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Abstract

In this paper we discuss the implementation of 3D Symmetry Sets. It describes how the Symmetry Set can be derived
given a parametrized shape, as well as given an unorganized point cloud. It presents a geometric method to derive
the Symmetry Set, that is an extension of the one given in deliverable 10. Just as in the 2D case, level set methods
cannot be applied. Although the mathematics are a simple extension of the 2D case, the visualization, numerical
computations and their stability are complicated. An example is give by means of a ellipsoid. In this example the
Symmetry Set can be computed exactly and results can be compared to the ground truth.

1 General theory on shapes in 3D

In this work we consider shapes in 3D. These shapes are considered to be closed 2D manifolds that allow a
parameterization for the purpose of computing the Symmetry Set by the standard defintion introduced by
Bruce, Giblin and Gibson [1].

1.1 Curvatures

Let � ��� �	���	��
���� define implicitly a shape. Then its Gaussian surface curvature � and Mean surface curvature�
(Koenderink, [6], p. 515) are given by

� �
�	�
��	�
�����
�����	�� � 
�
 ������������ � 
�
 �	�
�� � � 
 ��� �� ��� ���� �

� �
�	�
 � �	���������
� � ������ � � 
�
 ������� � ���	�� � � 
�
 ���	�
� �

� � � � 
 ��� �� ��� �� ����
and the minimal and maximal curvatures follow from

��� ��! � �#"%$ � � & ����('*) � � & $ � � & �

1.2 Umbilic points

At umbilic points (Porteous, [12] , p. 267) the two prinipal curvatures coincide and
� � �+� .These points

are generically isolated points. Also both evolutes intersect at these points. All other intersections of the two
evolutes are due to different points of the shape.

1.3 Ridge liness

On the shape ridges can be identified, defined as those points with locally extremal curvature in one direction.

1.4 Evolutes

Since there are two distince curvatures, we can assign to each point the points , ".-�/ �0�('*) and , ".-�/ �1�(��! .
They define two evolutes, representing the maximal and the minimal curvatures.

1.5 The Medial Axis in 3D

Although there has been no publication on 3D Symmetry Sets (yet), there has been published quite a lot of
work on deriving and presenting the Medial Axis in 3D. Most of the geometrical approaches that incorporate
knowledge of possible and allowed transitions is due to Leymarie proposing a method to derive the Medial Axis
in 3D [8, 9, 7, 10, 11], as well as Kimia and Giblin, who give a formal classification of the Medial Axis points
[2, 4] and transitions [3] Also Voronoi diagrams to detect the skeleton, in combination with ridges for additional
information, has been reported [5].
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Figure 1: An ellipsiod with ridges and special points (see text).

2 Ellipsoid

Since 3D Medial Axis are hard to compute and visualize, the forcast for these tasks on the Symmetry Set is bad.
In order to get at least the visualization as clear as possible, we investigate a simple shape that allows an exact
computation, viz. an ellipsoid. Altough it is still very artificial, it is the first shape (next to the ”degenerated´´
sphere) that gives a non-trivial Symmetry Set.

In ���������	��
 coordinates define a generic ellipsoid by

� � � ����� � 
 � � �
� � " � �� � " � �

� � ���
�

with ��� � ���	� � . The ellipsoid had its endpoints at 
 � � ��� ���

 , 
 � � � � ���

 , and 
 � � ��� � � 
 . An example with
� � � � � � 
 � ��� ��
 ��� 
 is given in Figure 1.

2.1 Ridge liness

The ridges of the ellipsoid occur at � � � , � �#� , and � � � . In Figure 1 they are visible as the curves. The
intersect pairwise at the poles (bright blobs). Note that the apparently triple intersection is due to projection.

2.2 Umbilic points

The ellipsoid has four umbilic points (Porteous, geometric differentiation 267) [12] at ��
 ��������� ��� � ��������� 
 with
� the solutions of � � ��� � � � " � � �!�"� � � � � �

. In Figure 1 they are visible as the dark blobs.

2.3 Curvatures

Its Gaussian surface curvature � , Mean surface curvature, and the minimal and maximal curvatures follow
directly from the previous section.
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Figure 2: The evolutes for the ellipsoid. From left to right: depending on the maximal curvature, the minimal curvature,
and both (intersecting) evolutes.

2.4 Evolutes

So to each point we can assign the points , " -�/ � � '*) and , " -�/ ��� ��! , defining two evolutes. They are shown
in Figure 2. Note that the intersect, as shown in the right plot. The umbilic points lie on the intersection curves.

2.5 Implicit surface: ���������	��
 data

In the remainder, let � � � � � � 
 � � � � . Then
- � � �	� � � 
 � �����
� ����� ��
 ��� � " � � � � "��

� � � 
������ � , Locations of the
SS are found at ��� �	���	��
 &�� -

. Since the shape is symmetric, the locations are at the � � � , � � � , and � � �
planes.

Then for
�

the values
� !���� � ��� � " � � � � "��

� � � 
 �
� � , ��� ��� � � � � � " � � � � "!�
� � � 
 �
� � , and

��" ��� � �# ��� � "
� � � � "$�

� � � 
���� � are found, with the SS planes % !���� , % � ��� , and % " ��� . The planes are ellipses.

& The first plane, % !���� � � � � & 
 � � & � ��
 , is given by � � � � 
 � " �'� ��
 � � � ���(� 
 � , with its extremal positions

 � � ��� ���

 and 
 � � ��� � � � 


& The second one, % � ��� � ��
 � / � ��� � &*) � / ��
 , is given by � ) � 
 � " �+�
� 
 � � �+� ) / � 
 � , with its extremal positions

 � #� ��� ���

 and 
 � � ��� �(,� 


& The third one, % " ��� � � � � / � � ) � / � ���

 , is given by � ) ��
 � " ��� � � 
 � � � � � / 
 
 � , with its extremal positions

 � �
-. ��� ��� 
 and 
 � � � ,. ���

 .

This is visualized in Figure 3. The left image shows the planes. The bright point mark the positions of the
pole-related points, while the dark points the umbilic related point represent. The lines are due to the ridges
forming the boundaries of the planes - the / . curves- and the intersections of planes - / � � / /

�
� lines. The origin is

an / � � / /
�
� / /

�
� point, while the intersetion with the / . curves result in / � / . points. They are also shown in the

middle image. The right image shows a close-up, where it can be seen that the umblic related points are indeed
on the curves. The umbilic points are found to be at � � 
10(2 � ���"� � 
 . 3 $ �

 , at the points � 
 # $ � ��� � 
 � $ � � 
 .

In Figure 4 the close-up, the ellipsoid (opened), and the evolute (opend) are shown. One might be able to
see that the evolutes intersect at the umbilic point. They also form the boundary of the Symmetry Set planes in
the cusp-curves (just as the 2D Symmetry Set is bounded in the cusp-point of the evolute). At the umbilic point
the two evolutes interchange their task in bounding the Symmetry Set plane that intersects the shape with its
boundary. The other two planes have boundaries either completely inside (in this case the Medial Axis plane),
or completely outside the shape.

In this simple case the pre-symmetry set can be computed exactly, and is given by the sets of points � � ����� � 

combined with � & � �	� � � 
 , ����� & ���	��
 , and � � ����� & � 
 .
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Figure 3: Left: symmetry set planes with special points and curves. Middle: The special curves and special points.
Left: Close-up of the symmetry set planes with special points and curves.
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Figure 4: Complicated compilation of surfaces.
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2.6 Parametrisation - ��� � data

A parametrisation of � is given by

� � � ��� � � ����� �
� � 
 �!�"� � ���"� �
� � � ��� � �

with ����� &�� � � � and ����� &
	 � � 	 � � . The extremal positions are obtained for

& � �
����
 � � �
� & 	 � 
 , i.e. � � ����� � 
 � � � ��� � & � 
 ,
& � �
����
 � � �
� 	 � 
 , i.e. � � �	� � � 
 � � � ��� � � 
 ,
& � �
����
 � � � ���

 , i.e. ���������	��
 � � � ��
 ��� 
 ,
& � �
����
 � � � ���

 , i.e. ���������	��
 � � � � & 
 ��� 
 ,
& � �
����
 � � 	 � ���

 , i.e. ���������	��
 � � � ��� ��� 
 , and

& � �
����
 � � & 	 � ���

 , i.e. ���������	��
 � � & � ��� ��� 
 .
Note that for �(� & 	 � � 	 � � the two poles are obtained. There all � values coincide. Ridge lines - / . curves of

the SS - are found on the boundary of each ellipse. The symmetry set planes are given by % !���� � � � � & 
 ��� & � ��
 ,
so � � ����� � 
 � � � � & � ����� � �!�"� � � & � � ��� � ��
 , % � ��� � ��
 � / � ��� � &*) � / ��
 , so � � �	� � � 
 � � #� ����� � �!�"� � ��� � & ,� ����� ��
 , and% " ��� � � � � / � � ) � / � ���

 , so ���������	��
 � � �
-. ��� � � ����� � � , . ���"� � �!�"� � ���

 .

The curvatures along the ridges are shown in Figure 5. The intersection of the two curvatures in the middle
graph is due to the umbilic points. The curvatures coincide for � �
����
 � � 
 �� � � 
10 2 �!�!�"� ��
 .3 $

�

 . These � � 
points are on the boundary of % � ��� . They do not affect the ellipse, although the minimal curvature (bounding
the Symmetry Set) has a non-differential point there.

2.7 Pre-symmetry set surfaces

For the presymmetry set we find the sets

& � �
��� � & � �	��
 (for � � �	� � � 
 � � & �������	��
 ),
& � �
��� �
� � & ��� 	 �	��
 (for ��� �	���	��
�� ����� & ���	��
 ), and

& � �
��� � � � & ��
 (for � � �	� � � 
 � ��������� & ��
 ).
The axis of symmetry in the pre-symmetry set are, respectively,

& � � � � � i.e. ��� �	���	��
 � � � � 
 
 �!�"� � � � ����� ��
 , the ridge in the � � � plane,

& � � 

� /

� i.e. � � �	� � � 
 � ��
 � �!�"� � ��� � � ����� ��
 , the ridge in the � � � plane, and

& � � � i.e. � � �	� � � 
 � ��� ����� � ��
 ����� �
���

 , the ridge in the � ��� plane.



Therefore the ridge lines in the presymmetry set are formed by the curves � � ��� ��� ����
 , � � �	� � � �	��
 , � � / � ��� � � / � �	��
 ,
� &�� / � �	� � &�� / � ����
 , and � � ��� � � ���

 . Intersections take place at

& � �
��� � & � �	��
.� � �
�	� � �
� & ��
 , so � � � � � and � � � due to boundary conditions of � and � . Therefore
intersections occur at � �
����
 � � � ���

 , i.e. ��� �	������
 � � � ��
 ���

 , and � �
�	��
 � � � ��� 
 , i.e. � � �����	��
 � � � � & 
 ���

 .
This implies that they occur at the extremal points on the � -axis. This intersection implies � & � �	���	��
 �
��� �	��� & ��
 , so ��� �	���	��
 � � � ����� ��� is expected, with � ��
 
 : the intersection of the two ridges in the � � �
and � ��� planes.

& � �
��� � � � & ��
 � � �
��� � � � & � � 	 ����
 so � ��

� /

� and � � � . Then � �
�	��
 � � &�� / � ���

 , i.e. � � �	� �	��
 � � & � ��� ���

 ,
and � � �	��
 � � � / � ��� 
 , i.e. � � �����	��
 � � � ��� ��� 
 . This implies that they occur at the extremal points on the
� -axis.

& � �
��� � & � �	��
 � � �
�	� � � � & ��� 	 �	��
 , so � � 

� /

� . Then � �
����
 � � �
� &�� / � 
 , i.e. ��� �	������
 � � � ��� � & � 
 , and
� �
����
 � � �
� � / �

 , i.e. � � �����	��
 � � � ��� � � 
 . This implies that they occur at the extremal points on the � -axis,
the poles.

Therefore, intersections of the pre-symmetry set surfaces occur at the extremal values of the ellipsiod.

3 Computation

In the following sections we present three different ways to compute the 3D symmetry set of the ellipsoid. The
3D symmetry set is defined similar to the 2D case: the closure of centers of spheres tangent to the shape at at
least two points. The radius

�
and the center of the sphere are given by

% ' & ��� ' ��%�� 

��� � (1)

3.1 Exact computation

For the exact computation, we take the parametrised ellipsoid and get a set of datapoints by choosing � �	� � "�� 	� � ,
� � � � � �
	�	�	 �!��� , and � � & 	 � " 	 � "
� 	� � ,

� � � �!� �
	�	
	 �!��� . So there are 20 x 20 datapoints, see Figure
6a. Note that the poles and ridges are not taken into the parametrisation.

Next, the pre-SS is constructed by choosing the sets � �
�	� � & �
����
 , � �
��� �
� � & � � 	 ����
 , and � �
��� � � � & ��
 . The
corrsponding SS is derived from the 3D extension of the 2D algorithm ”pre-SS to SS”, presented in deliverable
10. It solves equation 1 exactly by construction of the pre-SS.

The results are shown in Figure 6b. The separate planes are visualized in Figure 7.
As a check of the correctness of the solution, we verify that the minimum absolute value of each triple

���������	��
 that is found as an SS point, is ”close enough” to zero: note that the SS points form filled ellipses in the
� � � , � � � , or � � � planes. This graph is shown in Figure 8. It is within machine precision, � ����� ���
- 
 . Note
that 600 points (200 in each plane) are found. The algorithm generates 3 x 20 x 20 = 1200 points, but half of
them occur double due to symmetry.

3.2 Extention of the 2D zero-crossings algorithm

If the pre-SS needs to be computed from the data points and their normal vectors, similar equations hold as
in the 2D case for the zero-crossings algorithm if the shape is � � �	��
 -parametrized and % � is short notation for%�� � � ��� � 
 : � % � & % � 
�	 � � ' 


� � 
 � �
� % � & % � 
�	 � � '�� � � 
 � � (2)

The second constraint is new in 3D and rises from the fact that the line � � ' � � � 
 is the intersectionof the
two normal planes. This line is given by � � � � � " � &�� � � � " � � &�� ! � � " � " � ! � � " � � � ! � � � � &
� ! � � � � 
 .

As in the 2D case, the Anti Symmetry Set points should be removed from this set. These points satisfy the fact
that there tangent planes are parallel. Equivalently, the normals are aligned. Consequently, the normal at the
first point is perpendicular to the tangent plane at the second plane. This plane is computed as follows. Let � � �
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Figure 6: a) Selected points. b) Symmetry Set.
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Figure 9: a) Selected points. b) Symmetry Set.

� � � � � � � � � 
 . Then two vectors are sought that satisfy � � 	 � � � � , � � 	 � . � � , and � � 	 � . � � . One combination
satisfying these constraints is the set � � � � & �

� � � � � � � � 
 and � . � � � � � & � � � � & � � � & �
� � � � � � � " �

� � � 
 .
So the ASS is found as the intersection of the solutions of

� � ! � � � � � � � " � 
 	 � � � � � � " � � � ! � � " � � � ! � � � � 
 � �� � ! � � � � � � � " � 
 	 � � ! � � �� � & � ! � � �" � � &�� �! � � � � & �
� � � � �" � � � �! � � " � " �

� �� � � " � 
 ��� (3)

Note that the pre-SS space is a 4D space. The zero-crossings are obtained by taking changes in the signs of
the equations above in all four directions.

3.2.1 Calculation of the pre-SS and SS

To compute the pre-SS, one should be careful. If the data is constructed as in the previous section, one enters
exact solutions of the positions of zero-crossings. This is non-generic in general, and the algorithm, detecting
only full signchanges, will fail to find these points. So additional infinitesimal noise should be added to generate
a generic parametrized pointcloud. Noise is taken in the order of � � � � � , 
 and affects both the positions - so
points may be slightly off-ellipse, and normals - so they are not calculated at the right position and do not have
exactly unit length. The pointcloud, Figure 9a,looks similar to the unpertured cloud.

In this case with 400 data points computational time is reaching the limits of being acceptable. It takes the
algorithm 8.4 seconds to find 24216 points fot the first zerocrossing, and 11.4 seconds to find 55556 points for
the second zerocrossing, yielding 8210 points on the intersection. Next, it takes 7.4 seconds to find 73359 points
fot the first ASS zerocrossing, and 11.2 seconds to find 63226 points fot the second ASS zerocrossing, yielding
30104 ASS points as intersection. The complement of both intersection results gives 5438 SS-solutions, but since
the pre-SS is symmetric, in total 2719 SS-points are found. The resulting symmety set is shown in Figure 9b.

Next, the points in the three planes shown in Figure 10. This is a view of the SS along each of the three axes,
while the plot area is restricted to � & 	 �
��	�� 
 .

As one can see there are some outlyers. This is verified by the minimum absolute value of each triple ���������	��

that is found as an SS point. These minimal values-graph is shown in Figure 11. The left image indicates some
symmetry, that is indeed present due to the algorithm

The largest value is caused by the point � & ��	�� � � & � 	 �"� � & � 	 � � 
 . It resembles to points at % � � � & � 	 � � �!� 	 � � ��	 �
�
)





and % � � � & 
 	 ��� �!� 	 �"� � �
�
) � 
 . Apparently, their � values are close. We have � % � & % � � ��� 	 � � , � � � & � � � � � 	 � ) �

,
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Figure 10: 3 distinct planes of the Symmetry Set.
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 , ideally equal to zero.
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Figure 12: min norm constraint.
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Figure 13: max norm constraint.

� � � " � � � � � 	 � � , � � � � � � �(� 	 � )() . For the two zerocrossing values we find values � % � & % � 
 	 � � � " � � 
 � 	 ���
and � % � & % � 
�	 � � � � � � 
 � 	�� 
 , normalized they are 	 � � �

and 	 ��
 , respectively. Apparently they are found of
zero crossings, but due to the relatively flatness of the shape their positions cause a large error in the position.

3.2.2 On outlyers

Lets look into ASS points more detailed. Consider the tangent circle for a point % � � ��� �	���	��
 with correspond-
ing normal

� � � � � ! � � � � � " 
 . We have as SS point, say, % � � � & � ����� � 
 with corresponding normal
� � �

� &�� ! � � � � � " 
 , and as an ASS point, say, % . � � & � � & ���	��
 with corresponding normal
� . � � &�� ! � &�� � � � " 
 .

Now % � & % � � ��� ����� ���

 , � � & � � � � � � ! ��� ���

 , � � " � � � � � ��� � � ��� � " 
 , � � � � � � � � � & �
� ! � � ��� � ��� ! 
 .

So � % � & % � 
 	 � � � " � � 
 � � and � % � & % � 
 	 � � � � � � 
 ��� .
Als % � & % . � � � ����� � ���

 , � � & � . � ��� � ! ��� � � ��� 
 , � � " � . � � � ��� � � � " 
 , � � � � . � ��� � � � " � & �

� ! � " ��� 
 .
So � % � & % . 
 	 � � � " � . 
 ��� and � % � & % . 
 	 � � � � � . 
 � � � " � � � � & � � ! 
 which may become (close to) zero for
certain combinations of points, especially when two points are nearby. If this is the case, the two normals are
almost pointing into the same direction and the norm of their sum is close to 2, and subtracting yields almost 0.
So as an extra check one can remove these point combinations.

So, experiment 1: require that � � � & � � � ����� � . For � � 	 � ) 1926 SS points are left. However, the
point mentioned above is still part of the SS. For � � 	 ) 2912 SS points are left. The maximal minum values are
significantly lower. See Figure 12.

Experiment 2: require that � � � " � � ��� ��� � . For � � � 	 � � 1906 SS points are left. Also in this case, the
point mentioned above is still part of the SS. For � � � 	 � ) 3066 SS points are left. The maximal minum values
are again significantly lower. See Figure 13.

Apparently subtracting is less sensitive. Furthermore, setting this norm seems to affect the large SS-ellipse.
This makes sense, since it depends on the parts of the shape that are most flat, requires longest radii and have
(thus) normals that are close to each other.

Another constraint may be requiring that the normalised inner product values of the vectors found as
zerocrossings, is small. Set it to 	 � for both, in combination with � � � & � � � � 	 ) , gives 994 points with
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Figure 14: a) Randomly selected points. b) Symmetry Set.

maximum minimal error value 	 ) ) . This opens possibilities to the next appraoch.

3.3 Symmetry Sets from Point Cloud

Apparently, the parametrisation causes problems, especially at the north and south poles, but also at points
nearby. To overcome these problems, extra constraints can be added. What one does in that case, is not looking
for zero crossings explicitly, but pairs of points that are close enough to be considered as zero crossings. Now
zero crossings require a parameterization, but the ”close enough appraoch´´ can be considered as parameter-
less.

It is therefore worth the effort to investigate what these constraints would do on a random point set. That
is, given an arbitrary set of points % ' on the ellips with unit normals

� ' , select each combination satisfying

� % � & % � 
 	 � � � " � � 
 �
� �� % � & % � 
 	 � � � � � � 
 �
� �

� � � & � � � � �
(4)

and define this set as the Symmetry Set.
This appraoch has been taken in the following. A random point set on the ellipsoid is taken in the ��� �	���	��


space, see Figure 14. A selection in the � � �	��
 space yields a similar cloud, although more points are close to
the north and south poles. Since the normal vectors are known by definition, regularization is not needed and
the Symmetry Set can be computed directly. With 1000 points, 10191 Symmetry Set points are found in 150
seconds. Limiting to 500 points, 2573 points are found in 37 seconds. For the latter we set

� � � 	�� ,
� � � 	 � )

, and
� � � 	 � ) , yielding 1599 points.

The individual planes of the outcome are shown in Figure 15. One can see that the large plane is least
detailed, as expected.

The deviation from the planes is in the order of the previous calculations, see Figure 16. Off course, more
tuning of the parameters

� � , � � , and � may inprove the performance.



Figure 15: 3 distinct planes of the Symmetry Set.
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Figure 16: Minimum absolute value of each SS triple - random point cloud.



4 Conclusions and perspectives

For shapes in 3D, the Symmetry Set can be computed using a simple extension of the approach taken in the
2D case. With the same argumentation as for the 2D case, PDE methods are not available for computation and
the geometric appraoch must be taken. Although this isan almost trivial extension, numerical problems arise
earlier than in the 2D case. Since the algorithms imply computation of the pre-Symmetry Set, the complexity
of the algorithm prohibits large data sets. A refinement of the shape in adding more data points is therefore not
possible.

The zero crossings method used requires a parameterisation. Since additional parameters / thresholds are
needed to avoid numerical instabilities, the parameterization may as well be ignored and the method works
on unordered point clouds. In the example given the normal vectors were known a priori, but if they need
to be estimated by means of some kind of regularisation, (large) errors may be introduced. This needs more
experiments.

Next, the visualization of the Symmetry Set in 3D is hard. It cannot be avoided by using the pre-Symmetry
Set, since this set lives in an 4D space, albeit that the set itself contains only 2D manifolds. The use of this set
and some of the mathematical properties are to be described in deliverable 22 on alternative descriptions of
Symmetry Sets.

For representational purposes, the Gauss diagrams may be useful. A 2D version of these diagrams is de-
scribed in chapter 4. In 3D they are formed by spheres - or worse, manifolds with holes, depending on the
original shape.
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