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Abstract

We introduce strings, based on the Symmetry Set, to describe shapes. These strings
denote links between pairs of extrema of the curvature together with a length measure.
An algorithm is given to match strings of different types of shapes. Examples show the
usability of the presented theory.

1 Intr oduction

In shapeanalysis,much effort hasbeenput into the reseach on the skeleton,or Me-
dial Axis [2], as a way to representthe shapein a more simplified way. As it was
soonrealized,the Medial Axis it itself didn't carry enoughinformation [8] and so-
phisticated extensionswere built, lik e the Shock Graph method [17]. Basically, each
points on the Medial Axis is endonved with someaugmentsrelatedto the distanceto
the shapeitself or relatedto its neighbours. Next, the potential changesof the Medial
Axis were investigated,yielding a setof possibletransition [9]. In that way differ ent
shapescanberelatedto eachother for shapeindexing and retrieval [15, 16].

The resultson transitions boiled down fr om the resultson the possibletransitions
of the Symmetry Set. This set, containing the Medial Axis as subset,has beenthor-
oughly studied in [4]. Its transitions are describedin [3]. The Symmetry Sethasits
advantagein being easilydescribedin mathematical sensebut its visualization is less
pleasantfor the eye. So most of the reseach has beenfocusedon the (augmented)
Medial Axis [10].

Recently, however, a data structur ewaspresentedor the Symmetry Set[13], using
information of the evolute of the shape. The data structur e can be visualized by a
sequenceof nodesthat are pair wisejoined. It wasclaimed that its main advantage
over the graph structur e usedfor the Medial Axis is that this sequencewould allow
operationson it with a lower complexity.

In this paper we usethe idea of representingSymmetry Setsas a sequence.In
contrast to [13], we relate this sequencedir ectly to the shape. As differ ent shapes
have different sequenceg A;};=1.., and { B;};=1...,, We proposeto build a matrix M
with entries f(A;, B;). The similarity of shapesis then measured asthe path P =
{M (ix, ji)} through M that contains eachrow and column at mostonce,and hasa
maximal sum of the elements/; ;.

2 Symmetry Sets

The Symmetry Setis definedasthe closure of the loci of the circlestangentto a shape.
SeeFigure 1. The shapeis given by the oval. Inside a circle is tangentto it at two
locations, sothe unit normals A; and N, are equal for the shapeand the circle. The
centre of the circleis found by multiplying minus the radius r with the normals. Note
that this is alsoa Medial Axis point Next, alsooutsidea circle is tangentto the shape
at two locations, where the unit normals A; and A are equal for the shapeand the
circle.

From this imageit followsimmediately that a point on the shaperelatesto at least
two points onthe Symmetry Set,in contrastwith the Medial Axis. A recipefor finding
the Symmetry Setis the given by the following obsewations.

Let acirclebetangentto the shapeasin Figure2a. Then call the points at which it
istangentp; and p» (Figure2b). Thenthe vector p; — p, is perpendicular to the vector
N1 + N> whenthe circleis tangenttwice fr om the samesideasshown in theseimages,
or to the vector N7 — A5, when tangent fr om two differ ent sides(see[9]). Soto find
theselocationsit sufficesto have a point p; fixed and try all other points p; alongthe



Figurel: Definition of the SymmetrySet. Seetext for details.
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Figure2: Deriving the SymmetrySet. Seetext for details.
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Figure3: A fish shapeandits correspondingequentiatepresentation.

shapeand find zero crossingsof
(pi — pj)-Ni £ ;) 1)
Next, the centre of the circle - the location of the Symmetry Setpoint - is given by

pi —rNi = p; £ 1N 2)

2.1 Representations

A branch of the Symmetry Setis given by a connectedset of centersof circles. The
end points of a branch are the closuresof thesesets,obtained when the two points p;
and p; coincide. For the Medial Axis, sucha point is an end point of the graph. In
the Symmetry Set,thesepoints comein pairs, asthe Symmetry Setconsistsof distinct
curves.

At thesepoints the circle has a third order of contact at the shape,or in other
words, the shapehasa local extremum of the curvature k at that point. Consequently
eachlocal extremum of the curvature can be mappedto another local extremum of
the curvature.

Next, the end points are part of the evolute, which is the curve S + A /k, since
r = 1/« for thesepoints. Following the evolute, onecanlabel the order of appearance
of the end points, yielding a sequenceof end points. Connectingthe end points pair
wiseand augmentingeachconnectionwith 'specialpoints’ that arise on the Symmetry
Set,givesthe string structur e proposedin [13].

An exampleis givenin Fig. 3. On the left, a fish shapeis taken from a common
data set[15, 16]. On theright, the string structur e - without specialpoints - is shawn.

3 Closedform representation

The evolute can becomecomplicated, especiallyfor concave shapes.Then sometimes
x = 0 and the evolute movesto infinity. The sameholds for Symmetry Setbranches
and the Medial Axis part outside the shape. It is therefore convenient to relate the
Symmetry Setdir ectly to the shape.

This can easily be donewhile computing the Symmetry Setin Eq. 2 by using the
locations of the tangency of the circle, instead of its centre. This resultsin pairs of
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Figure4: A fish shapeandits correspondingequentiatepresentation.

so-called’pr e-Symmetry Set’ points, known in robotics[1]. They are shown in Figure
4 onthe left.

In this diagram, branchesof the Symmetry Setare visible ascurves.Note that the
shapeis closed,sothe left part of the diagram is connectedto the right part, and the
bottom to the top. At end point of the Symmetry Setbranches,p; = p;, which is the
diagonal. This diagonal can alsobe regardedasan identity mapping of the shapeon
itself, and therefore asthe shape.

Consequently points on the shape(diagonal) are connectedto points on the shape
(diagonal) via the curvesin the pre-Symmetry Set. As the shapeis closedand not self-
intersecting, it can be representedasa circle. The connectionsof points on the shape
arevisible ascords. An exampleis givenin Figure 4 on the right.

Next, eachcord can be assigneda weight. This weight is the number of points
on a branch in the pre-Symmetry Set, divided by the sum of all branchesin the pre-
Symmetry Setthat intersectthe diagonal. Sothe weightssumup to 1. In Figure 4 this
number is givenasa percentage.

3.1 A String representation

A straightforward manner to store the information given by the circle with cords,
is by creating a vector with the samedimension asthe number of end points. Each
coordinate of the vector then get the value of the relative length of the cord that is
relatedto it. Consequently the coordinatessumup to 2.

When all cords have differ ent length, the cords can easily be reproduced from
this vector. However, the connectivity information is lost if two cords have the same
length. Therefore, eachcoordinate of the vector contains besidesthe length alsothe
coordinate to which it relates.

4 Matching strings

Giventwo shapescomparisoncandonevisually by comparing their circlediagrams A
and B. Astheinformation of thesediagrams consistsof points and cord, the pointsare
mappedsuch,that the number of coinciding cordsis highest. Obviously, the ordering
of points may not change. As the parameterization has an arbitrary begin point,
alsoall rotated versionsof A up to 2r must be takeninto account. Furthermor e, the
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Figure5: Two circlesdescribingdifferentshapes.

number of cords of both circlesmay differ, aswell asthe way the cords are connected,
seeFigure5.

From the transitions of the Symmetry Set[3] it follows that a cord (a branch of
the Symmetry Set) may (dis-) appear in a transition where two end points meetand
a cord (dis-) appears. As the removal of a cord in one circle to optimize matching
relatesto intr oducinga cord in the other circle, it sufficesto considerremoving cords.
Consequently a cord connectingtwo neightbouring end points is allowed to vanish -
in the mapping sucha cord may be removed.

4.1 CostMatrix

The matching of two circle diagrams A and B canbe doneasfollows. Let {A4;}i—1..»
and {Bj;};=1..., denotethe vectorswith the lengths of the branches. Then M (i, j) =
f(A;, B;) is the costmatrix, where f is somedistancemeasute. In the remainder we
shall use f(z,y) = z.y/||z||||ly]|, but other choices,like f(z,y) = ||z — y||, can be
applied aswell.

If A=B and the starting positionsare equal, tr M describesthe inner product be-
tweentwo identical vectorsand equalsone. If the starting positionsare differ ent, the
trace of a rotated version of M equalsone.

To maximize the matching, a path P = {M (i, j;)} isto befound in M, suchthat
eachrow and column i, and j; are presentonly once- eachpoint canbe matchedonly
once. For the two examplesgiven above, this is simple. For differ ent shapes,it must
betakeninto accountthat two neighbouring points and their connectingcord may be
removed. This relatesto the matrix in removing two subsequentrows or columns.

Next, when two points are matched, automatically the two points to which they
are connected,must be matched. For simplicity, one can state that when two cords
are givenby (ix,ixy1) and (j;, ji+1), ix and j; canonly be matched, if 451 and j;41
arematched,and that the matchings M (i, j;1) and M (ix11, 7;) areforbidden.

An exampleof a matrix M is givenin Figure 6. The origin is bottom left. The line
thr ough the matrix denotesthe optimal match. As one can see,the matrix contains
zeros, denoting the forbidden entries. When two subsequentvalues along the line
are equal, the off-diagonal neighbouring points are zero, as describedabove. As the
vectors have differ ent length, the line makesa jump. The jump skips two rows. In
general,jumps skip an even number of rows or columns,sincea jump resembleghe
removal of a number of cords, eachwith two points.



0.0767

0.2036 0.0635 0.0635 0.1563 0.0654 0.0654 0.2036 0.0691 0.0691

0.0652 [ 0.0203 0.05 0 0.0209 0.0652 0 0.0221

0.0652 0.0203 0 0.05 0.0209 0 0.0652 0.0221 0

0 0.0566 0.1153 0.1502 0 0.0468 0.1153

0.0566 0 0.1153 0.1502 0.0468 [ 0.1153

0.0713 0.0713 0.1452 0.1892 0.059 0.059 0.1452

0 0.0409 0.0834 0.1086 0 0.0338 0.0834

0.0409 0 0.0834 0.1086 0.0338 0 0.0834

0 0.0106 0.0215 0.0281 0 0.0087 0.0215

0.0106 0 0.0215 0.0281 0.0087 0 0.0215,

0.0767 0.0767 0.1563 0.2036 0.0635 0.0635 0.0654 0.0654 0.2036 0.0691 0.0691
0 0.028 0.057 0 0.0238 0.0742 0 0.0252

0.028 0 0.057 0.057 0.0238 0 0.0742 0.0252 0

0.0713 0.0713 0.1452 0.1452 0.0607 0.0607 0.1892 0.0642 0.0642

Figure6: Costmatrix andoptimal pathfor the shapecirclesin Figure5.

4.2 Implementation

The derivation of the Symmetry Setgiven a shapeis describedin [4, 13]. It basically
boils down in computing all zero crossingsin Egs. 1-1for all point pairs (p;, p;). These
points pairs form the pre-Symmetry Set as shown in Fig. 4, left. Then the distinct
Symmetry Setbranchesthat intersect the diagonal are derived, with the locations at
the diagonaland their lengths. This givesa setwith elementsA4; = (eq, e2, L);, with e;
and e, the e}" and et position on the diagonal,and I the relative length of the branch.

Next, on eachcord that is allowedto vanish, the two points are marked as’begin’
or 'end’ point. Note that if two cords are nested,both are allowed to vanish. If the
crosseachother, they cannot be removed. For more details on the type of cords, see
[12].

Let L; € Aand L; € B, then the costmatrix is built up asM (i, j) = 0 if A; and
B; area combination of a beginand an end point, and M (i, j) = L;L;, elsewhee.

The path with maximal value is found by using a shortest path algorithm [6] on
—M. M canbetransferredinto a graph with asverticesthe rectangular grid, given
by the dimensionsof M, and edgesfrom M (i, j) asfollows.

o If M(i+1,j+1)=M(@,j)and M (i +1,5) = M(i,5+ 1) = 0 two begin points
of a cord are matched and the only allowed edgeis M (i + 1,5 + 1) = M (4, j)
with costM (i + 1,5 + 1).

e If M(i+ 1,5+ 1) = 0, this position is not allowed and the only allowed edges,
denotinga possibleskip,are M (i+1,j+1) - M(i+1,j)and M (i +1,j+1) —
M (i, j + 1), both with cost0.

o Elsethreeedgesarepossible: M (i+1,j+1) — M (i, j) with costM (i+1,j+1),
and M(i+1,j+1) = M(@i+1,5)and M(i+1,5+1) = M(i,j+ 1), both with
cost0.

Obviously, to computethe completepath fr om a point to itself, one should handle
the boundaries of M properly. To find the shortest path solution, it sufficesto take
the shortestpathsthr ough the entries of onecolumn or row and take the minimum of
them.



Figure7: A fishimage fish shapeanda blurredfish shape.

5 Results

In the remaining we used shapesfrom an existing data base[15, 16]. Theseshapes
arethe boundary of 128 x 128 pixel sizedblack and white images,asshown in Figure
7, left. Of eachimagethe boundary is extracted and the points are ordered, yielding
a sequenceof points, Figure 7, middle. The number of points rangestypically from
1200to 1500.

The derivatives of a Gaussianfilter are applied to this sequenceto find a rea-
sonableestimation of the derivatives[7] of the shapeparameterization. The normal
vector is obtained at a scaleof 4.5 pixels. We note that using a small scaleresembles
applying a (small) mean curvature motion to the shape[5]. The shapein Figure 7,
middle, is therefore slightly blurr ed, seeFigure 7, right.

This blurring of shapeshasthe property that it removessmall details. This may
be regardedasa disadvantage,but on the other hand no removal of spurious details,
or whatever adjustmentsto the data needto be carried out.

The correspondingstring, pre-SymmetrySetand circlediagram areshown in Fig-
ures3-4.

Next, 10 differ ent fish shapesare compared. The resultsare shown in Figure 8.
The imagesshaow the fish, the numbers the score of the match. The first colum shows
the best match, secondcolumn the second-besimatch and so on. As the matching
of any shapewith itself matches1, the first column also representsthe shapeto be
matched.

The fishesin row threeand four are artificially drawn, and they are eachothers
second-bestmatch. Furthermor e, the matching has a preferencefor matching fins.
This is dueto the fact that fins areintr oducing prominent extremaof curvature.

The secondgroup of shapesconsistsof 7 tools,asshown in Figure 9. Although tool
number 7 is significantly smaller than the others, it is still matchedwith larger tools.
This is due to the normalization of the lengths of the branchesof the pre-Symmetry
Set.

The third test shows the comparison of all 10 fishesand 7 tools. The resultsare
shown in Figures10-11.Most fishesand tools have asthe 5 bestmatchesshapesr om
the samecategory. In the fishes-part, Figure 10,a wrenchoccasionallyappears. This
tool is considered as a fish with only two tail fins and no other fins. For the same
reasonsomefishesappearin the tools-part, Figure 11.

6 Summary and Conclusions

We intr oduced a new way to representand compare shapesbasedon the Symme-
try Set, a generalization of the Medial Axis. This string representationusesthe end
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point of the Symmetry Setbranchesand the relative length of the branch in the pre-
Symmetry Setdiagram. The end points representthe extrema of curvature of the
shape.

Therefore,the representationlinks theseextremapair wise. This idea of pair wise
linking of points on the shaperelatesconceptuallyto that of Curvature ScaleSpace
[14], albeit that we do not usea scalespaceto establishalinking, but usethe Symmetry
Set.
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Figure11: Matchingof fishesandtools;thetoolspart.

The representationallows the matching of shapesby comparing strings, for in-
stanceby taking the inner product of appropriate sub setsof thesestrings. The sub
setsare defined by applying allowed changesof the Symmetry Set. The maximal
matching is found by an adapted shortest pad algorithm that finds the optimal sub
sets.



Examplesshow the usability of the proposedmethod. Futur e work will focuson

impr ovementof the shortestpath basedalgorithm and on the influence of alternative
differ encemeasuresbesideghe inner product.

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

A. Blake, M. Taylor, and A. Cox. Grasping visual symmetry. Computer Vision, 1993.
Proceedings., Fourth International Conference on, pages724—-733,1993.

H. Blum. Biological shapeand visual science(part i). Journal of Theoretical Biology,
38:205-287,1973.

J. W. Bruce and P. J. Giblin. Growth, motion and 1-parameterfamilies of symmetry sets.
Proceedings of the Royal Society of Edinburgh, 104(A):179-204,1986.

J. W. Bruce, P. J. Giblin, and C. Gibson. Symmetry sets. Proceedings of the Royal Society
of Edinburgh, 101(A):163-186,1985.

F. Cao. Geometric Curve Evolution and | mage Processing, volume 18050f Lecture Notesin
Mathematics. Springer Verlag, 2003.

T.H. Cormen, C.E. Leiserson,and R.L. Rivest. Introduction to Algorithms. MIT Press,
1993.

L. M. J. Florack. Image Structure, volume 10 of Computational | maging and Vision Series.
Kluwer AcademicPublishers,Dordr echt, The Netherlands, 1997.

P. J. Giblin and B. B. Kimia. On theintrinsic reconstructionof shapefr om its symmetries.
|EEE Transactionson Pattern Analysisand MachineIntelligence, 25(7):895-911July 2003.

P. J. Giblin and B. B. Kimia. On the local form and transitions of symmetry sets,medial
axes,and shocks. I nternational Journal of Computer Vision, 54(1/2):143-1562003.

B.B. Kimia. On theroleof medial geometryin human vision. Journal of Physiology - Paris,
97(2-3):155-1902003.

R. Kimmel, N. Sochen,and J. Weickert, editors. Scale Space and PDE Methods in Com-
puter Vision, volume 34590f Lecture Notesin Computer Science. Springer -Verlag, Berlin
Heidelberg, 2005.

A. Kuijper and O.F. Olsen. The structur e of shapes: Scalespaceaspectsof the (pre-)
symmetry set. In Kimmel et al. [11], pages291-3022005.

A. Kuijper, O.F. Olsen,P.J. Giblin, Ph. Bille, and M. Nielsen.From a 2D shapeto a string
structur e usingthe symmetry set. In Proceedings of the 8th European Conference on Com-
puter Vision - ECCV 2004, Part |1 (Prague, Czech Republic, May 11-14, 2004), volume ll,
pages313-3262004.LNCS 3022.

F. Mokhtarian and M. Z. Bober. Curvature Scale Space Representation: Theory, Applica-
tions, & Mpeg-7 Standardization, volume 25 of Computational Imaging and Vision Series.
Kluwer AcademicPublishers,Dordr echt, The Netherlands,2003.

M. Pelillo, K. Siddiqgi, and S. Zucker. Matching hierarchical structur esusing association
graphs. |EEE Transactions on Pattern Analysis and Machine Intelligence, 21(11):1105—
1120,1999.

T.B. SebastianP.N.Klein, and B. B. Kimia. Recognitionof shapesby editing shockgraphs.
In Proceedings of the 8th International Conference on Computer Vision (2001), pages755—
762,2001.

K. Siddiqi, A. Shokoufandeh,S.Dickinson,and S.Zucker. Shockgraphsand shapematch-
ing. International Journal of Computer Vision, 30:1-22,1999.



