies here, thus
~ C (ZinZh:

O

Extending Lemma 31 to simulations, we can also characterize CSLy\y,, i.e. the safe
CSL without bounded until.
Lemma 32. If C is not 2-step recurrent, we have

1. é n<i = =CSLau,

2. <csL,y, U not a congruence.

Proof. First we can show that <. - = <g - . The proof is similar with the proof
1 0
of ~esLm = YesLy in Lemma 31, and is omitted here. Therefore N =csLr coincides

with ~CSLyy,, - O

5.7 Relation to Probabilistic Automata and Markov Chains

In this section we discuss the relation of our bisimulations with those in the embedded

time-abstract models.
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5.7.1 Relation to Bisimulation of Probabilistic Automata

Let € be a CTMDP, the embedded probabilistic automata Me is obtained by removing
the rates on the transition relations. In Chapter 4, probabilistic bisimulation ~p,
and strong ¢-depth branching bisimulations Ng’ are defined in Definition 23 and 25

respectively. The following lemma is obvious from the definitions:
Lemma 33. 1. s ~ rimplies s ~p 1 in Me.
2. If C is uniformized, then s ~p 1 in Me implies s ~ r.

3. s ~y; 1 implies s N? r in Me.

4. If C is uniformized, then s Né’ r in Me implies s ~; 7.

The other direction for the first clause does not hold generally. For PAs, we know
that ~p is only sound but not complete for PCTL, so it is a surprise that the strong
probabilistic bisimulation in the continuous setting with minor variant is both sound
and complete for CSL in the uniformized CTMDPs without 2-step recurrent states
according to Definition 46 and Theorem 38. Refer to Example 50 for an intuitive

explanation.

Example 50. Considering two states so and ro of a PA in Fig. 5.2. Suppose that s; and
r; can evolve into t with probability 1 where 1 < i < 3 and t is absorbing. Also all the
states have different atomic propositions except L(s;) = L(r;) for 0 <i < 3. It is easy
to check that so and ro are PCTL-equivalent, but sg ~p 1y since the middle transition
of o has no way to be simulated by any (combined) transition of sg. Assume that s
and 1o as two states of a CTMDP where each transition has rate 1, then obviously the
CTMDP is not 2-step recurrent by Definition 47. We can show that actually so and rg
are not CSL-equivalent. Let

P = (80 V 81) U[a’b](S:J, V t)

where a state is used as a shorthand of the atomic propositions it satisfies. If so chooses

the transition on the left first, then the probability of the paths satisfying v is equal to
04-(e%—e ) +03 - (a-e%+e?—b-e?—e?).

The probability for other transitions can be obtained in a similar way by substituting

0.3 and 0.4 with corresponding probabilities. Since the interval [a,b] can be chosen
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arbitrarily, so we can choose the intervals such that the probability of path satisfying
1 when choosing the middle transition of r is larger than the other two cases. For
instance here we can choose interval [%, 00), then the mazimum probability of paths of
ro satisfying ¥ is 0.9 - e~2 while the corresponding maximum probability of sg is only

0.85 - 67%, so essentially sq and ro are not CSL-equivalent.

Different from the discrete case where ~4 is congruent, in the continuous case even

~1 is not congruent, refer to the following example.

Example 51. Considering s and r in Example 45, s and r are CSL-equivalent, thus
s ~1 1. Suppose we have t such that t can only evolve into t1 with rate 2. We can
show that actually

st = 7|t

where all the states have different atomic propositions except L(s) = L(r). Let ¢ =

sUL(sy || t) with T = [a,00), then the probability of the paths of s || t satisfying 1

by choosing the left transition is equal to % ceo

% e % and % e~ 7% by choosing the middle and left transition respectively. By solving

, similarly the probability is equal to

the inequations:

2 2 5
Sieba s e gpd 200 5 DT

3 3 7
15 10

we can see that if e=* € (33,5 ), the probability by choosing the middle transition is

ol w

maximum which is greater than the correspondent probability of r, thus s ||t =1 7| t,

and ~1 is not congruent.

5.7.2 Relation to (Weak) Bisimulation for CTMCs

For CTMCs each state has a unique Markovian transition, which will be denoted by
PN ts. The notion of weak bisimulation can be found in (54) for CTMCs, repeated

as follows:

Definition 52 (Weak Bisimulation CTMC). For CTMCs, an equivalence relation R is
a weak bisimulation iff for all s R r it holds (i) L(s) = L(r), and (ii) As - ps(C) =
Ar - 1 (C) for all equivalence classes C # [s|g. States s,r are weakly bisimilar, denoted

by s =ctmc T, iff there exists a weak bisimulation R such that s R r.

Strong bisimilarity for CTMCs is defined if in addition As - ps(C) = Ay - - (C') holds
for C' = [s]g = [r]r as well. States s,r are strongly bisimilar, denoted by s ~ctmc T,

iff there exists a strong bisimulation R such that s R r.
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5.7 Relation to Probabilistic Automata and Markov Chains

Below we prove that, restricted to CTMCs, our strong and weak bisimulations agree

with the strong and weak bisimulations for CTMCs:
Lemma 34. For CTMCs, it holds that ~ = ~ctmc and = = ~cTMmC-

Proof. The proof of ~ = ~c1mc is trivial, since in a CTMC there is only one transition
for each state, thus we can simply replace —p with —. The condition A - us(C) =
Ar - i (C) for each C' coincides with the condition: i) Ay = A, and ii) pus R p.

We first prove that ~ implies ~ctmc. Let

is a weak bisimulation referring to Definition 52. Suppose that s 2s, 1s, we need to
prove that r 22 wy such that As - us(C) = Ay - w1, (C) for all C € S/R with C' # [s]g =
[r]g. According to Definition 46, s ~ r if § ~ 7. By Definition 42, if s 2, lis, then
RN w such that

E — X\ As

M= E 6§+E/Zs

where 15 is defined as expected. Therefore there exists 7 L, U such that i ~ v where

E -\ A
V= Er'éf‘i‘fr'/jr-

Obviously if there exists C' € S/R with C' # [s]x = [r]x such that As-ps(C) # Ay -1 (C),

then u(C) # v(C) since

p(C) = 22 () and w(C) = 2y (C),

thus it is impossible for p ~ v.

To show that ~ctmc implies =, it is enough to show that

R=A{(s,7) | s =cTtmc 7}

is a weak bisimulation according to Definition 46, that is, we need show that
R=A{(57)|s ~crmc 1}

is a strong bisimulation by Definition 45. Suppose that § =, 1, then there exists

S A—S>,us such that
E—-A A
Iu: E 8'5§+Es'lu’3’
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Since s ~ctmc 1, there exists r Ay pr such that Ag - pus(C) = A - - (C) for all
equivalence class C' # [s]xcrue = [Mlrcrue- Therefore there exists 7 L, » such that
B A

E 6F+Erﬂr

v

and ((C') = v(C) for all equivalence class C' # [3]g = [F|x, since u(C) = 35 - pus(C) and
v(C) =% 1y (C) ie. p R O

The lemma above shows that ~ and & are conservative extensions of the strong
bisimulation and the weak bisimulation for CTMCs in (54), and so are their logical

characterization results except that they only work in a subset of CTMDPs.

5.7.3 Relation to (Weak) Simulations for CTMCs

The strong and weak simulations were introduced in (54), we recall the definition of

the strong simulation as follows.

Definition 53 (Strong Simulation CTMC). For CTMCs , a relation R is a strong
simulation iff for all s R r it holds (i) L(s) = L(r), (i1) ps Tx iy, and (i) As < Ay
State s is strongly simulated by r, denoted by s <ctmc 7, iff there exists a strong

simulation R such that s R r.

The following relation holds for simulations:
Lemma 35. For CTMCs, < C <ctmc- If the CTMC is uniformized,

=

~
~

= = =<cTmMC =

Proof. According to Definition 50 and 53, the only difference between < and <cTmc is
that s < r requires that \¢ = A\, while s <ctmc 7 only requires that Ay < A, thus
< C <ctMme. In a uniformized CTMC, Ay = A, for any s and r, thus < = <ctme = -
O

The simulation relation <ctmc in (54) is strictly coarser than ours. In (54), it is
shown that <ctmc characterizes a sublogic of <cs|,, denoted by ~csL0s in which all
intervals are of the form [0, 8], i.e., the left endpoint is always 0. The following example

illustrates this difference:
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5.7 Relation to Probabilistic Automata and Markov Chains

Figure 5.3: <ctMmc is too coarse (transition of ¢ is omitted).

Example 52. Considering the states s,r and t in Fig. 5.3 where L(s) = L(r) # L(t),
and t is an absorbing state. According to Definition 53, it is easy to check that

s <ctmc T but s Acsi, T
Let
= (sUletly)

then the probability for the paths of s and r satisfying ¥ is equal to
(6720 — =) gnd (e~ — =)
respectively, when a =0 and b > 0,
(I—e®) <(1-e™),

while when a > 0 and b = 0o, e~2¢ > e~4%. In other words, there exists ¢ and ¢’ such
that s =@, r i ¢ and s = ¢, r = ¢'. Essentially, neither s <cs., r, norr <csL, S
holds.

The various strong simulation definitions in this chapter can be slightly adapted
such that they correspond to the safe sublogic as in (54). However, the same does
not hold for weak simulations. We recall the definition of weak simulation on CTMC
introduced in (54). Let Post(s) = Supp(us) denote the successors of s. Bellow follows

the definition of weak simulation where 7 = 1, 2:

Definition 54 (Weak Simulation CTMC). Given a CTMC, let R C S x S be a weak
simulation iff for s1 R sa: L(s1) = L(s2) and there exists functions n; : S — [0, 1] and
sets U;, V; C S where

U; = {u; € Post(s;) | ni(u;) > 0},
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5. CONTINUOUS-TIME MDP

Vi = {v; € Post(s;) | mi(v;) < 1}

such that:
1. v1 R s9 for all vy € Vi, and s1 R vy for all vy € V5.
2. There ezists a function A : S x S — [0,1] such that:

(a) A(uy,uz) > 0 implies u; € U; and uy R us.
(b) If K; > 0, then
Ki- Y A(w,ug) =m(w) - s, (w)

ug €Uz

and

Koo ) Aur,w) = mo(w) - prsy (w)

u1 €l

for all states w € S where K; =3 iy mi(ui) - ps; (wi).

(C) szUl 77(71*1) ’ )\51 “ sy (ul) < ZUQEUQ 77(u2) ’ )\52 " Hso (uQ)

s1 is weakly simulated by s2, written as s1 Jctmc S2, iff there exists a weak simulation
R such that s1 R s9.

The relation Jcrmc is shown to be sound w.r.t. the sublogic CSLS\X (obtained from
CSLS by removing the next operator). The completeness was conjectured, but remains

open. In the following example we show that, on the contrary, the completeness does

not hold.

Example 53. Consider states so and ro in Example 53 and shown in Fig. 5.5. We
first show that sq éCSLSW ro. It is easy to check that vy éCSLSW 59, thus the
transition from sg to vy 1s inwvisible. For the transition from sg to ui, ro can perform
exactly the same transition, thus no formula ¢ of CSL(S]\X exists such that sy = ¢
but ro = . Secondly, we show that sy Zctmc ro. Obviously vi Zctmc To, but
ur Zctmc To, So Zctmc  r1, and s LcTmc  ui because sg, ri, and uy have
different labels. Thus the only possible partition is letting Uy = {u1}, Vi = {v1}, and
Uy = {ri,u1}, Vo = 0 ice. mu(vr) = 0, mu(ur) = 1, ma(r1) = ma(u1) = 1. According
to Definition 54 K; = 0.5 and Ky = 1. Since uy Zcrmc 71, thus A(uy,r) = 0,
but then Ko - A(ui,m1) = 0 # 0.5 = ma(r1) - pry(r1) which contradicts the condition of
Definition 54, thus so Zctmc To-
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CSLyx = - CSL\x

3

/
'y
U,T / T / Y
Y U,T Y
X A A
SN3's "3 N 3!
y T // |
Y U,T Y
<n<1z = =<n N =yt
X A A
g > =n
/ N
Y /]\ U’T Y
< - =n
CSLs\x ~ CSL\x
u,t / /
A\ Y
CSL, CSL,

Figure 5.4: Relationship of various bisimulation and simulation relations

5.8 Summary

The spectrum of the branching time relations and the logic equivalences are summarized
in Fig. 5.4. The arrow — should be interpreted as “imply”. The labels U and 1 denote
that the implication is only valid in a uniformized CTMDP, and a CTMDP without
2-step recurrent states respectively. We write £ directly for ~; for readability where £
is a sub-logic of CSL. The index n appearing on the right plane is chosen according to
Theorem 40 and 44. Thus ~; = ~,, for all £ > n, and similar holds for other relations,

and for a smaller index, the relation will be coarser.
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Figure 5.5: A counterexample for the completeness of QCTMC.

5.9 Related Work

Logical characterizations of bisimulation have been studied extensively for stochastic
models. For CTMCs the logic CSL characterizes bisimulations, while CSL without next-
state formulas characterizes weak bisimulations (54). Our results in this chapter is a
conservative extension for both strong and weak bisimulations. In (61), the results are
extended to CTMCs with continuous state spaces.

For CTMDPs, the first logical characterization result is presented in (37). It is
shown that strong bisimulation is sound, but not complete w.r.t. CSL equivalence. For
the non-completeness please refer to Example 45 of this chapter. In this chapter, we
introduced the weak bisimulation relation for CTMDPs. For a subclass of CTMDPs,
i.e. without 2-step recurrent states, we have shown that the weak bisimulation is also
complete for CSL\x-equivalence.

For probabilistic automata PA, Hennessy-Milner logic has been extended to char-
acterize bisimulations in (55, 57, 89). In (56), Desharnais et al. have shown that weak
bisimulation agrees with PCTL* equivalence for PAs. The most related paper for PAs
is our previous paper in (99), in which we have introduced bisimulations and i-depth
bisimulations for characterizing logical equivalence induced by PCTL and sub-logics.
This leads to the study of the i-depth bisimulation relations for CTMDPs in this chap-
ter. For uniformized CTMDPs, we have shown that they agree with the equivalences

in the discrete setting.
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Chapter 6

Markov Automata

In this Chapter we address related issues of another stochastic model called Markov
automata, which is the combination of PA and IMC. We first propose the late semantics
of MAs based on which we then define the late weak bisimulation. It is shown that
the late weak bisimulation is strictly coarser than the weak bisimulations defined in (5)
and (6).

In Section 6.2 we give the definition of MA as well as its early and late semantics.
The novel weak bisimulation is proposed with its compositionality being discussed
in Section 6.3. In Section 6.4, we extend the results to early and weak simulations.
Section 6.5 we investigate the relations between our weak bisimulations with the weak
bisimulations introduced in (5) and (6). In Section 6.6 we briefly discuss how time-
divergent MA are dealt with previously, and show that our late weak bisimulation is

also the coarsest reduction barbed congruence.

6.1 Motivation

Recently, Markov automata (MA) have been proposed in (5) as a compositional be-
havioral model supporting both probabilistic transitions and exponentially distributed
random delays. MA can be considered as a combination of probabilistic automata (PA)
(78) and interactive Markov chains (IMC) (32). A PA is obtained by disallowing ran-
dom delays, whereas an IMC is obtained by restricting to degenerative probabilistic

transitions.
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6. MARKOV AUTOMATA

As the main result in (5), the authors have proposed the notion of weak bisimulation
relation, which is shown to be congruent w.r.t. parallel composition. Moreover, the
proposed weak bisimulation conservatively extends that for probabilistic automata (53,

78) and IMCs (32). However, as pointed out in the conclusion in (5),

“a good motion of equality is tightly linked to the practically relevant issue of
constructing a small (quotient) model that contains all relevant information

needed to analyze the system”.

Indeed, an example is given in the conclusion illustrating that an even weaker version
of weak bisimulation would be expected.

In this chapter we address this problem by proposing such a weaker bisimulation.
We start with discussing the example presented in the conclusion of (5). An extended

version is shown in Fig. 6.1, where:

e In part (a) we have a Markovian transition out of state s labeled with rate 2,
meaning that the sojourn time in state s is exponentially distributed with rate

2Xa  From s we

2)\. Thus the probability of leaving it within time a is 1 — e~
have a probabilistic transition labeled with 7, leading to ¢; and ¢y with equal

probability. Note the dashed arrows denote probabilistic transitions.

e Part (c) is similar to part (a), in the sense that first a probabilistic transition out

of r is enabled, followed with a Markovian transition with rate 2.

e Part (b) has only Markovian transitions. Starting with state ¢, the sojourn time
is exponentially distributed with rate 2A. If the transition is taken, there is a
race between the transition to t; and ¢y respectively. The probability that the
transition to state ¢1 wins the race is thus % As a result, the overall probability of

ef2>\a) X

reaching state ¢; within time a is (1— 1. Note that from ¢ no probabilistic

transitions can be reached.

The weak bisimulation defined in (5), written as /%, identifies s and t: s =5, €.
Intuitively s =asp, t because both s and ¢ will leave their original states after an
exponential delay with rate 2\, and after leaving s and t they will reach either ¢; with

probability 0.5, or 5 with probability 0.5.
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(b)

Figure 6.1: Examples of Markov automata.

However the weak bisimulation distinguishes ¢ and r, i.e., t %, r. Different from
s, r will make a probabilistic choice first, and then move to either t; or ¢y after an
exponential delay with rate 2\. Thus the difference between s and r is just the order
of the probabilistic choice and the Markovian transition. If one does not consider the
intermediate states, but only the probability and time of reaching the states t; and to,
obviously, all of the three states s,t,r are behaving the same.

In this chapter, we propose early and late semantics for Markovian transitions
reflecting the example above. Under early semantics, Markovian transitions are con-
sidered as a sequence of sojourn time distributions followed with probabilistic choices.
The core contribution in this chapter is the notion of late weak bisimulation, which is
obtained by interpreting Markovian transitions as a sequence of probabilistic choices
followed by sojourn time distributions, as illustrated in the example. However, the late
semantics is much more involved to define for MA, especially if from state ¢ also other
probabilistic transitions labeled with o would have been enabled. In that case, under the
late semantics this additional a-probabilistic transition should also have been enabled
after the probabilistic choices, even after potential internal transitions from ¢; or ts.

We show that late weak bisimulation is strictly coarser than early weak bisimulation.
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Both early and late weak bisimulations are defined over the derived structure of
MA, namely through Markov labeled transition systems (MLTS), which is introduced
by Deng and Hennesy in (6). Moreover, they have proposed another notion of weak
bisimulation, denoted by =sy,, for MA. The weak bisimulation ~y, enjoys the nice
property of being a reduction barbed congruence (107), i.e., it is compositional, barb-
preserving (simple experiments are preserved) and reduction-closed (nondeterministic
choices are in some sense preserved). The relationship between =%, and ~y, is however
unclear. In this chapter we clarify these relationships. We show that the early weak
bisimulation induced under our early semantics gives rise to the weak bisimulation ~,,,
as well as ~y,. Thus, the proposed weak bisimulations /%, and =z, agree with each
other, and are strictly finer than our late weak bisimulation for MA. Since our late
weak bisimulation is defined over the derived MLTS as well, applying a result in (6),
even being coarser, our late weak bisimulation is a reduction barbed congruence as well.

Summarizing, the contributions of this chapter are as follows:

e For MA, we propose early and late semantics for Markovian transitions. Based
on this notion, we propose early and late weak bisimulations. The latter is shown

to be strictly coarser.

e We prove that our early weak bisimulation agrees with both the weak bisimu-
lation proposed by Eisentraut, Hermanns and Zhang in (5), and with the weak

bisimulation proposed by Deng and Hennesy in (6).

e We propose early and late weak simulations along the same line, and clarify the

relation to weak simulations proposed in the literature.

6.2 Markov Automata

In this section we first introduce some notations and recall the definition of Markov
automata. Then we introduce two different semantics: early and late semantics for
Markov automata.

6.2.1 Preliminaries

Given a distribution p, if u(S) = 1, it is called a full distribution, otherwise it is a
sub distribution. Let ADist(S) denote the set of all (sub or full) distributions over S,
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ranged over by p, v, ... too. To be clear, we will use Dist(S) to denote the set of all full
distributions. We often write {u(s) : s | s € Supp(u)} alternatively for a distribution
w. For instance, {0.4 : s1,0.6 : s2} denotes a distribution p such that p(s;) = 0.4 and
w(s2) = 0.6.

We first recall the definition of Markov automata introduced in (5). Then, we give
the early and late semantics of Markov automata in terms of Markov labeled transition
systems.

Definition 55 (Markov Automata). An MA M is a tuple (S, Act,,— ,—,so), where

e S is a finite but non-empty set of states,

o Act; = Act U {7} is a set of actions including internal action T,

— C S X Act, x Dist(S) is a finite set of probabilistic transitions,

—-»C S x RT xS is a finite set of Markovian transitions, and

e sy € S is the initial state.

Again let «, 3,7, ... range over the actions in Act,, A range over the rates in RT.
Moreover, let .., 8,7y, . .. range over Act; URT. A state s € S is stable, written as s,
if s —, similarly y is stable, written as p |, iff s| for each s € Supp(p). As in (5, 32),
the mazimal progress assumption is assumed, meaning that if state s is not stable, no
Markovian transitions can be executed.

Let

rate(s,s’) = Z{)\ | s 2 s’}
denote the rate from s to s’. Also the function rate is overloaded such that
rate(s) = Z rate(s, s')
s'eS
which denotes the exit rate of s. For a stable state s, the sojourn time at s is ex-
ponentially distributed with rate equal to rate(s), and the probability of one of the
Markovian transitions being taken within time [0, a] is equal to 1 — e~"¢(s)e,

MA extend the well-known probabilistic automata (PA) (78) and interactive Markov
chains (IMC) (32). Precisely, if the set of Markovian transitions is empty, i.e., = = (),
we obtain PA. On the other side, if distributions are all Dirac, i.e., = C S x Act,; X dg
with 6g = {0s | s € S}, we obtain IMCs. Following (6), MA will be studied indirectly

through the Markov labeled transition system:
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Definition 56 (Markov Labeled Transition System). A Markov labeled transition sys-
tem (MLTS) L is a triple (S, Act,,—) where S and Act. are the same as in Defini-
tion 55, and

— C S x (Act; URT) x Dist(S)

is a finite set of transitions satisfying s R 1 and s A2, o implies that s ——, A\j = Ag,
and pi1 = 1.

Different from the definition of MA, in Definition 56 we require that s 2, w1 and
s A—2> po implies that s 5, A = Ao, and p; = pe. This means that each state in
an MLTS can only have at most one Markovian transition, but after the Markovian
transition, it will evolve into a distribution instead of a single state as in MA. This is
not a restriction, but just expresses the race condition explicitly. In MLTS the mazimal
progress assumption is also embedded in the definition, i.e. s LN w implies that s ——.

As usual, a transition —% can be lifted to distributions, that is, 4 —= g iff for each

/

s € Supp(u) there exists s <% p, such that D seSupp(u) H(8) - ks = 1.

6.2.2 Early Semantics of Markov Automata

Definition 57 (Early Semantics). Let M = (S, Act,, —, —, so) be an MA. The early se-
mantics of M is defined as an MLTS, denoted by M = (S, Act,,e—), where — C e—

and
t /
5ol w, iff s} AN = rate(s) AVs' € Supp(p).u(s’) = m
rate(s)

In the equation above we require that s is stable as usual due to the maximal
progress assumption. As an example for the MA in Fig. 6.1(b), ¢ 2, {(3:t1),(3:t2)}
according to the early semantics.

To define the late semantics for MA, we need the notion of weak transitions which
shall be introduced in this section. In order to abstract from the internal action of
L, we let s == u denote that a distribution y is reached through a sequence of steps

which are internal except one of which is equal to «,.. Formally, the weak transitions

for MLTSs are defined as follows:

Definition 58 (Weak Transitions for MLTS). The weak transition relation == is the
least relation such that, s == p iff

1. ap =7 and u = dg, or
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2. there exists a step s N w' such that p = D' Supp () (') - pr, where s' == pug
if Br = oy, otherwise s' == gy and By = T.

Intuitively, through the weak transition, s reaches the distribution p through an
history-dependent scheduler, very much the way it is introduced in (78). In more detail,
the first clause says that in case a,- = 7, we can stop at s. Otherwise, from s the action

B, is chosen leading to the distribution p/, such that:
g oy

e if 3, = «,, then each state s’ in the support of i’ reaches uy only through a

sequence of T actions,

e if 3. = 7, then each state s’ in the support of y’ reaches py through a weak

o . [e%
transition s’ =% uy

Stated differently, we unfold a tree with the root s, the successor states are determined
by the action chosen from the node. It is history dependent as each state s may occur
in different nodes in the tree, and each time a different transition may be chosen. We
say that the weak transition s =% u is a deterministic weak transition if in addition
it satisfies the property that each state picks always the same transition whenever it is
visited. In the sequel we shall use s ==p p to denote deterministic weak transitions,
which will be used later in defining the late semantics. Note that only finitely many
deterministic weak transitions exist, see (80).

The weak transition defined in Definition 58 can be lifted to distributions in a
straightforward way as for strong transitions. Equivalently, weak transitions can be
formalized elegantly using trees as in (56), or using infinite sum (108). The advantage
of this definition will be clear in proving the equivalence results of all the existing weak

bisimulations.

6.2.3 Late Semantics of Markov Automata

When defining the early semantics of an MA in Definition 57, a stable state with
Markovian transition is equipped with a transition labeled with its exit rate A, followed
by a distribution depending on the race condition. As discussed in the introduction, in
the late semantics, we switch the interpretation, namely the state first evolves into a
distribution according to the race condition, followed by a Markovian transition labeled

with A.
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In the late semantics we introduce the set of states
[S] :=A{[s,t] | s,t € S A s] Arate(s) > 0}.

The outgoing transitions from these new states are defined by: [s, ¢] be a state such that
i) [s,t] 2 t where A = rate(s), and ii) [s,t] = p iff s & p. Intuitively, [s,t] is a new
state having exactly the same non-Markovian transitions as s, and can evolve into ¢ via
a Markovian transition with rate equal to rate(s). Moreover, for a distribution p over S,
we let [s, 1] denote the corresponding distribution over [S] satisfying [s, u]([s, t]) = ()

for all ¢ € S. The late semantics is defined as follows.

Definition 59 (Late Semantics). Let M = (S, Act,,—,—,50) be an MA. Moreover,
let the MLTS M = (S, Act,;,e—) be its early semantics. The late semantics of M,
denoted by NC = (S U[S], Act;,—e), is the smallest MLTS such that for each s € S

1. s e w implies that s e W,

2. s o/\—n;)D p implies that s —e [s, u] and for all [s,t] € Supp([s, u]), [s, ] e
6 and [s,t] —e v iff s e .

The idea of Definition 59 is to postpone the exponentially distributed sojourn time
distribution of s after the probability choices. The first case is trivial where all other
non-Markovian transitions from s will be then copied. If s 0)\—>0;> D [+, then it can be
seen that p is obtained by applying the race condition after the Markovian transition.
As a result in the late semantics we can let s choose the successors according to the
race condition first, and then perform other delayed actions. Therefore s —Te [s, 1]
where for each [s,t] € Supp([s, p])), there exists a t € Supp(u) such that all the delayed
non-Markovian transition of s is enabled at [s, ] i.e. [s,t] —® v iff s e— v, moreover
[s,t] will leave for §; via Markovian transition with rate A i.e. [s,¢] e 0¢. Essentially,
for each t € Supp(p) and s we introduce a new state [s,t] € [S] such that all the
delayed non-Markovian transition of s and the delayed Markovian transition to ¢ are

enabled at [s,t]. The following two examples illustrate how the late semantics works.

Example 54. For the MA t in Fig. 6.1(b), by adopting the late semantics, we have

e, t2]l}

T 1 1
t—e {5 : [[t,tl]], 5
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in the resulting MLTS where the only possible transitions for [t,t1] and [t,ts] are
[t,t1] P O, and [t, ta] P Ot,. Considering the MA in Fig. 6.1(a), since

2 T 1 1
se— 0y &e=>p {(5 : tl), (5 : tg)},
according to Definition 59 we will also have
o1 1
s —e {5 : [[S’tlﬂ’ 5 : [[SatQ]]}’

in the resulting late semantics MLTS. Thus, the three systems are equivalent w.r.t. the
late semantics. Note for states without Markovian transitions like v in Fig. 6.1 (c), we

do not need to introduce extra states for them.

Example 55. Suppose we have an MA shown in Fig. 6.2(b). It is not hard to see
that sg o& w such that p = {% : 83,§ : 84} according to the early semantics which is
illustrated by the MLTS in Fig. 6.2(a). Instead if we adopt the late semantics, we can
move the probabilistic choice upward, and thus postpone the execution of other actions.

Specifically, we allow sy to have a transition sg T [s0, 1] where

: [s0, s4]}

[s0, ] = {% : [[80,83]]%

moreover [[so, s3] and [so, s4] are two new states where all the delayed actions including
the Markovian action are enabled i.e. o and 3\ in this cased. Formally, [so, s3] e 0s,
and [so, s4] — 85, because of s e—s ds,, moreover [so, s3] AN 054 and [so, s4] A%
ds, because of rate(sg) = 3X. The correspondent MLTS of so according to the late

semantics is shown in Fig. 6.2(c).
A few remarks are in order:

1. We have used deterministic weak transitions e—> p to define the late semantics.
Using weak transitions would do the same job, but induces then late semantics
with infinitely many transitions. As the deterministic weak transition in Defi-
nition 59 involves only internal 7 transitions, the algorithm in (80) can be used
directly for constructing the late semantics. The resulting late semantics can have

exponentially many transitions.

2. Notice that in Definition 59 we consider each deterministic weak 7 transition

after the Markovian transition in the second clause. Indeed, it is not enough
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Figure 6.2: Illustration of early and late semantics.

to only consider strong 7 transitions. Intuitively, by using deterministic weak 7
transition we can postpone the execution of the exponentially distributed sojourn
time distribution after any probabilistic internal transitions, not just that with

one step. Refer to Example 59 in the next section for more details.

3. The size of [S] is in the worst case |S|2. By the definition of late semantics, we

only need to consider states [s,t] such that s, and t is reachable from s via 7
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transitions after the Markovian transition. Thus, in a real model the size of [9]

is expected to be much smaller.

6.3 Weak Bisimulations

Before we introduce early and late weak bisimulations, we define some notations about
transitions for MLTS. For a given MLTS L = (S, Act,, —), we define ﬂ)p and %p as

following;:

Definition 60. 1. u =%, ' with p € (0,1] iff there exists a = pu1 + po such that
p=|p1| and either o, =7 and 1/ = % 1, or % S gl

2. p =5, i with p € (0,1] iff there exists a p = py + po such that p = |p1| and
5o =l

Intuitively, the index p is the part of the distribution of p which makes the move
to p’, which is scaled by % such that g is a full distribution. Note that the condition
“ap = Tand ' = /—1)-/“” in clause 1 of Definition 60 is necessary, refer to the Example 56

for a detail discussion. In the following let
Suc(p) ={v | 3p > 0.(n ==, )}
denote the successors of v, and Suc*(u) be the transitive closure, called the derivatives
of p.
6.3.1 Early and Late Weak Bisimulations

Below follows the definition of our weak bisimulation for MLTSs.

Definition 61 (Weak Bisimulation). Let L = (S, Act;,—) be an MLTS. A relation
R C Dist(S) x Dist(S) is a weak bisimulation over L iff u R v implies that

1. whenever p <", 1!, there exists a v =%, V' such that |/ R v/,
2. whenever v <", V', there exists a ju =%, ji' such that ' R V',

w and v are weakly bisimilar, written as p ~ v, iff there exists a weak bisimulation

R such that p R v. Moreover s ~Y r iff 5, ~ 6,.
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Figure 6.3: Two distributions which should not be weakly bisimilar.

Intuitively, if two distributions p and v are weakly bisimilar, then whenever p is able
to make a transition labeled with a, with probability p, ¥ must be able to mimic the

transition with the same probability such that their resulting distributions should be

weakly bisimilar as well. As mentioned before, the condition “a, = 7 and 4/ =+ - p”

p
in clause 1 of Definition 60 cannot be omitted, refer to the following counterexample.

Example 56. Suppose there are two distributions p and v given in Fig. 6.8 (a) and
(b) respectively where a;(1 < i < 4) are pairwise different, then if we omit the condition
‘o =T and p = %-,ul 7 in Definition 60, u only has four strong transitions: ﬂ% Oty
" %% Oty s [ %% Oty, and p a—4>% 0t,, each of which can be simulated by v and
vice versa. Therefore we will conclude that p and v are weakly bisimilar according to
Definition 61. This is against intuition since p can evolve into sy with probability %
where only transitions labeled with oy and ao are possible, this cannot be simulated by

V.

Definition 61 is defined upon MLTSs. For MA, below we shall introduce early and

late weak bisimulations based on the early and late semantics, respectively:

Definition 62 (Early and Late Weak Bisimulation). Let M = (S, Act,,—, —, sg) be
an MA. Then, p,v € Dist(S) are

1. early weakly bisimilar, written as p % v, iff p ~™M v

7

2. late weakly bisimilar, written as p =2 v, iff u =" v,
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Figure 6.4: Example of late weakly bisimilar states.

In the above definition, we skip the superscript M in °~ and ~°, as we assume
there is a given MA M = (S, Act,,—,—, s¢), if not mentioned explicitly, throughout

the remaining parts.

Example 57. Recall the example given in Fig. 6.1, we have shown that s = t, but
s %% r since 6, can evolve into v via a T transition where v cannot be simulated by
ds or any derivative of it. But by considering the late semantics, s will also have a
transition similar to r, that is, s —Te [s, 1] which is obviously able to simulate v since

2\ T
s e—re=—=>p L, thus we have s 2 r.

Example 58. Suppose we are given an MA where the states ty and t{, behave following
the way described in Fig. 6.4(a) and (b) respectively. Then it can be shown that ty /2 t.

For instance for so in Fig. 6.4(b), since

3\ T 1 2
S e——e—>p [ = {(5 2 83), (5 2 s4)}

according to the early semantics, we have so T [s2, p] according to the late semantics.
It is easy to check that v =2 [s9,u]. The other cases can be checked in a similar way,
therefore by Definition 62ty =2 ti. Notice that tg ™ t i.e. to % t), since v cannot

be simulated by any derivative of t,. By interpreting t|, using early semantics, sa can
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only evolve into {(3 : s3),(3 : s4)} via Markovian transition with rate 3X. Therefore

to % g

In Definition 59 we consider each deterministic weak 7 transition after the Marko-
vian transition, since it turns out that it is not enough to only consider strong 7

transition, refer to the following counterexample.

Example 59. Let us consider s and r in Fig. 6.1(a) and (c) again, if we only consider
strong T transition in Definition 59 i.e. replacing s 0/\—>0;>D W in the second clause
by s o)\—nT—) 1, then still s = r. But this does not work in general, for instance if
we change s a little bit by adding another intermediate state s” such that s = s and
s" 5 p, then s el s g, thus we will have s —se [s,ds7] where [s,s"] 2 Ogrr.
Since s is the only state with Markovian transition in Fig. 6.1 (a), hence all the other
states will have the same transitions in the late semantics MLTS. It is not hard to see
that s 7 r according to Definition 62, since neither 6., nor 6., can be simulated by

any derivative of s, this is against our intuition.

6.3.2 Properties of Early and Late Weak Bisimulations

In Definition 61 we have used strong transitions on the left side of Clauses 1 and 2.
As in the standard setting for transition systems, in the lemma below we show that
the weak bisimulation does not change if we replace the strong transitions by weak
transitions. This simple replacement is very useful for proving the transitivity, which

we shall see later.

Lemma 36. Let L = (S, Act.,—) be an MLTS. A relation R C Dist(S) x Dist(S) is

a weak bisimulation iff u R v implies that
1. whenever p ==, 1/, there evists a v =%, V' such that ' R v/,

2. whenever v =5, V', there exists a 1 ==, i’ such that @/ R v'.

Proof. Let
R={(u,v) | p =" v},
and suppose that g R v and p == p IV, we are going to show that there exists a v = oV

such that p/ R v/ by structural induction. According to the definition of %p, there
. Oy T / T (07 /
exists p —=p, p1 =, 1 and p —p, pa = po such that

/ /
p1: P p2-p
1"{[ 2'”’2)

p1- P+ p2-ph=pand ( -
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. . [e% T
Since p ~% v, there exists v =, V1 and v =, 1o such that p; ~L p; and
L . . . Qr / T / oL
p2 R va. By induction there exists v1 = v and vy ==, V5 such that pj =" 1]
and pfy ~" vh, so there exists a

. / . ,
PlpP1 o P2pp2 )

V%pl/z(

such that p/ ~% v/ ie. p/ RV.
The other direction is trivial since the strong transition is a special case of the weak

transition. O

The following theorem shows that the weak bisimulation defined in Definition 61 is

an equivalence relation, and /2 is strictly coarser than *=.

Theorem 46. For any MLTS L, ~% is an equivalence relation. For any MA, %=, and

2 are equivalence relations, moreover = C /2.

Proof. We first prove that ~! is an equivalence relation. The symmetry and reflexivity
is easy to prove and is omitted here. We only show how to prove the transitivity.

L ~L

Suppose that u; ~% po and ps ~% s, we need to prove that u; ~% pus. By

Definition 61, if 1 ~* g and ps ~" pus, then there exists two weak bisimulations

Ry and Rg such that g1 Ry po and po Ro ps. Let
R= {(Vl,ljg) ‘ gy R1 o Avg Ry Vg}.

It is clear that u; R ps3, so once we can prove that R is a weak bisimulation, we can
say that p1 ~L p3. Suppose that p; =%, i, then there exists a yup ==, i such
that p) Rq wh. Since we also have g Ro ps where Ry is a weak bisimulation, so there
exists a p3 ==, s such that ph Re p4. By definition of R, we have p R 4, so R is a
weak bisimulation.

Secondly, we prove that *~ C &*. Suppose that M = (S, Act,,e—) and M =

(S', Act;,—»). First we show that u % v implies p /2 v. Let
R={(,v) | % v}UR
where R’ is the least relation satisfying:
o ([s,u],[r,v]) € R with §s & 6, and p = v,

o (u,v) € Rif there exists g R 1 and pg R vy such that = p-pug + (1 — p) - po
andv=p-v1+ (1 —p)-va.
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Then according to Definition 62 it is enough to show that R is a weak bisimulation w.r.t.
M. Let (1, v) € R. We need to prove that whenever j.p 1, there exists a v :a;'p v
such that g/ R v/. First assume that (u,v) € R', implying that Supp(u), Supp(v) C S.

We then consider the following cases:

1. ap =€ Act. If p Haop i, then according to Clause 1 p oi>p p'. Since p % v,
then there exists a v o:a>p V' such that p' ®*~ 1/, therefore there also exists

v :a»p v/ such that y/ R o/ since s e— 1" implies that s —w 1’ for each s.

2. a, = 7. We prove by induction n i.e. the size of Supp(p). If n =1 and p = Js
for some s, then by Definition 59 whenever J; —Te i for some p/, we know that

either

.
e se—y/ or

A
o s e—se—p 1 such that u/ = [s, "]

For the first case, it is similar as Clause 1, and is omitted here. For the second

. . A .
case, since J, % v, there exists a v =1 1" such that u” %~ ", that is,
T A T ”
Ve— U e——e—>p U

where d, % v1. According to Definition 59 v == [v1, "] where [v1,v"] = [r, V"]
for some r € Supp(v1), obviously [s, "] R [v1,v"]. As a result there exists a
v =>e 1/ = [11,1"] such that i/ R /. When n > 1, for some s € Supp(u), there
exists a v == 1| + vy such that u(s) = |v1| and 6, % (ﬁ -v1). The following

proof is straightforward by induction.

3. a, = A\. This case is impossible, since according to Definition 59 only states in

[S] can perform Markovian transitions.

For the case (u,v) € R we prove that [[s,u] ~* [r,v] provided that d5 *~ 4, and
W *~ v. Suppose that [s, u] Haop i, then it must be the case that d - w'. Since
85 % §,, there exists a 6, = v/ such that ;' %~ v/, so we have [r, V] :a'p v such
that p/ R /. If s, u] H)\op w', then p 0L>p w'. Since p = v, there exists a v o:T>p v
such that p/ % 1/, thus we have [r, V] :)\»p v/ such that ¢/ R /. This completes the
proof.

For the counterexample of & = %, refer to Example 57. ]
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6.3.3 Compositionality

In this section we show that ®~ and &* are congruence relations for time-convergent

MA. First we recall the notion of time-convergent and time-divergent MA.

Definition 63 (Time-convergent). A state s is time-convergent iff there exists s =
such that pl, otherwise it is time-divergent. Let M = (S, Actr,— ,—»,s0), then M is

time-convergent iff for each s € S, s is time-convergent, otherwise M 1is time-divergent.

The reason to distinguish time-divergent and time-convergent states is because of
the maximal progress assumption, that is, the internal action takes no time and can
exempt the execution of Markovian transitions, thus for a time-divergent state, it will
have infinite 7 transitions with positive probability according to Definition 63, as a
consequence it will block the execution of Markovian transitions.

Now we recall the parallel composition defined in (5) as follows:

Definition 64 (Parallel Composition). Let My = (S1, Actr,— 1,—»1,5() and My =
(S1, Actr,— 2,2, 5)) be two MA, then M |4 My = (S, Actr,— ,—», s0) such that

o S={s1las2]|(s1,52) € S1 xS},

o (51| 82, 0,01 ||a p2) €= iff either a € A and s; = pu; or a ¢ A, s; = p;, and
H3—i = 55371 with 1 € {1,2},

hd (81 ||A 525)‘, 8/1 HA 8/2) c—» 'Lﬁ either

Ai
— s =8, 8; > s, and A =X\ + X\g, or
A / /
— 8 —» 8; and S3_; = 83_;
with i € {1,2}.
/ 1
® s0=150 [la 50,

where py ||a po is a distribution such that (py ||a p2)(s1 |4 s2) = ui(s1) - pa(s2).

The theorem below shows that both ®*~ and ~® are congruent w.r.t. |4 for

time-convergent MA:
Theorem 47. For time-convergent MA, it holds that:

1o (pllam) % (vam) for any py provided that p % v.
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2 (ulla ) & (v 4 ) for any py provided that p ~* v.

Proof. We only prove Clause 1 since the proof of Clause 2 is similar, and can be obtained
in a straightforward way by considering M® instead of *M. The proof strategy for this
result follows the standard way. Let M be the given MA and *M be the resulting MLTS

according to the early semantics in Definition 57. We first define the relation

R={(ptlla pr,v ap)|p =™ vAp € Dist(S)}

then, it is sufficient to show that R is a weak bisimulation. Let (ug,vp) € R with
o = ||a p1 and vy = v || 4 p1. Moreover, let g %p o, We need to prove that there
exists a vy ==, v}, such that u) R 1.

Suppose that Supp(p) = {si | i € I}, Supp(v) = {s | j € J}, and Supp(u1) = {t}, |
k € K} where I, J, and K are three finite index sets, then

Supp(po) ={sillatx | i€ INEk e K},

Supp(vo) = {s; |ate | j€e JNkE K}

The analysis of the compositional distribution requires some attention, thus we discuss
first different cases needed for the weak transition pug %p o Whenever 119 %p o
then we know there exists a set of states C' C Supp(po) such that po(C) = p and
r =% pu, for each r € C' where

Holr
DL
reC P

While the case a, € A is more clear, the other case when «, ¢ A is a bit more involved.
Let 7 = s; || tg for some i € I and k € K, so if r =% p, with a, ¢ A, then either
8; =% g and t, == py, or 5; => ps and t, == py; such that pg |4 pe = pr. As
a result it is not simple if it is possible to prove only by structural induction, instead
we need to prove by induction on structure and on the size of Supp(u) simultaneously.

There are several cases we need to consider.

1. ap ¢ A.
Suppose that p is a Dirac distribution, that is, u = d5 for a s, then there exists a

p1 == p + p§ such that

po = (3s la p1) + (9s [l 13).

Moreover we also have

1 -
T (55 HA ,uﬁ') é>pl s HA Mg
‘/h‘

226



6.3 Weak Bisimulations

where 0, =%y, and ﬁ g :T>p2 u3, and
1

1 -
A - (05 [l p9) =5 po (1 14 13)
1
where 6, ==y, and ﬁ - p§ =5, p3 such that p = p; + p2 and % (s |la

u3) + B (s [la p3) = po- In other words we can divide o into two parts:
Os |la 1§ and 05 || a4 p§ where in 5 || 4 pf the action a is performed by d5 while in
ds ||a pi it is performed by pf. Now we can use the structural induction. Since

p ~™M u whenever g =% 4’ ie. p == 1/, there exists a v == v/ such that

' ~™M ) so the following proof is straightforward by structural induction.

Suppose now that the support of u contains more than one element, then there

exists a p == p9 + p® such that

po = (19 lla pa) + (n° [la p)-

Since 1 ~™ v, then there exists a v == v9 + v* such that u9

s ~M
/,[/ ~

~M 19 and

v®. Also for pg =%, pf), there must exist

’Mg’ : (:u'g HA ,U'l) %01 :U'g and

1
|45

([l ) =5, 16
such that p = p; + p2 and

P1 g P2 s !
P 0 P 0 0

Since p9 and p® contain less elements in their support than p, we can apply our

induction hypothesis on them, and the following proof is trivial and omitted.

. € A
As in the first case we first suppose that p is Dirac distribution such that pu = d;
for a s. Then there exists a p1 == uf + p§ such that p = || and

po = (35 la p]) + (9s [l 1)

Moreover ﬁ (05 |la 1) == pl where 5, =% i, ﬁ =5 g, and pf =
W |4 pg. Intuitively, we divide po into two parts: 65 |4 p] and 8 |4 pf where
the synchronization only happens between s and Supp(p§). Note that we can do

such division only because that u is a Dirac distribution, otherwise we cannot
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always divide pg in this way, because each state in Supp(u) is not necessary to
synchronize with the same set of states in Supp(u1). Since u ~™ v, the following

proof is straightforward by structural induction.

The case when g is not a Dirac distribution can be proved similarly as the first

case, and is omitted here.

3. a =\
Again we first consider the case where u = d; for a s. Then there exists a

p1 == pf + pf such that p = |pd| and
po = (0s [la ) + (0s [la 7).
Moreover ﬁ (85 lla 1) 2 o where either
(a) 05 = 4, o - 11 = pg, and

/ ! g g9
. s - . + = . 63 L ,01"

(b) 0 2 ph, T - #=, and |M§| -1y == p such that p3 ], or
1

(c) | }1,| - == ply, 05 #=, and &; == p, such that p/|.

The following proof is straightforward by structural induction. The case when

Supp(p) is greater than 1 is similar with the first case and omitted here.

The above theorem does not hold for time-divergent MA. A detailed discussion is

given in Section 6.6.1.

6.4 Weak Simulations

In this section we introduce the weak simulations w.r.t. early and late semantics re-

spectively. We first give their definitions, and then show their properties.
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6.4.1 Early and Late Weak Simulations

Given the definition of weak bisimulation in Definition 61, we can define weak simulation

in a straightforward way as follows:

Definition 65 (Weak Simulation). Let L = (S, Act;,—) be an MLTS. A relation
R C Dist(S) x Dist(S) is a weak simulation over L iff u R v implies that whenever
p=5, 1!, there exists a v =5, V' such that i/ R v/

Let v and v be weakly similar, written as p gL v, iff there exists a weak simulation
R such that p R v. Moreover s It v iff §s 3V 6.

As in Section 6.3, we shall introduce two weak simulations based on early and late

semantics of MA respectively.

Definition 66 (Early and Late Weak Simulation). Two distributions p,v over S are

1. early weakly similar, written as u °3 v, iff p IM oy,

~

2. late weakly similar, written as u 2 v, iff p I v.

Bellow we give a simple example illustrating the early and late weak simulations.

Example 60. Let s,t, and r be the three MA in Fig. 6.1, moreover let sg be the MA
same as s except that it has an extra transition: sy — so. Then it is not hard to see
that t %< so, t 2 so, and r 2 s, but v °T s does not hold. Since r can evolve into
v which cannot be simulated by r under the early semantics.

If we omit the state s and its related transition in Fig. 6.1 (a), then s and r can be
seen as the resulting MLTSs by interpreting t according to the early and late semantics
respectively. As mentioned in Example 54, we have s = r. Also note that s °3 r, but
r %% s with the same argument as r °Z so. In other words, by interpreting t according

to the late semantics we actually preserve the weak simulation.

6.4.2 Properties of Early and Late Weak Simulations

In this section we will show several properties of the weak simulations. We first prove
that they are preorders. In order to do so, we introduce the following lemma similar to
Lemma 36 showing that the weak simulation does not change if we replace the strong

transitions by weak transitions.

Lemma 37. Let L = (S, Act.,—) be an MLTS. A relation R C Dist(S) x Dist(S) is
a weak simulation iff p R v implies that whenever u %p w', there exists a v %p v
such that 4/ R V.

229



6. MARKOV AUTOMATA

Proof. The proof is similar with the proof of Lemma 36. Let

R={(pv) | p 3" v},

and suppose that g R v and p == p 1V, we are going to show that there exists a v = oV

such that ¢/ Cg ¢/ by structural induction. According to the definition of %p, there
. Qo T / T Qip / / /

exists 1 —p, H1 ==y J and p —p, p2 =, Mo such that p; - p] +p2 - py = p and

(p1~p’1
P L L . . . (o758 T

that 1 <% vy and pe T 9. By induction there exists v == V] and 1y = vh

ol . . « T
- ph pQ—p'% - pth) = p. Since p ZF v, there exists v ==, v; and v ==, vy such

such that p) 3% 1] and phy I* vh, so there exists a

. , . ,
P1- Py .V1+P2pp2 )

v %p V= (
such that ¢/ ZF v/ ie p/ R V.
The other direction is trivial since the strong transition is a special case of the weak

transition. O

The following lemma shows that the weak simulation for MLTSs defined in Def-

inition 65 is a preorder for any L, and as in Section 6.3 Z° is strictly coarser than
-

~.
~

Theorem 48. For any MLTS L, 3L is a preorder. For any MA, *3, and 3° are

preorders, moreover %3 C 2.

Proof. We first show that éL is a preorder. The reflexivity is easy to prove and is
omitted here. We only show how to prove the transitivity. Suppose that p éL %)
and p2 3 w3, we need to prove that 1 P ps. By Definition 65, if 41 P s and
142 QL 13, then there exists two weak simulations Ry and Rs such that p; Ry po and
p2 Ro pg. Let

R ={(v1,v3) | o1 Ry va Ay Ro 13}

It is clear that u; R ps, so once we can prove that R is a weak simulation, we can say
that u1 Z* ps. Suppose that py =%, 1}, then there exists a pa ==, f such that
wy Ry ph. Since we also have gy Ro g where Ry is a weak simulation, so there exists
a 3 ==, ph such that uh Ry ph. By definition of R, we have i} R pf, so R is a weak
simulation. The proof of °3 and * being preorders is straightforward, since both *M
and M are special MLTSs.

The proof of °3 C Z* is similar as Theorem 46 and is omitted here. Intuitively,

according to Definition 59 we can defer the execution of all the Markovian transitions,
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thus the order of the Markovian transitions and internal transitions does not matter in

MLTS. U

Bellows we show that both °< and ¥ are congruences w.r.t. the operator |4 on

time-convergent MA.
Theorem 49. For time-convergent MA, it holds that:

1. (plla ) R (W lla ) for any py provided that p °3 v.
2. (ullap) 2 (v lla p) for any p1 provided that p 3 v.

Proof. The proof is similar with the proof of Theorem 47, we only sketch the proof
here. First we assume that p is a Dirac distribution i.e. its support only contains one
element, then we analysis by cases depending on i) whether p and py synchronize with
each other or not, ii) whether the transition is a Markovian transition or not. Then we
can extend the proof to the case where i is not Dirac, the proof is by induction on the

number of elements in Supp(u). O

Let R~! denote the reverse of R, then the weak simulation kernel Z¥ N(ZL)~! is

strictly coarser than S shown in the following lemma.
Lemma 38. For any MLTS L, ~F ¢ (ZFn(ZH) ™).

Proof. We omit the parameter L through the proof. The proof of ~ C (Z N 371)
is trivial and omitted here. To show that (Z N Z7!) is strictly coarser than =, it is
enough to give a counterexample. Suppose we have three states s1, so, and sz such that
s1 S s2 S s3butsg £ sa £ s1. Let s and r be two states such that L(s) = L(r).
In addition s has three transitions: s — 0sy, S EN 0sy, S EN ds4, and r only has two
transitions: s — Osys S EN Js5- Then it should be easy to check that s T randr 3 s,
the only non-trivial case is when s LN ds,. Since so < s3, thus there exists r LN s
such that d;, Cx 0ds,. But obviously s # r, since the transition s EN ds, cannot be

simulated by any transition of r. O

As a direct consequence of Lemma 38, it also holds that

*C ZNE) Hand # ¢ (TNE)T
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6.5 Comparing %, /7, =, and ~y,

In this section we compare our weak bisimulations with the weak bisimulation =z,
in (5), and ~, in (6) defined upon an MLTS. We show that our early weak bisimulation
agrees with both =2, and =y, implying that ~,,, = =y,. First, we shall recall the

definitions of a2, and =y, in the following.

6.5.1 Weak Bisimulation a la Eisentraut, Hermanns and Zhang

In this section we recall the definition of weak bisimulation introduced in (5). For
simplicity we do not consider combined transitions here, since all the bisimulations
defined in this chapter can be changed accordingly by taking combined transitions into
account without affecting the theories. According to Lemma 2 in (5) we adopt the
following definition of =z, which shall be easier for proving the relationship to our

weak bisimulations.

Definition 67 (EHZ-Weak Bisimulation). Let L = (S, Act,,—) be an MLTS. A re-
lation R C ADist(S) x ADist(S) is an EHZ-weak bisimulation iff p R v implies that
ul = v[ and

o whenever == p9 + v*, there exists a v == v9 4 v* such that
— 9 RvY and p® R ve,
— if p9 == 1/, then there exists a v9 == 1/ such that 1/ R vV'.

o symmetrically for v.

v, iff there exists an FHZ-weak
O .

w and v are EHZ-weakly bisimilar, written as u zeLhz

bisimulation R such that R v. Moreover s ~L _ r iff 6, ~L

Intuitively for p and v being EHZ-weakly bisimilar, their sizes must coincide. More-
over if u can split into x9 and v° i.e. p == u9 + u®, then u should also be able to split
into two parts i.e. v == 19 + v such that p9 zeLhz 9 and p® zeLhz v®. Also if p9 can
evolve into y/ via weak «, transition, in order to simulate it, 29 is also able to evolve
into v/ via weak transition with the same label «,., and their resulting distributions p’
and v/ are still EHZ-weakly bisimilar.

Even though %eLhz is originally defined on any distributions in (5), we can easily

change it to deal only with full distributions due to normalization:
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Lemma 39. Let p and v be two distributions. Then pu =L v iff lu| = |v| and
1 ~L 1
(o #) e (pr - v)-

Proof. First we show that p ~% v implies |u| = [v| and (

The fact that |u| = |v| is trivial from Definition 67. Let

1
Il

~L 1
1) gy (prov)-

1 1
R=A{(( - n) () [~ v),
iz v "
we are going to prove that R is an EHZ-weak bisimulation. It is obvious that !(ﬁ OIS
\(ﬁ -v)| , and Supp(p) = Supp((ﬁ -p1)). For each t € Supp((ﬁ - f1)), we also have

t € Supp(u). Since p ~L v, there exists a v == 19 + v* such that

ehz

S

o (u(t)- o) ;ueLhz v9 and (u—1t) ’fueLhz v,

o (u(t)-8t) == 4,

then there exists a 19 =% 1/ such that p/’ zeLhz V. Therefore there exists a
1 r 1 1
(- v) = (o V) + (G- v)
v v V|

such that

then there exists a (ﬁ v9) =L (ﬁ -v') such that
1 1
(  #) R (),
|1l vl
so R is an EHZ-weak bisimulation.
The proof of the other direction is similar and omitted here. O

According to the lemma above, we shall restrict the discussions to full distributions
while discussing the relationships between various weak bisimulation relations in the

following sections.
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6.5.2 Weak Bisimulation a la Deng and Hennesy

In (6) another definition of weak bisimulation is proposed but with the definition of
MLTSs being slightly different. By lifting their weak bisimulation to the MLTSs defined

in Definition 56, we obtain the following definition.

Definition 68 (DH-Weak Bisimulation). Let L = (S, Act,,—) be an MLTS. A relation
R C Dist(S) x Dist(S) is a DH-weak bisimulation if u R v implies that

1. whenever y == Y ic1 Di- i, there exists a v =z > ic1 Di- Vi such that pi; R v; for
each i €1,

2. whenever v == Y ic1 Di- Vi, there exists a p =z Y icr Di- i such that p; R v; for
each i € 1.

where I is a finite set of indexes and Y, p; = 1. Let pu and v be DH-weakly bisimilar,
written as | %dLh v, iff there exists a DH-weak bisimulation R such that p R v.
Moreover s th 7 iff O zdLh Op.

Definition 67 and 68 are defined upon a given MLTS, similar as in Definition 62 we
can lift them to an MA in a straightforward way. In both (5) and (6), only the early

semantics is considered, thus we have the following definition.

Definition 69. Given an MA M = (S, Act,,—,—, so) and distributions p and v over
M

S, 1 Ren, viffpo=,y, v, similarly po~g, voiff p %;%V[ V.
Example 61. Given an MA where s, t, and r are depicted as Fig. 6.1, by the early
semantics, t has a similar transition as s, and can evolve into distribution u via a

Markovian transition labeled with 2\, i.e. t RN W= {% 181, % :sa}. Let
R = {(Js,0¢), (d5, )} U ID

where ID is the identity relation, it is not hard to see that R is both an FEHZ-weak
bisimulation and a DH-weak bisimulation by Definition 67 and 68, thus s =5p, t and
s =y t. But for r there is no way for s and t to simulate it, for instance r1 can evolve
wnto t1 directly via a Markovian transition labeled with 2\, while no state or distribution

i s and t can do so, thus neither t =, r nort =g, r.
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6.5.3 =, and = are Equivalent

In this section we show that ®~ agrees with both =, and ~g,. To be clear it is
worthwhile to emphasize that the definition of ~® is upon the late semantics of the
given MA, while all the others are defined upon the early semantics, therefore we first
consider the relations of ®~, =, and =y,. The following theorem shows that °*a

coincides with both =, and =~g,:
Theorem 50. %~ = &, = ~y.

Proof. We first prove that *~ = ~,, it is enough to show that ~% = wﬁw according
to Definition 62 and 69 for any MLTS L. First we prove ~L C ~%. Let

ehz
R = ok
() [ =, v}

then it is sufficient to show that R is a weak bisimulation according to Definition 61.
For each p1 =5, i/, we need to prove that there exists a v ==, v/ such that p/ R v/. By
definition of == ,, there exists a u == 9+ u* such that |9 = p and (ﬁ p9) ==
Since p ~L v, then v == 19 + v* such that

ehz

1 L1
(W 1) R, (W -v9) and
1 L1
(’MS‘ : //JS) ~ehz (’VS‘ VS)

by Definition 67 and Lemma 39. In addition (ﬁ -v9) = v/ such that u/ ~L v/,

thus 4/ R v/. As a result there exists a v =%, v/ such that x4/ R v/, so R is indeed a
weak bisimulation.

For the other direction we prove ~F C %eLhz Similarly we need to prove that

R={(uv) |1~ v

is an EHZ-weak bisimulation. Suppose that x4 R v and p == p9 + p°, then we first
prove that there exists v == 19 + v* such that

L (g - 19) R (rgr - v9) and(wﬁ‘ ‘#S)R(ﬁ‘ys),

|19 9]

2. whenever (ﬁ pu9) =5 /9, there exists a (ﬁ -v9) =5 19 such that u'9 R 19,

If w == p9 + pf, then p ==, (W}’\ -u9) with p = |u9] . Since 4 ~" v, then there
exists a weak transition v ==, (\Vél - 9) such that (ﬁ cpd) ~ (|V}]‘ - 19), thus
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(ﬁ ~ud) R (mé‘ -19), then the second clause is easy to verify. It only remains to

prove that (“;' 1) R (ﬁ -v®). Suppose it holds that (ﬁ u) %l (ﬁ -v*®), there
“;' - 1) =%, 1* such that there does not exist (|V§| %) =5, V% with
p' ~L V5. By definition of =% ,, we have y =%, i/ where p' = |u®| - p and p/ = p/'%,

must exist (

so there exists a v =%, 1/ such that ¢/ ~L v/ but v/ # /5. As a result it must holds

that (ﬁ v9) =%, vy and (ﬁ -v®%) =5, v such that py - [19] +po - |v®| = p’ and

|9 s . 1 1 .
(% vy + B2 lp, | -v9) = V. Since (W cp9) ~ (\u9| - 19), there exists a weak

transition (ﬁ - pu9) %m w1 such that g1~ vy, so we have

ar 1] - pr / el - p Is
1= (s o] ) ( S )
(el et Mo oy + | p 9] pr + ] - p
which cannot be simulated by v, and this contradicts with the assumption that p ~% v,

thus
1 1

1) R(W'

By Lemma 39, R is an EHZ-weak bisimulation.

V).

Secondly, we show that %= = ~4;,. As in the proof of = = &, it is enough to prove
that ~0 = ’%dLh for any MLTS L. We first show that pu %dLh v implies that u ~* v.
We need to prove that

R={(wv) | n =g v}
is a weak bisimulation. Suppose that p R v and p %p i, there exists a v %p v
such that g/ R /. By definition of =% ,, there exists

1 1
p== = (0] i ] )
|91 54
such that p = |u9] and % 9 =5 1/, Since p Ak v, there exists a
v = (|19 -L'Vg+|ys| ! ) =vI 400
w9 v
such that |pu9| = |v9], ﬁ cpd o~k ﬁ - v9 and ﬁ NS ﬁ - V%, so there
exists a ﬁ -9 =5 oV such that i/ =% 1/, Therefore there exists a v =%, 1/ such
that p/ R v/

Secondly we show that p ~’ v implies that u ’fd{ﬁz v by proving that

R={(uv) |0~ v}

is a DH-weak bisimulation. Suppose that g R v and p == Y ici Di - M, then we need
to show that there exists a v == Zie 1 Di - v; such that u; R v; for each i € I. We prove
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("%%hu%dhj‘ (=R ) . 7§7§ehu§dh

LY
X
=
2%

|

-

~ & " 'l/:é' N (:3')*1\1‘ " o =
\~ = / 2
Figure 6.5: Summary.
by induction on the size of I. The case when |I| = 1 is simple and we assume that

[I| > 1. Since p =5 > pi - i, there exists a y == p? + p° such that [uf| = p; and
|u®| = Z#Mielpi. In addition p% ¥ =% g and

1
1—p

. 1
-usél_ C > pi e
2 X
1#INIET

Therefore by the similar argument as in the proof of *~ = a4, there exists a v =

1 ~L 1 1 ~L _1
v9 + v* such that |p9] = 19|, g M RY e ov? and o ep® &Y et By
induction there exists p% -9 =5 1y and
1 1
1 Ve 1 : Z Di Vi
p1 Pr o Ner

such that p; ~” v; for each i € I, so there exists a v == > icr Di - vi such that p; R v
for each ¢ € I. This completes the proof. O

6.5.4 Summary

Let Zen. and Zgp denote EHZ-weak simulation (109) and DH-weak simulation, whose
definitions can be obtained by omitting Clause 2 in Definition 67 and 68 respectively.
With a similar proof as Theorem 50, we can show that %3 = Zep, = Zan. We summarize
all the relations in Fig. 6.5 where — denotes “implication” while - denotes that the
implication does not hold. Moreover °~, ~,,, and =, are in the same node meaning

that they are equivalent, similarly for °<, Zen., and Zap.

237



6. MARKOV AUTOMATA

6.6 Related Work

Weak bisimulations have been studied for various stochastic models, for instance for
Markov chains (24, 54), interactive Markov chains (32), probabilistic automata (53, 78),
and alternating automata (56). MA arise as a combination of probabilistic automata
and interactive Markov chains. Two — seemingly — different weak bisimulation semantics
have been proposed in (5, 6) for MA. They have been shown to be equivalent in this
chapter, moreover, we have proposed a weaker version — the late weak bisimulation —
in this chapter. Another interesting related work is (98), where Rabe and Schewe have
shown that finite optimal control exists w.r.t. reachability probability for MA.

Below we discuss how the compositionality result for late weak bisimulation (early
as well) generalizes to time-divergent systems, and that it is a reduction barbed con-

gruence.

6.6.1 Compositionality for Time-Divergent MA

We have shown that ®x agrees with both =, and =g,. The latter two relations have
been shown to be congruences w.r.t. parallel compositions, but only for time-convergent
MA. The reason why Theorem 47 does not apply for general MA can be understood
by the following example considered in chapter (6).

Example 62. Assume that we have two states s, with s having no transition available
while v only has a self loop labeled with T. It easy to check that s and v are weakly
bisimilar according to all the three weak bisimulation definitions. Now consider another
state t with only a self loop labeled with \. After parallel composition with s and r,
(s ||lat) and (r ||a t) are no longer weakly bisimilar, as the A loop has no effect for

state r || o t because of the mazximal progress assumption.

This problem was elegantly solved in (32) by adding a third condition for defining
a divergence sensitive weak bisimulation, that is, two weakly bisimilar states either
both are divergent or none of them diverges. We could also modify our notion of weak
bisimulations along this line, then Theorem 47 could also be shown to be true for all
MA. In this case states s and ¢ would not be weakly bisimilar anymore.

Recently, Deng and Hennesy (6) have proposed another nice solution to deal with

compositionality for time-divergent MA, by giving a new semantics for the parallel oper-
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ator!, using the notion of indefinite delays associated with transition. These transitions
are also referred to as passive transitions. For s || 4 t being able to perform a Markovian
transition i>, s needs be able to perform A and t needs to perform a passive tran-
sition, or vice versa. Thus the Markovian transition will be blocked by participating
component without Markovian or passive transitions. Under this new semantics, =y, is
shown to be congruent w.r.t. all MA. In our previous example we have then s =g, 7,
and moreover s |4 t /g 7 ||4 t, as s || 4 t cannot perform Markovian transitions due to
the fact that s cannot perform any Markovian transition even with indefinite rate.
More importantly, in (6) Deng and Hennesy have shown that ~j, enjoys the nice
properties of being barb-preserving, reduction-closed, and compositional i.e. =g, is the
largest reduction barbed congruence relation. In the following section, we shall argue
that our late weak bisimulation also enjoys these properties even though our relation

is strictly coarser than ~zy,.

6.6.2 Late Weak Bisimulation is Reduction Barbed Congruence

In (6) Deng and Hennesy have proved that ~y, is the coarsest relation which is a reduc-
tion barbed congruence, i.e., it is barb-preserving, reduction-closed, and compositional
w.r.t. a process language (mCCS) with underlying semantics as a MLTS — with exten-
sion of passive transitions?. In Theorem 46 we have shown that A* is strictly coarser
than =, therefore it seems that ~® should not be a reduction barbed congruence.
Interestingly, &® is indeed such a congruence. The reason that /2 is coarser than =~y is
because that they are defined upon different semantics: &* is based on the late seman-
tics while /vy, is upon the early semantics. Moreover, both semantics are in terms of
MLTSs. In the proof of Theorem 50 we have proved that ~” coincides with zdLh for any
MLTS L. Therefore if we define /4, upon the late semantics of a given MA M, it will be
equivalent to & due to %%‘ =~ Since M® is an MLTS, thus as a direct consequence

of (6), & is also the coarsest relation which is bard-preserving, reduction-closed, and

compositional w.r.t. mCCS.

A slight difference is that in (6) || is considered instead of |4 .
20ur discussion here holds directly for the extension with passive transitions.
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Chapter 7

Conclusion and Future Work

We conclude this thesis in this section. First we summary our contributions in Sec-

tion 7.1, and then in Section 7.2 we point out some possible directions for future work.

7.1 Conclusion

In this thesis we mainly work on two things: i) probabilistic process calculi for MANETS,
and ii) (bi)simulations and their characterizations on different probabilistic models. We
first propose a discrete process calculus with which we can model unreliable wireless
connections, and moreover the network topology changes can also be modeled by a
probabilistic mobility function. We then define several variants of bisimulations and
simulations for both networks and PMFs. We then propose a continuous-time process
calculus for MANETS by extending the discrete process calculus in several ways. First
of all we allow a mobility step to change part of a network topology not just a single
connection. This is inspired by the fact that the movement of a node may affect a large
part of the network topology, not just a connection with one of its neighbors. Secondly,
we introduce stochastic time behavior for processes running at certain locations. Due
to the introduction of the group broadcast and flooding avoidance operators, we also
present a novel broadcast abstraction enabling that a broadcast action can be simulated
by several broadcast actions in a sequence.

The semantics of the two process calculi gives rise to two different widely used
probabilistic models i.e. probabilistic automata and Markov automata respectively,

therefore in this thesis we also investigate some related problems for these two models.
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For PA we discuss a variant of (bi)simulations and their logic characterizations w.r.t.
PCTL* and its sublogics. We propose a sequence of strong i-depth bisimulations which
can be characterized by a sequence of sublogics of PCTL*. This sequence of bisim-
ulations will converge to PCTL* equivalence finally, similarly for weak bisimulations
and simulations. Since CTMDP can be seen as a continuous-time counterpart of PA,
thus we can extend the work to CTMDP in a natural way. Differently, we show that
for a subclass of CTMDP i.e. 2-step recurrent CTMDP, the weak bisimulation can be
characterized by CSL equivalence without the next operator.

An MA is a compositional behavior model with both probabilistic transitions and
exponentially distributed random delays, and is a combination of PA and IMC. Pre-
viously, two different weak bisimulations, denoted as =7, and =y, respectively, have
been proposed by different authors, and the relation between =2, and ~, is unclear.
In this thesis, we propose two different semantics for MAs, early and late semantics
respectively. Based on the semantics, we can define two variants of weak bisimulation
for MAs: early and late weak bisimulation correspondingly. We also show that late
weak bisimulation is strictly coarser than early weak bisimulation, while the early weak
bisimulation coincides both =, and =, thus as a side contribution we prove that =,

and =z, are equivalent essentially. Early and late weak simulations are also defined.

7.2 Future Work

A number of directions for future work are possible. Since time is important for wireless
networks, one extension is to consider a timed version of our calculus like in (110), which
enables us to model behaviors like “each node will wait for at most 2 seconds before it
sends acknowledgement to the parent.”

Even though there always exists n such that ~? can be characterized by PCTL

n

equivalence, it turns out that it is expensive to compute the Nz, actually it has been
shown in (91) that it is NP-complete to compute the ~%. But we also observe that

b

. can hardly happen. As we mentioned

in practice the worst case when computing ~
before the sequence of Ng’ will converge to PCTL equivalence eventually. Suppose that
N% = ~pcTL, then each Ng’ such that 7 < n can be seen as an approximation of ~pcTL.
Similar as in (111, 112, 113, 114), we can build an abstract system of a given PA based

on ~4 (or even coarser relations) initially in order to verify certain properties, and we
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keep refining the abstract system until a real counterexample of the verified property is
found, or the property is proved to be true. This technique will work for other variants
of (bi)simulations as well as for the continuous case.

As we have extended the work in Chapter 4 to countable state space, therefore
another future work will be the extension of the work in Chapter 5 to countable state
space. Since we have shown in Section 5.7.3 that the weak simulation for CTMC pro-
posed in (54) is only sound but not complete w.r.t. CSLS\X (safe fragment of CSL
without next operator and all the time bounds are in the form of [0,7)), so a natural
question is that can we adopt the original definition of weak simulation in (54) such
that it is both sound and complete w.r.t. CSLS\X.

Markov automata have been introduced as a compositional behavioral model sup-
porting both probabilistic transitions and exponentially distributed random delays. To
the best of our knowledge, no logic has been proposed which enables us to describe the
properties of MA, so another future work would be to consider a proper logic for MA
as well as its model checking algorithm. In Chapter 6 we proposed different variants of

weak (bi)simulations for MA, we could also study their logic characterizations.
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