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Abstract

We proposea new category-theoreticformulationof relationalparametricitybasedon a logic for
reasoningaboutparametricitygivenby Abadi andPlotkin [10]. The logic canbeusedto reasonabout
parametricmodels,suchthatwe mayprove consequencesof parametricitythat to our knowledgehave
not beenprovedbeforefor existing category-theoreticnotionsof relationalparametricity. We provide
examplesof parametricmodelsandwe describea way of constructingparametricmodelsfrom given
modelsof thesecond-orderlambdacalculus.
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1 Intr oduction

The notion of parametricityfor modelsof polymorphictype theoriesintuitively statesthat a function of
polymorphictypebehavesthesameway on all typeinstances.Reynolds[11] discoveredthatparametricity
is centralfor modellingdataabstractionandproving representationindependenceresults.The ideais that
a client of anabstractdatatype is modelledasa polymorphicfunction; parametricitythenguarenteesthat
the client cannotdistinguishbetweendifferent implementationsof the abstractdatatype. Reynoldsalso
observedthatparametricitycanbeusedfor encoding(inductive andcoinductive) datatypes.See[17, 8] for
expositoryintroductions.

In 1983Reynoldsgaveapreciseformulationof parametricitycalledrelationalparametricityfor set-theoretic
models[11]. It basicallystatesthata termof polymorphictypepreservesrelationsbetweentypes:if term �
hastype ���	��

������� and ����������� is a relation,then

��� �"!#�#�%$ �'&(! �)� � � !#*
where �%$ �'& is a relationalinterpretationof the type � definedinductively over thestructureof � . Equiva-
lently, parametricitycouldbedefinedastheidentity extensionproperty:for all terms��*,+ of type �-�/.�)! ,

���#�%$0.eq12&(! +4365 �879+��
However, Reynolds himself later proved that set-theoreticmodelsdo not exist [12]. In 1992 Ma and
Reynolds[6] thengave a new formulationof parametricityphrasedin termsof moregeneralmodels(PL-
categoriesof Seely[16]). OnemayformulateMa andReynolds’notionin thelanguageof � � -fibrations1 as
follows. Thefibration :<; = is parametricwith respectto a given logic on : if thereexists a reflexive
graphof �>� -fibrations,whoserestrictionto thefibersover theterminalobjectis thereflexive graph

:�? @A BDCE:�?FGFG
of logical relationswith domain,codomainmapsandthemiddlemapmappinga typeto theidentityon that
type.(See[6, 4] for moredetails.)

In recentwork by BirkedalandRosolini on parametricdomain-theoreticmodelsit becameclearthat this
is not theright categorical formulationof parametricity:it appearsthatthedefinitiondoesnot allow oneto
prove theexpectedconsequencesof parametricitysuchasdataabstractionandtheencodingof datatypes.
Indeed,theseconsequenceshave only beenproved for specificmodels,see,e.g., [17, 2], using specific
propertiesof themodels.

In this articlewe proposea new category-theoreticformulationof parametricity, calleda parametricAPL-
structure, whichdoesallow oneto prove theexpectedpropertiesof parametricityin general.Webuild upon
a logic for reasoningaboutparametricitygivenby Abadi andPlotkin [10]. In this logic onecanformulate
parametricityasa schemaandprove the expectedconsequencesof parametricity. An APL-structureis a
category-theoreticmodelof Abadi andPlotkin’s logic, for which we prove soundnessandcompleteness,
therebyansweringa questionposedin [10, Page5]. EachAPL-structurecontainsa modelof thesecond-
orderlambdacalculus,whichwe mayreasonaboutusingthelogic.

Wealsoprovideacompletionprocessthatgivenaninternalmodelof �>� (see[3, 13]) producesaparametric
APL-structure.In specialcases,the � � -fibrationof this APL-structureis theoneobtainedin [13] andthus
weprove thatthemodelsobtainedin [13] in factsatisfytheconsequencesof parametricity(asexpected,but
not shown in theliteraturebefore).

1A HJI -fibrationis a fibrationwith enoughpropertiesto modelsecond-orderlambdacalculus,see,e.g.,[4].
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The consequencesof parametricityproved earlier for specific models[2, 17, 1] all seemto use well-
pointedness,i.e.,theproperty, thatmorphismsKL�/MN;O= aredeterminedby theirvaluesonglobalelementsP �RQS; M , and,indeed,in his recentPh.D.thesis,Dunphy[1] reachestheconclusionthat parametricity
is only usefulin connectionwith well-pointedness.For parametricAPL-structures,we do not needto use
well-pointednessto prove theexpectedconsequencesof parametricity. Looselyspeaking,thepoint is that
our notion of parametricAPL-structureincludesan appropriateextensionallogic to reasonwith. In loc.
cit., theambientworld of settheoryis usedasthelogic andthusextensionalitythereamountsto askingfor
well-pointedness.We provide a family of concreteparametricAPL-structures,includingnon-wellpointed
ones.Thusparametricityis usefulfor proving consequencesalsofor non-well-pointedmodels.

In Section2, we recall Abadi andPlotkin’s logic. The readeris warnedthat our versionof the logic is
slightly different from the onedescribedin [10]. In Section3 we definethe notion of an APL-structure.
We prove soundnessandcompletenesswith respectto Abadi andPlotkin’s logic in sections3.1 and3.2.
Section4 definestheinternallanguageof anAPL-structureandwe definethenotionof a parametricAPL-
structure.We alsodemonstratehow to usethe internallanguageto show consequencesof parametricityin
parametricAPL-structures.Section5 containsa definitionof a concreteparametricAPL-structure,andwe
alsomentiona non-well-pointedparametricAPL-structure.Section6 containsa comparisonof our notion
of parametricitywith theonedefinedby Ma & Reynolds[6]. Finally, theparametriccompletionprocessis
describedin Section7.

We includetwo appendices.AppendixA containstheoryanddefinitionsconcerningcomposablefibrations.
Thesedefinitionsareusedin thedefinitionof anAPL-structure.AppendixB containsproofsof two theorems
from [13]. Thesetheoremshavebeenmodifiedto fit thesituationof ourparametriccompletionprocess(and
theproofshave notappearedin print before).

2 Abadi & Plotkin’ s logic

Wefirst recallAbadi& Plotkin’s logic for reasoningaboutparametricity, originally definedin [10]. Wewill
useaslightly modifiedversionof thelogic.

Abadi & Plotkin’s logic is basicallya second-orderlogic on the second-order� -calculus( � � ). Thuswe
begin by calling to mind thesecondorder � -calculus(amoreformalpresentationcanbefoundin e.g.[4]).

2.1 Second-order T -calculus

Well-formedtypeexpressionsin second-order� -calculusareexpressionsof theform:

� ? �	��

����*������U*���VD���	

����WS�X���	
2���
where � is built up from the �ZY ’s usingproducts( Q , �E�[� ), arrows ( �E;\� ) andquantificationover types.
Thelattermeansthatif we have a type

� ? ���	
2����*�������*��ZVD���	
2����WS�X���	

����*
thenwe mayform thetype

� ? �Z��

����*������]*���Y_^ ? ���	
2����*���Ya` ? �Z�	

����*������]*���VD�Z�	
2���bW �ZYc�Z�	
2���c���X���	
2���
Wedonotallow repetitionsin thelist of � ’s,andwecall this list thekind context. It is oftendenotedsimplyd

or .� . Weuse �/*,�e*,f to rangeover thesetof types.

4



Thetermsin ��� areof theform: dhgji ? �k� ? *�������* i VD�k�>V�Wml
�2�
wherethe ��Y and� arewell-formedtypesin thekind context

d
. Thelist of

i
’s is calledthetypecontext and

is oftendenotedn . As for kind contexts we do notacceptrepetitionin typecontexts.

Thegrammarfor raw termsis:

lX�o�o7 ipg � i �-�/� l g lq� l�! gsrtg/u lq*,l�v gjw l gjw � l gyx �z�	�	
2�����,l g l��#�-!
correspondingto variables,� -abstraction,functionapplications,anelementof unit type,pairingandprojec-
tionson producttypesandsecond-order� -abstractionsandtypeapplications.We use {�*,lq*,� to rangeover
thesetof terms,andasusualwe consider� -equivalent termsequal. Most of the formationrulesarewell
known from the simply-typed � -calculus;herewe just recall the two additionalrulesfor type abstraction
andtypeapplication:

d *��z���	
2��� g nEWml/�k� d|g n is well-formedd|g nEW x �����	

�����,l
� �����	

�������
dhg nEWml
� ���-��

������� d Wm�}�Z�	
2���d|g nEWml�� �"!J�k�%$ �"~J��&

What we have describedabove is called the pure second-order� -calculus. In generalwe will consider
second-order� -calculi basedon polymorphicsignatures[4, 8.1.1]. Informally onemay think of sucha
calculusasthepuresecond-order� -calculuswith addedtype-contantsandterm-constants.For instanceone
mayhaveaconstanttypefor integersor aconstanttypefor lists �tW lists�#��!J�-��

��� . Wewill beparticularly
interestedin the internal languageof a � � -fibration (seeSection3) which in generalwill be a non-pure
calculus.

2.1.1 Equality

Weconsideranequalitytheoryonsecond-order� -calculuscalledexternalequality. It is theleastequivalence
relationgivenby therulesin Figure1.

2.2 The logic

Formulasof Abadi & Plotkin’s logic live in contexts of elementsof �>� andrelationson typesof �>� . The
contexts look like d|g n g � ? �9� ? ��� �? *������U*���V[�9�]V[��� �V *
where

d�g n is a context of second-order� -calculusandthe �]Y and � �Y arewell-formedtypesin context
d

,
for all � . Thelist of � ’s is calledtherelationalcontext andis oftendenoted� . In thiscontext asin theother
contexts wedonotacceptrepetitionsof variablenames.It is importantto noticethattherelationalandtype
contextsareindependentof eachotherin thesensethatonedoesnotaffectwhethertheotheris well-formed.

Formulasaregivenby thesyntax:

� �o�o7�� l�7�����! gy� � lq*,�)! g ���9� g���gc��g ����� g �m�m� gy� �����	

����� � g
��i �-�/� � gj� ���������e� � gc� �z�Z�	
2����� � gc�ci �-�/� � g�� ���������e� � *
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d|g n"* i �k�SW�l/�
� d�g n�Wm�b�k� �
-reductiond|g n�WS�#� i �k�/�,l�! �879l�$ �)~ i &d *�� g nEW�l/�
� d WL�X���	
2��� d�g n well-formed �

-reductiond|g n�W�� x �z�	�	
2�����,l�!#�S79l>$ �-~J�e&d|g n�W�l/�k�L;�� �
-reductiond|g n�WS� i �"�-� l i !R79ld|g nEWml/� ���-�	
2������� �

-reductiond|g nEW x �����	

������� lq��!%79ld|g n�Wml/�k� dhg n�Wm�b�
�dhg n�W wzu l�*,��vR7�l
d|g nEWml/�-� d|g nEW��z�
�d|g n�W w � u l�*,��vR7��d|g n�W�l/�k�����d|g n�W u�w lq* w � l�vs79l

dhg nEWml/�-Qd|g n�WmlX7 r
d|g nEW�lX79l � �-� d|g n�* i �-�SW��z�2�

replacementdhg nEWm�X$ l�~ i &�7��X$ l � ~ i &d�g n"* i �"�LWml�7�{Z�2�d|g nEWS� i �k�/�,lX7�� i �k�/��{
d *�� g n�WmlX7�{ d|g n well-formeddhg nEW x ���,l�7 x ����{

Figure1: Rulesfor externalequality

where
�

is adefinablerelation(to bediscussedbelow).

In thefollowing we give formationrulesfor theabove. First wehave internalequality
dhg n�Wml/�-� d|g n�Wm�b�-�d�g n g ��WL� l�7�����!J�s �¡£¢e�

Noticeherethenotationaldifferencebetweenl}7h� and l�7��¤� . Theformerdenotesexternalequalityand
the latter is a formula in the logic. Therulesfor

�
,
�

and
�

aretheusualones.
�

,
�

areformulasin any
context.

Wehave theformationrulesfor universalquantification:

d�g n"* i �"�/*�n � g ��W � �) �¡£¢e�d�g n"*�n � g ��W ��i �-�/� � �R �¡£¢e�
d|g n g �¥*����������e*�� � W � �s �¡£¢e�d|g n g �¥*�� � W � �N���E���e� � �s �¡£¢e�d *���* d � g n g ��W � �s �¡£¢e� d * d � g n g � is well-formedd * d � g n g ��W � ���Z�	
2���c� � �R �¡£¢e�

Thesameformationrulesapplyto theexistensialquantifier.
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2.3 Definablerelations

Definablerelationsaregivenby thegrammar:

� �o�o7�� g � i �k�/*,¦X�
�"!#� � g �%$,.� &(�
A definablerelation

�
alwayshasa domainanda codomain,andwe write

� ���E��� to denotethat
�

has
domain � andcodomain� . Thereare3 rulesfor this judgement.Thefirst two are

d|g n g ��*����������e*�� � W����������
d|g n�* i �k�/*,¦X�
� g ��W � �R �¡£¢e�d|g n g ��WL� i �"�/*,¦����"!#� � �������e�

In thesecondrule above thevariables
i *,¦ becomeboundin

�
. For example,we have theequalityrelation

eq� definedas � i ���/*,¦X���-!#� i 7��L¦ andthe graphrelationof a function
u K-v�7§� i ���/*,¦��Z�"!#��K i 7�¨�¦ ifK��k�L;©� .

Thelastrule for definablerelationsis

� ? *�������*��ZV�WS�-�/.�)!J���	
2��� d�g n g ��W � ? �ª� ? ��� �? *������]* � V«�9�]V���� �Vd|g n g ��WS�%$¬.� &"���-��.��!%�t�-�>.� � !#�
Observe that �%$,.� & is a syntacticconstructionand is not obtainedby substitution. In [10] �%$¬.� & is defined
inductively from thestructureof � , but in our casethis is not enough,sincewe will needto form �%$¬.� & for
typeconstants� in Section4. Theinductive definitionof [10] is reflectedin theaxiomsbelow. Wecall �%$,.� &
therelationalinterpretationof thetype � .

If
� ���6�¥� is adefinablerelation,wemayapplyit to termsof theright types.Thisgivesthelastformation

rule for formulas d|g n g ��W � ���E��� dhg n�Wml/�-�/*,�z���d|g n g ��W � � l�*,��!J�% �¡o¢e���
Wewill alsowrite l � � for

� � l�*,��! .
Lemma 2.1. Suppose

d|g nEWL��*�����������W � �R �¡£¢e� and
d|g n g ��W � ������� are well-formed.Then

d|g n g ��W � $ � ~J�'&]�R �¡£¢e�
is well-formed.

Proof. Easyinductionon thestructureof
�

.

Remark 2.2. Onecanform Abadi& Plotkin’s logic basedonany second-order� -calculus,andnotonly the
pure �>� (seediscussionatendof Section2.1).

Weintroducetheshortnotation
��­�� � for definablerelations

� �����%� ,
� �����X�%� as

��i �-�/*,¦X�
�e� � � i *,¦-! �
� � � � i *,¦	! .
Wecantake exponents,productsanduniversalquantificationof relations.Theseconstructionswill turnout
to definecategoricalexponents,productsandquantificationin acategory of relations(seeLemma3.6). For
now, thereadershouldjust considerthenext threedefinitionsasshorthandnotation.
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d �Z®�¯±° d WS�X�Z�	
2��� d�g n}�Z®�¯²°d|g �S�Z®�¯±° d|g n�W�l
�-� d|g n�W�l�79�d|g n g ��W � �s �¡£¢e� d|g n g ��W � �����[� d|g n g � g � ? *������]* � V[W �

Figure2: Typesof judgements

If
� ���E�[� and

� �	���
�"����� wemaydefineadefinablerelation:

� � ; � � !s���#�S;O� � !%�t� �E;©� � !
as � ; � � 7��#K��k�L;O� � *,³D�/��;©� � !#� ��i �k�/� � ¦X�
�e��� ie� ¦ � �#K i ! � � � ³�¦-!#!
Wemayalsotake theproductof

�
and

� � :
� � � � ���#�E�t� � !D�t� ����� � !

as � � � � 7�� i �"���t� � *,¦��
���[� � !#��� w-i ! � � w ¦-! � � w � i ! � � � w � ¦-!
If d *���* � g n g ��*������´� � W � ���E�[�
is well-formedand

d|g n g � and
d *��tWL�X���	

��� and

d * � Wm�}���	

��� wemaydefine:

d�g n g ��W � �#��* � *������8� � !#� � ��� �z���	
2�������-!D�8� � �Z�	
2���c�,�"!
as � l/� �z���	
2�������/*,�b� � �	��

�����,�"!#� � ��* � �-�	

����� � �����8� � ��� l���! � � � � !#�
2.4 The axioms

Figure2 sumsup thetypesof judgementswehave in thelogic. Thelastjudgementin thefiguresaysthatin
thegivencontext, theconjunctionof theformulas

� ? *������]* � V implies
�

.

Having specifiedthe languageof Abadi & Plotkin’s logic, it is time to specifytheaxiomsandtherulesof
thelogic. Wehave all theaxiomsof propositionallogic plustherulesspecifiedbelow.

Wehave rulesfor
�

-quantification:
d *�� g n g � gcµ W �

7�7/7/7e7/7�7/7�7/7�7/7�7/7e7/7�7/7�7�7 d|g n g ��W µd|g n g � g�µ W � �z���	
2����� � (1)

d|g n�* i �-� g � gJµ W �
7¬7/7e7/7�7/7�7/7�7/7�7/7e7/7�7/7¬7 dhg n g ��W µd|g n g � gcµ W ��i �-�/� � (2)

d|g n g �¥*����9����� � g�µ W �
7#7�7/7�7/7e7/7�7/7�7/7�7/7�7/7e7/7�7/7�7/7#7 d|g n g ��W µd|g n g � gcµ W � ���9����� � � � (3)
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Rulesfor
�
-quantification: d *�� g n g � g � W �

727/7�7/7�7/7�7/7�7/7e7/7�7/7�7/7�7/727 dhg n g ��W �d|g n g � gc� �z�Z�	
2����� � W � (4)

dhg n"* i �"� g � g � W �
7Z7�7/7�7�7/7�7/7e7/7�7/7�7/7�7�7 d|g n g ��W �d|g n g � gc�Ji �-�/� � W � (5)

d|g n g ��*����9�t�«� � g � W �
7-7/7/7�7/7�7/7�7/7�7/7e7/7�7/7�7/7�7/7�7	7 d|g n g ��W �dhg n g � g�� ���ª�t��� � � � W � (6)

Wehave substitutionrules d *�� g n g � gc¶ W � d WL�X���	
2���dhg n'$ �-~J�e& g ��$ �-~J�e& g�¶ $ �-~J��&)W � $ �-~J��& (7)

d|g n"* i �k� g � g�¶ W � d|g nEW�l
�k�d|g n g � g�¶ $ l�~ i &�W � $ lq~ i & (8)

dhg n g ��*��������[� gc¶ W � d|g n g ��W � �������d|g n g � g�¶ $ � ~J�'&�W � $ � ~J�'& (9)

Thesubstitutionaxiom:d|g n g � g�� W � ��* � �-��

����� ��i * i � �"��� � ¦-*,¦ � � � � � �����´� � ��0� i *,¦	! � i 7 1 i � � ¦L7�·¥¦2� � �0� i � *,¦
�_! (10)

Externalequalityimpliesinternalequality: d�g n�WmlX79�z�"�d�g n g � gJ� WmlX7��0� (11)

We omit the obvious rules statingthat internal equality is an equivalencerelation. The following rules
concerntheinterpretationof typesasrelations.

d|g n g � gc� W �ei *,¦X�kQJ� i Q¸¦ (12)

.�tWS�ZY d�g n g ��W�.� �§.����.� �d|g n g � g�� WS��Yq$,.� & ­9� Y (13)

.�tWS�L;¹� � d|g ��W�.� �º.����.� �d|g n g � gc� WL�#�S;O� � !]$¬.� & ­ �#�%$¬.� &";O� � $¬.� &(! (14)

.�tW � � ���-��.�s* � ! d|g ��W�.� �§.����.� �d|g n g � g�� WS� � � ���-��.�s* � !#!]$¬.� & ­�� � � * � � *���� � � � � !#���%$¬.� *��'&(! (15)

Finally we have d�g n"* i �"�/*,¦��
� g ��W � �s �¡£¢e� d�g n�Wml/�k�/*,�z�/�d�g n�WS�#� i �k�/*,¦X�
�"!#� � !#� lq*,�)! � � � $ l�*,��~ i *,¦�&(� (16)
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Usingthis rule,wemayprove abijective correspondencebetweendefinablerelationsandpropositionswith
two freevariables.Thebijectionmapsa definablerelation

�
to theformula

� � i *,¦	! with freevariables
i *,¦

anda formula
�

with freevariables
i *,¦ to thedefinablerelation � i *,¦-!#� � .

Lemma 2.3. Suppose
d|g n g ��W � ���E�«� and

d|g n"* i �"�/*,¦��
� g ��W � �s �¡o¢e� . Then

d|g n�* i �k�/*,¦X�
� g � g�� W ��� ���#� i �k�/*,¦��/�"!#� � !#� i *,¦	!
and d�g n g � g�� W �[­ � i �k�/*,¦X�
�"!#� � � i *,¦	!#�
Proof. Thefirst statementabove is justa reformulationof (16),andfor thesecondweneedto prove that

��i �-�/*,¦X�
�e���#� i �"�/*,¦X�
�"!#� � � i *,¦	!#!#� i *,¦	! � � � � i *,¦-!
which is alsoaneasyconsequenceof (16).

Wewouldalsolike to mentiontheextensionalityschemas:

� �ei �-�/�,l i 7�¨}� i ! � lX7���»�¨��� � ���	��

�����,ls��7}¨�����! � l�7�¼ 1)½U¾À¿qÁ¸ÂÄÃ ¨ ���
Thesearetakenasaxiomsin [10], but we shallnot take theseasaxiomsaswe would like to beableto talk
aboutmodelsthatarenotneccessarilyextensional.

Lemma 2.4. Thesubstitutionaxiomaboveimpliesthereplacementrule:

d�g n g � g�µ Wml�7 � l � d|g n"* i �k�SW��z�/�d|g n g � g�µ Wm��$ lq~ i &�7�¨}�X$ l � ~ i &
Proof. Instantiatethesubstitutionaxiomwith thedefinablerelation

� 7�� ¦X�k�/*�Åk�k�-!#�,��$ ¦	~ i &�7�¨���$ Å�~ i &(�
Clearly

µ W � � lq*,l�! , sosincel�7}�0l � , we have
µ W � � l�*,l � ! asdesired.

Lemma 2.5 (Weakening, Exchange). If
dÆg n g � gÇ¶ W �

is provable in the logic, and if furtherd � g n � g � � is a context obtainedfrom
d|g n g � bypermutingtheorderof thevariablesin thecontexts,and

possiblyaddingvariables,then d � g n � g � � g�¶ W �
is alsoprovablein thelogic.

3 APL-structur es

In thissectionwedefinethenotionof anAPL-structure,which is basicallyacategory-theoreticformulation
of amodelof Abadi& Plotkin’s logic. Wealsoshow how to interpretthelogic in anAPL-structure.Weuse
thedefinitionsandresultsof AppendixA.

But first we recallthenotionof a ��� -fibration,which is basicallyamodelof �>� .

10



Definition 3.1. A fibration È0É-Ê%ËÌ;ÎÍEÏ Ð�Ñ is a �>� -fibration if it is fibredcartesianclosed,hasa generic
object Ò�Ó , productsin Í�ÏaÐ�Ñ , andsimple Ò -products,i.e., right adjoints Ô to thereindexing functorswDÕ

for projections
w � d �tÒp; d

.

Remark 3.2. In a �>� fibration,for amap K�� d ;OÒ in ÍEÏ Ð�Ñ , wewill usethenotation ÖK to denotetheobject
of È0É-ÊRË>× correspondingto K , andlikewisefor �SÓSÈ0É-ÊRË>× wewrite Ö�X� d ;OÒ for themapcorresponding
to � .

Definition 3.3. A pre-APL-structure consistsof

1. Fibrations: Ø�Ù�Ú Ê
ÛÜÝ

È0É-ÊRË Þ
ßà áááááá

ááá�â
ãEä @A åbæUçèÜÝ

ÍEÏaÐ�Ñ
where

étê is a ��ë -fibration.épì is afibrationwith fibredproductsé � íJ* ì ! is anindexedfirst-orderlogic fibration(DefinitionA.4) whichhasproductsandcoproducts
with respectto

d �tÒh; d
in ÍEÏ Ð�Ñ (DefinitionA.5) where Ò is thegenericobjectof ê .épî is a faithful productpreservingmapof fibrations.

2. acontravariantmorphismof fibrations:

È0É-ÊRË��'ï�ðòñJó�È0É-ÊRË ô @A
õö ÷÷÷÷÷÷÷÷

÷÷÷÷÷ åbæUç
øù ú ú ú ú ú ú

ú ú ú
Í�ÏaÐ�Ñ

3. a family of bijections

¶ × ��û%üeý�þZÿ����
� � *��¥�#�/*,�"!j!s;��
	��2� Ø�Ù�Ú Ê�
�� ä�� � � ¨�� !
for � and� in È0É-ÊRË × and

�
in åbæ]ç × , which

é is naturalin the
�

é commuteswith reindexing functors;that is, if
� � d � ; d

is a morphismin Í�ÏaÐ�Ñ and �Ì� � ;�¤�#�/*,�"! is amorphismin åbæUç × , then

¶ ×�� � � Õ � �)!#!R7����� ! Õ � ¶ × � ��!#!
where �� is thecartesianlift of

�
.

Noticethat
¶

is only definedon verticalmorphisms.
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Remark 3.4. Item 3 implies that ���¤�#Q × *�Q × !#! ×�� ï�ðòñJó is an indexed family of genericobjects. If, on the
otherhand,we have an indexed family of genericobjects �#Ò × ! ×�� ï�ðòñJó and åbæUç is cartesianclosed,then
we maydefine � to be Ò ^ � ^ andtherebyget items2 and3 for free. In general,however, åbæUç will not be
cartesianclosed.In particular, in thesyntacticmodeldescribedbelow in theproof of completenessåbæUç is
not cartesianclosed.

We now explain how to interpretall of Abadi & Plotkin’s logic, exceptfor the relationalinterpretationof
types,in apre-APL-structure.First werecalltheinterpretationof �>� in a ��� -fibration.

A type � ? �����U��VpW|��Y is interpretedasthe objectof È0É-ÊRË over Ò V correspondingto the � ’ th projectionÒ V ; Ò . For a type � ? �����U��VLW�� , we have $ $ �ZY,���
& &s7 Ô�$ $Ä.�tWS�2& & , where
w

is theprojectionforgetting
the� ’ th coordinate.Sinceeachfiberof the � � -fibrationiscartesianclosed,wemayinterprettheconstructions
of thesimply typed � -calculususingfibrewiseconstructions.

If
d *�� g nEWml
�/� is a termand

d WSn is well-formed,thenwemayinterprettheterm
d|g nEW x ���,l/� ���,�

asthemorphismcorrespondingto $ $ d *�� g nEW�l
�
�/& & undertheadjunction
wDÕ
� Ô .

To interpret
d�g n�W�ls� , noticethat $ $ d WS�2& & correspondsto amap

$ $ d WS�2& &��%$ $ d & &�;OÒ��
Themorphism $ $ d�g nEWml
� ���,�e& & correspondsby theadjunction

w Õ � Ô to amorphismin thefiberover$ $ d & &)��Ò . Wereindex thismorphismalong

u���� � � ×"! ! * $ $ d W��2& &(vJ�D$ $ d & &�; $ $ d & &��tÒ
to get $ $ d�g n�Wmls�2& & .
Relationalcontexts areinterpretedin åbæUç as:

$ $ d|g � ? ��� ? ��� ? *�������*��'V����>V����]VJ& &"7#�¥�]$ $ � ? & &(*>$ $ � ? & &(!D�t�����Z�$�¤�]$ $ �>V�& &(*>$ $ �]V�& &(!#*
where $ $ �>Y±& & , $ $ �]Y±& & aretheinterpretationsof thetypesin È0É-ÊRË asdescribedabove.

We aim to define $ $ d g n g ��W � & & asanobjectof
Ø�Ù�Ú Ê over $ $ d g n g ��& & , which we defineto be î �]$ $ d g

n/& &(!'��$ $ d�g ��& & . Weproceedby inductionon thestructureof
�

. Weusetheshortnotation $ $ d|g n g ��Wml/�
�/& &
for thecomposition

$ $ d|g n g ��& & Ô @A î �]$ $ d�g n/& &(! ä�� � � ×�% &('*)¸½ ¨ ! ! �@A î �]$ $ d Wm�/& &(!R*
andwe will in thefollowing leave obviousisomorphismsinvolving productsimplicit.

If we define +-,���.Æ;/. �0. to bethediagonalmap,then

$ $ d|gyi �"�/*,¦��k� g�1 W i 7}�0¦X�) �¡£¢e�j& &"7 2436587 7 9;: :=<_� � !
and $ $ dNg n g � g l�7����e& &�7u $ $ dNg n g ��Wml¬& &(*>$ $ dNg n g ��Wm�e& &(v Õ $ $ d|gyi �k�/*,¦X�k� g�1 W i 7��0¦X�) �¡£¢e�y& &(�
��i �-M�� � and

� ��� �E���e� � areinterpretedusingright adjointsto reindexing functorsrelatedto theappro-
priateprojectionsin åbæUç . Likewise

�Ji �"Mz� � and
� ���4�t���e� � areinterpretedusingleft adjointsto the

samereindexing functors.� ��� � and
� ��� � are interpretedusing respectively right and left adjointsto �wDÕ

where �w is the lift of the
projection

w �"$ $ d *����-��

���À& &"; $ $ d & & in Í�ÏaÐ�Ñ to åbæ]ç .
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Definablerelationsare interpretedas mapsin åbæUç . To be more precise,a definablerelation
d¹g n g

� W � �¹�9�Ì� is interpretedas a morphismfrom $ $ d|g n g ��& & to �¥�]$ $ �2& &(*>$ $ �/& &(! . The definablerelationd|g n g ��*����������e*�� � W���������� is intepretedastheprojection.Wedefine

$ $ dNg n g ��WL� i �k�/*,¦X�/�"!#� � �����[�/& &�7 ¶ ^ ? $ $ d|g n�* i �k�/*,¦X�
� g ��W � & &(�
Wedefinetheinterpretationof instantionsof definablerelationsasfollows:

$ $ dNg n"* i �k�/*,¦��/� g ��W � � i *,¦-! & &�7 ¶ �]$ $ d|g n g ��W � ���E���/& &(!#�
Finally $ $ dNg n g ��W � � l�*,��!a& &�7u�w * �>� *>$ $ d�g n g ��Wml(& &(*>$ $ dNg n g ��Wm�e& &(* w �_v Õ $ $ d|g n�* i �k�/*,¦X�
� g ��W � � i *,¦-!a& &
where

w �%$ $ dNg n g �'& &�; î $ $ dNg n/& & and
w �q�D$ $ d|g n g ��& &"; $ $ dNg�1�g �'& & aretheprojections.As usual,wehave

left out someobviousisomorphismshere.

To interprettherelationalinterpretationof typesweneedalittle morestructure.Firstweconsiderafibration

C[Ë"?A@ æ Ï Ú ÐCB0; C�ËD? åbæUç *
thatcanbedefinedfor every pre-APL-structure.C�ËD? åbæUç is definedasfollows:

objects triples � d * d � *��#��?q*,��?q*������U*�� V *,� V !#! where
d

,
d � areobjectsin ÍEÏ Ð�Ñ andeach� Y is anobject

in È0É-ÊRË × and�]Y anobjectin È0É-ÊRË ×�� . Wethink of suchobjectsasobjectsof åbæUç ×E�2× � by
identifying theaboveobjectwith �¤� w Õ � ? * w � Õ � ? !"�������2�F�¤� w Õ �>V�* w � Õ �]Ve! for

w � d � d �	;d * w � � d � d � ; d � theprojections,

morphisms amorphism

� d ? * d �c*��#� ? *,� ? *������]*���Ve*,�]Ve!#!%;O� d � ? * d �� *��#� � ? *,� �? *������]*�� �G *,� �G !#!
is a morphismbetweenthecorrespondingobjectsin å0æUç projectingto a productof maps� � � � � d ? � d ��; d � ? � d �� in ÍEÏ Ð�Ñ .

The fibration C[ËD?�@ æ Ï Ú Ð�B´; C[ËD? å0æUç is given as follows: Denotingan objectof C[Ë"? åbæ]ç by its corre-
spondingåbæ]ç object

d * d � WS� , thefiber C[Ë"?A@ æ Ï Ú ÐCB"� ×EH × � '�I � is:

objects triples � � *��/*,�"! where� and� areobjectsin È0É-ÊRË over
d

and
d � respectively and

�
is an

objectin Ø�Ù�Ú Ê I � ä�� ÔKJ � �"� � Ô � J � ¨K�>� *
morphisms amorphism� � *��/*,�"!%; � � *��
� *,���a! is apair

� l
�"�S;O� � *,�z�/��;©� � !
suchthat � WS� ��� I � î � w Õ � l�!D� w � Õ � ��!#!#! Õ � �
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For reindexing, suppose
� �s� ; � � projectingto

� � � � is a morphismin C�ËD? åbæUç , and � � *��/*,�"! is an
objectin C�ËD?A@ æ Ï Ú Ð�B over �X� . If we set

� � 7�� � � î � w Õ � � !D� w � Õ � � � !#! Õ � *
then

� Õ � � *��/*,�"!%7�� � �_* � Õ �/* � � Õ �"! . On morphisms

� Õ � l�*,��!%7�� � Õ � l�!#* � � Õ � �)!#!#�
Remark 3.5. The fibration C[Ë"?A@ æ Ï Ú ÐCBp; C�ËD? åbæUç is perhapseasierto comprehend,if we describeit
in the internal languageof the pre-APL-structure(defining the fibration in the internal languagewill be
justifiedin Theorem3.9). Theobjectsof C[Ë"? åbæ]ç canbethoughtof asobjectsof åbæUç of theform

d * d � g
.� � .�-� d !X� .�
�_� d �a! asmentionedabove, andmorphismsaremorphismsin åbæUç projectingto productsof

morphismsbetweenthe correspondingpairsof ÍEÏ Ð�Ñ objects. The objectsof C[Ë"?A@ æ Ï Ú ÐCB areobjectsofØ�Ù�Ú Ê of theform d * d � g .��� .�-� d !%��.� � � d � !RW � �9�"� d !%�[� � � d !#�
A vertical morphismsof C[Ë"?A@ æ Ï Ú ÐCB from

�
to

�
is a pair of terms � l�*,��! such that

��i *,¦-� � � i *,¦-! �� � l i *,�Z¦	! .
A morphismin C�ËD? åbæUç from

d ? * d � g � to
d � ? * d �� g .� �Æ.�-� d � ? !���.� � � d �� ! is a pair of maps � � ? � d ? ;d � ? * � � � d � ; d �� ! anda vectorof definablerelations

� d ? * d � g ��W � Y�����Y¬� � ? � d ? !#!'�t� �Y � � ��� d �J!#!#!_Y,�
If we reindex

d � ? * d �� g .���§.�-� d � ? !%��.�
�_� d �� !RW � � .�0!s�9�"� d � ? !%�[���a� d �� ! alongthismapwe get

� d ? * d � g ��W � �
.� !R�9�"� � � d ? !#!D��� � � � � d �>!#!#�
We clearlyhave two functors C�ËD? åbæUç ; ÍEÏaÐ�Ñ definedby mapping� d * d �a*���! to

d
and

d � respectively,
andwe alsohave two functorsC[ËD?�@ æ Ï Ú Ð�B�;\È0É-ÊRË definedby mapping� � *��/*,�"! to � and� respectively.

Lemma 3.6. Thefibration C[Ë"?A@ æ Ï Ú ÐCB0; C�ËD? åbæUç is a �>� -fibration,andthemapsmentionedabovedefine
a pair of � � -maps

È0É-ÊRË
ÜÝ

C�ËD?A@ æ Ï Ú Ð�BL�MFG
L�NFG

ÜÝ
Í�ÏaÐ�Ñ C[Ë"? åbæ]ç �L MFG

L�NFG

Proof. Thecategory C�ËD? åbæUç hasproducts:

� d ? * d � ? *��#� ?? *,� ?? *������U*�� V ? *,� V? !#!D�8� d �J* d �� *��#� ?� *,� ?� *������]*�� G� *,� G� !#!R7� d ?X� d � * d � ? � d �� *�� w Õ � ?? * w Õ � ?? *������]* w Õ � V ? * w Õ � V? * w � Õ � ?� * w � Õ � ?� *������]* w � Õ � G� * w � Õ � G� !#!#�
Thefibrationhasagenericobject�#Ò�*�Ò�*�� ����O * ���DO !#! , sincemorphisminto thisfrom � d * d � *��#� ? *,� ? !#*������U*��#��VZ*,�]VZ!#!
in C[Ë"? åbæ]ç consistsof pairsof types �#Kt� d ; Ò}*,³E� d ��; Ò�! andverticalmorphismsfrom Y �¥�#��Y¬*,�]YÄ!
to �¥� ÖK-* Ö³�! . Thebijection

¶
tellsusthatthis is thesameasobjectsof

Ø¥Ù�Ú Ê P ô � � P H ¨ P � � ä���QR � � ä�� QS � .
Theconstructionsfor fibredproducts,fibredexponentsandsimple Ò -productsaresimply therulesfor prod-
ucts,exponentsanduniversalquantificationof relationsin Abadi& Plotkin’s logic formulatedin theinternal
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languageof the model,which we will describein Section4. Onecaneitherinterprettheseconstructions
in thepre-APL-structure,andprove directly thattheseconstructionshave thedesiredproperties,or onecan
usethe fact thatpre-APL-structuresinterprettheseconstructionssoundly(Theorem3.9) andreasonin the
internallogic.

Herewe give therestof theproof reasoningin theinternallogic. Suppose
� ������� and

� �k���
������� andfh��� � � ��� � � areobjectsin somefiberof C[Ë"?A@ æ Ï Ú ÐCB . Thenaverticalmorphismfrom f to� � � � ���#�E�8� � !D�8� �t�«� � !#*
definedas � i * i � ! � � � � � ¦	*,¦ � !s7 ie� ¦ � i � � � ¦ � *
is apair of mapsl��/�
� �-;O�E�8�
� and���c��� �	; �t����� suchthati fs¦�W w � l i ! ��w � �e¦-! � w � � l i ! � � w � � �e¦-!#*
which is thesameasapairof mapsfrom f into

�
and

� � respectively.

Likewisemapsfrom f into � � ; � � !R���#�S; � � !'��� �E; � � !#*
definedas K-� � ; � � ! ³�7 ��i �-� � ¦��2�"� iZ� ¦ � �#K i ! � � � ³>¦	!#!#*
arein one-to-onecorrespondencewith mapsfrom f�� �

to
� � .

Givennew relations
d * d � g ��W�f|�����t�
� andd *���T d � * � g �¥*������´� � W � �9�t�«� � *

we have defined d * d � g ��W � �#��* � *������8� � !#� � ��� �����	

�����,�"!D�t� � �	��

�����,� � !
as � l/� ���,�e* � �,� � !#� � ��* � �	�	

����� � �N���´� � ��� l���! � � � � !#�
Weneedto show thatthisdefinesaright adjointto weakening.Theideais thatthecorrespondencebetween
mapswill bethesameasin È0É-ÊRË«; Í�ÏaÐ�Ñ . In thisfibration,thecorrespondenceis givenasfollows,amapd *�� g�1 Wml/�k�L; � with

d W��X���	
2��� correspondsto
d|g�1 W Öl/�k�L; ���,� where ÖlX7�� i �k�/� x ����� l i ! .

Wewill show, that � lq*,�)! preservesrelationsiff � Öl�* Ö��! does.It is clearthatd *��CT d � * � gji ���/*,¦L��� � g ��*������´� � gji fs¦�WS� l i ! � � �Z¦	!
if f d * d � gji �/�/*,¦S�/� � g � gyi fs¦LW � ��* � ���	
2����� � �����´� � ��� Öl i ��! � � Ö��¦ � !#*
whichestablishesthebijective correspondence.

Definition 3.7. An APL-structur e is a pre-APL-structurefor which thegraphof 3.6canbeextendedto a
reflexive graphof � 2-fibrations

È0É-ÊRË
ÜÝ

U @A C�ËD?A@ æ Ï Ú Ð�BL�MFG
L NFG

ÜÝ
Í�ÏaÐ�Ñ U @A C[Ë"? åbæ]ç *L�MFG

L NFG

i.e., thereexistsa map V of ��� -fibrationssuchthat WYXKV87 �>� 7#W ? V .
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Remark 3.8. Thereis afunctorfrom C[Ë"?A@ æ Ï Ú ÐCB to
Ø�Ù�Ú Ê mappinganobject � � *��/*,�"! to

�
. In thefollowing

we oftenusethatfunctorimplicitly.

Weneedto show how to interprettherule

� ? *�������*��ZV�WS�-�/.�)!J���	
2��� d�g n g ��W � ? �ª� ? ��� �? *������]* � V«�9�]V���� �Vd�g n g ��W��%$¬.� &����-�>.�"!'�t�-��.� � !
in anAPL-structure.

SinceV preservesproductsandgenericobjects,V)�]$ $Ä.�8WS�-��.�)! & &(! isapropositionin context $ $,.�CT .� gji �-�-��.�)!#*,¦X�"�-� .� ! g
.���\.�´� .� & & . It thusmakessenseto define

$ $Ä.�)* .� gK1�g .���\.�´� .� W��%$ .�'&����-�/.�)!%�t�-� .� ! & &
to be

¶ ^ ? ��V)�]$ $,.�ºW��-�/.�)!J���	
2���À& &(!#! , so now all we needto do is reindex this object. Given types
d W.�"*#.����q�Z�	

��� , wedefine $ $ d|g�1�g .���§.����.� � WS�%$ .�'&"���-�>.��!%�t�-��.� � ! & &

to be u $ $ d W|.�/& &(* $ $ d Wh.� � & &(v Õ $ $,.�ZT .� g�1�g .���\.�t� .� WS�%$ .�'&"���-��.�)!D�t�-� .� ! & &(�
Finally, givendefinablerelations

d|g n g ��W«. � �§.����.��� we define

$ $ d|g n g ��WS�%$¬.� &����-��.�"!D�t�-�>.���_! & &�7
$ $ d|g�1�g .���§.����.���-WS�%$ .�'&"���-�>.��!%�t�-��.���_! & &\[¤$ $ d|g n g ��W�.� �º.����.��� & &(�

3.1 Soundness

We have now completedshowing how to interpretall constructionsof thelanguageof Abadi andPlotkin’s
logic in APL-structures.Weconsideranimplication

d�g n g � g � ? *�������* � V[W �
to hold in themodelif

Y $ $ d|g n g ��W � Y±& &�W $ $ d|g n g ��W � & &(*
where W above refersto thefibrewiseorderingin

Ø�Ù�Ú Ê .

Theorem 3.9 (Soundness).In anyAPL-structure theinterpretationdefinedaboveis soundwith respectto
the axiomsand rules specifiedin Section2.4, i.e., all axiomshold in the model,and for all rules, if the
hypothesisholdsin themodel,thensodoestheconclusion.In anypre-APLstructure the interpretationof
thepart of thelogic excludingtherelationalinterpretationof termsis sound.

Wewill only prove thefirst partof Theorem3.9,i.e.,soundnessfor APL-structures.Theproofof soundness
for pre-APLstructuresis basicallythesame.For theproof weneedthefollowing lemmas:

Lemma 3.10. If
d�g n�W�l/�k� then

$ $ dNg n g ��W � $ l�~ i &o& &)7�� î u���� � � ×�% &K! ! *>$ $ l,& &¬vD� ��� � � ×E%]ID! ! ! Õ $ $ d|g n�* i �k� g ��W � & &
Proof. Wewill prove thestatementof thelemmaandthestatement

$ $ d�g n g ��W � $ l�~ i &��9���[��� & &"7$ $ d|g n"* i �k� g ��W � �9����� � & &^[�� î u��>� � � ×�% &�! ! *>$ $ l,& &¬vD� ��� � � ×�%]I"! ! !#*
for all definablerelations

�
, by simultaniousinductionon thestructureof

�
and

�
. We only do a few cases

andleave therestto thereader.
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Case
� 7��%$¬.� � & : $ $ d�g n g ��W��%$¬.� � &¸$ lq~ i &o& &�7�$ $ d|g n g ��WL�%$,.� � $ lq~ i &o&o& &�7

$ $ d|gK1�g .��W��%$ .�'&²& &^[¤$ $¬.� $ l�~ i &±& &
Sinceby induction $ $,.� $ lq~ i &²& &�7 $ $¬.� & &^[�� î u���� � � ×�% &�! ! *>$ $ l,& &¬vD� ��� � � ×�%]I"! ! !#! , we aredone.

Case
� 7�� ¦X�
�e*�Åk�/���a!#� � :

$ $ d|g n g ��W � $ l�~ i &o& &�7 ¶ ^ ? �]$ $ d|g n"*,¦X�
�e*�Åk�/� � g ��W � $ lq~ i &²& &(!#*
whichby inductionis equalto

¶ ^ ? � u�wZ� � &K! ! *>$ $ l¬& &(* w_� � ` ½ ¨ H a/½ ¨ � %]I"! ! v Õ $ $ d|g n�* i �k�/*,¦X�
�e*�Åk��� � g ��W � & &(!#�
By naturalityof

¶
this is equalto

¶ ^ ? �]$ $ d�g n�* i �k�/*,¦X�
�e*�Åk����� g ��W � & &(!b[ u�w � � &K! ! *>$ $ l,& &(* w � � ID! ! vs7$ $ d�g n"* i �-� g ��W � & &(!b[ u�w � � &K! ! *>$ $ l,& &(* w � � ID! ! v
asdesired.

Case
� 7 � � ��*�{�!
Usingnaturalityof

¶
asbefore,onecanprove that

$ $ d|g n"*,¦X�
�e*�Åk�/� � g ��W � � ¦-*�Å�!]$ l�~ i &±& &�7� î u��>��� � ×E% &^H ` ½ ¨ H a/½ ¨ � ! ! *>$ $ l¬& &,v%� �>�b� � ×E%]ID! ! ! Õ $ $ d�g n"*,¦X�
�e*�Åk�/���a* i �k� g ��W � � ¦	*�Å>!a& &(�
Thegeneralcasefollows from thefactthatin a ��� -fibration

$ $ dNg n�Wm��$ lq~ i &²& &"7�$ $ d|g nEWm�e& &^[ u��>� *>$ $ dNg n�Wml,& &(v#�
Case

� 7 � ���Z�	

����� � :

Weneedto show that

$ $ d|g n g ��W � �z���	
2����� � $ lq~ i &o& &�7� î u���� � � ×�% &K! ! *>$ $ l,& &¬vD� ��� � � ×�%]ID! ! ! Õ $ $ d|g n�* i �-� g � gj� �z���	
2����� � & &(�
Let

w
denotethecartesianlift of theprojection $ $ d *���& &); $ $ d & & . Thenby inductionwehave thattheleft

handsideof theequationis

ÔZ� î u���� & *>$ $ l¬& &¬v%� �>� I ! Õ $ $ d *�� g n�* i �k� g ��W � & &(�
Considerthesquare

$ $ d *�� g n g ��& & Ô @A
ä�cedgf�h H � � )i! !kje� dlfKm ÜÝ

$ $ d|g n g ��& &
ä�c>dlfYh H � � )i! !kj>� dlf�mÜÝ

$ $ d *�� g n�* i �-� g ��& & Ô @A $ $ d�g n"* i �"� g ��& &(�
This squarecommutessince

w
is a naturaltransformationfrom

wDÕ
to
���

, andit is a pullbackby [4,
Excercise1.4.4].TheBeck-Chevalley conditionusedon thissquaregivesthedesiredresult.
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Lemma 3.11. If
d�g n g ��W � �R �¡£¢e� , then

$ $ dNg n"* i �k� g ��W � & &"7 w Õ $ $ d�g n g ��W � & &(*
where

w �%$ $ d�g n"* i �k� g ��& &"; $ $ d�g n g �'& & is theprojection.

Lemma 3.12. If
d WS�X���	
2��� then

$ $ d|g n'$ �-~J�e& g �[$ �-~J��&)W � $ �-~J��&o& &)7 u��>� � � ×"! ! *>$ $ �2& &¬v Õ $ $ d *��z�	�	
2��� g n g ��W � & &(*
where thevertical line in

u��>� � � ×n! ! *>$ $ �2& &¬v denotesthecartesianlift.

Proof. Noticefirst thata correspondingreindexing lemmafor interpretationof � � in � � -fibrationstells us
that u��>� � � ×"! ! *>$ $ �2& &,v Õ $ $ d *�� g n g ��& &"7�$ $ d|g n'$ �-~J�e& g ��$ �-~J�e&o& &(�
Therestof theproof is by inductionover thestructureof

�
, andsinceit resemblestheproofof Lemma3.10

closelywe leave it to thereader.

Lemma 3.13. If
d�g n g ��W �

then

$ $ d|g n g ��W � & &�7 w Õ× H 1 » × $ $ d *�� g n g ��W � & &
Proof. Theproof is almostthesameasfor Lemma3.12.

Lemma 3.14. If
d�g n g ��W � �9����� � is a definablerelation,then

$ $ d|g n g ��W � $ � ~J�'&o& &�7�� u���� � � ×�% &(%]ID! ! *>$ $ � & &¬v#! Õ $ $ d|g n g �¥*����9����� � W � & &
Proof. Thelemmashouldbeprovedsimultaniouslywith thestatement

$ $ dNg n g ��W � � $ � ~J�'&o& &�7$ $ d�g n g ��*������t�����	W � � & &\[X� u���� � � ×�% &(%]ID! ! *>$ $ � & &¬v#!
for all definablerelations

� � , by structuralinductionon
�

and
� � . We leave the proof to the reader, as it

closelyresemblestheproof of (3.10).

Lemma 3.15. If
d�g n g ��W � �R �¡£¢e� , then

$ $ d|g n g ��*������E�[��W � & &�7 w Õ $ $ d|g n g ��W � & &(*
where

w �%$ $ d�g n g �¥*����������/& &�; $ $ d�g n g ��& & is theprojection.

Wearenow readyto prove soundness.
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Proofof Theorem3.9. Therulesfor quantification(1)- (6) follow directly from thefact that theinterpreta-
tion of

�
and

�
aregivenby right, respectively left adjointsto weakeningfunctors.Thesubstitutionrules

(7) - (9) aresoundby Lemmas3.10,3.12and3.14.

For thesubstitutionaxiom(10)wewill only prove

$ $ ��* � gji * i � �-��*,¦X� � g �����´� � W i 7 1 i � & &�W
$ $ ��* � gji * i � �"��*,¦X� � g �����8� � WS�0� i *,¦-! � �0� i � *,¦-! & &(�

Oncethis is done,therestof theproof amountsto doingthesamething in thesecondvariable.We will for
readabilitywrite simply $ $ �e& &(*>$ $ � & &(*>$ $ �'& & for $ $ ��* � WS�e& & , $ $ ��* � W � & & , $ $ ��* � gK1�g �����8� � & & .
If we let

w ? * w ��* w\o * w\p denotetheprojectionsoutof

$ $ ��* � gyi * i ���k��*,¦X� � g �����´� � & &�7$ $ ��* � WS�e& & � �p$ $ ��* � W � & &��$�¥�]$ $ ��* � W��e& &(*>$ $ ��* � W � & &(!
we canformulatewhatwe aim to prove as

u�w ? * w ��v Õ � 2 7 7 q*: :±� � !#!RW u�w ? * w\o v Õ ¶ � ��� � � r ! ! ! � u�w �J* w�o v Õ ¶ � �>� � � r ! ! !#*
where + denotesthediagonalmap.

UsingtheBeck-Chevalley conditionon thesquare

$ $ �e& &s�h$ $ � & &)�p$ $ �'& & 2s7 7 q*: : � dgf @A
Ô M ÜÝ

$ $ ��& & � �p$ $ � & &)�p$ $ �'& &
c Ô M H Ô I jÜÝ

$ $ �e& & 2s7 7 q*: : @A $ $ ��& & �
we get u�w ?q* w � v Õ � 2s7 7 q*: :±� � !#!R7 2s7 7 q*: : � dgf 7 7 t*: :gu�7 7 vK: :o� � !#�
Now theresultfollows from usingtheadjunctionandthefactthat

u�w ? * w\o vb[���+ � � 1K! ! � ��� � � · ! !e� � � r ! ! !R7 u�w ��* w\o vb[X��+ � � 1K! ! � �>� � � · ! !e� � � r ! ! !#�
Externalequalityimpliesinternalequality(11)sincethemodelof �>� includedin themodelis sound.Internal
equalityis clearlyanequivalencerelation.

Theaxiomsconcerningtypesasrelations(12)- (15) follow from thefactthat V is requiredto beamorphism
of � � fibrationsandthatthe � � structurein C[ËD?�@ æ Ï Ú Ð�B0;\C[Ë"? åbæUç is givenby theinterpretationof products
andquantificationof relations.For instancesoundnessof the(15) is provedasfollows:

$ $ dOg n g ��WS� � ���-!]$¬.� &o& &"7$ $¬.� & & Õ V)�]$ $Ä.�tW � ���2& &(!%7
$ $¬.� & & Õ $ $,.��* .� g .��� .�8� .� WS� �(w * w �_*�x´� w � w �a!#���%$ .��*�x	&o& &�7$ $ dOg n g ��WS� �(w * w � *�xÌ� w � w � !#���%$¬.� *�x-&o& &(*

wherethesecondequalityholdssince V preservessimple Ò -products.

Finally, to prove soundnessof rule (16), it sufficesto prove soundnessof

d|g n"* i �k�/*,¦��/� g � gc� WL�#� i �"�/*,¦X�
�"!#� � !#� i *,¦-! � � � *
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but $ $ d�g n"* i �k�/*,¦X�
� g ��WS�#� i �k�/*,¦X�
�"!#� � !#� i *,¦-!_& &�7¶ �]$ $ d|g n g ��WS� i �k�/*,¦X�
�"!#� � & &(!R7¶ [ ¶ ^ ? �]$ $ d|g n�* i �-�/*,¦X�
� g ��W � & &(!%7�$ $ d|g n�* i �k�/*,¦X�
� g ��W � & &(�

3.2 Completeness

The SoundnessTheorem(3.9) allows us to reasonaboutAPL-structuresusing Abadi & Plotkin’s logic.
The CompletenessTheorembelow statesthat any formula that holds in all APL-structures,is provable
in the logic. This allows us to reasonaboutthe logic usingthe classof APL-structures.However, since
the APL-structurebelow is constructedfrom the logic, this doesnot saymuch. Instead,oneshouldview
the CompletenessTheoremasstatingthat the classof APL-structuresis not too restrictive; it completely
describesthelogic.

Theorem 3.16(Completeness).ThereexistsanAPL-structure with thepropertythatanyformulaof Abadi
& Plotkin’s logic basedon pure �>� thatholdsin thestructure maybeprovedin thelogic.

Proof. WeconstructtheAPL-structuresyntactically, giving thecategoriesin questionthesamenamesasin
thediagramof item1 in Definition3.3.

é Thecategory ÍEÏ Ð�Ñ hassequencesof theform � ? �Z�	
2����*�������*��ZV'�Z�	
2��� asobjects,whereweidentify
thesecontexts up to renaming(in other words, we may think of objectsas naturalnumbers). A
morphismfrom

d
into � ? ���	
2����*�������*��ZV'���	
2��� is a sequenceof types �#� ? *������]*��>V�! suchthatall �>Y

arewell-formedin context
d

.

é Objectsin thefiber of È0É-ÊRË over
d

arewell-formedtypesin this context, wherewe identify types
up to renamingof free typevaribles.Morphismsin this fiber from � to � areequivalenceclassesof
termsl suchthat

dÇgci �"� WSl/�/� wherewe identify termsup to externalequality. Reindexing with
respectto morphismsin ÍEÏ Ð�Ñ is by substitution.

é Thecategory åbæUç hasasobjectsin thefiberover
d

well-formedcontexts of Abadi& Plotkin’s logic:d g n g � , wherewe againidentify suchcontexts up to renamingof free type-variables.A vertical
morphismfrom

d�g n g � to
d�g ne� g � ? � � ? ��� ? *������U*���V9� ��V����]V is a pair, consistingof a

morphism
d�g n´; d�g ne� in thesenseof morphismsin È0É-Ê%Ë anda sequenceof definablerelations� � ? *������]* � Ve! suchthat

d|g n g ��W � Y�� �>Y����]Y . We identify two suchmorphismsrepresentedby the
sametypemorphismandthedefinablerelations� � ? *������]* � Ve! and � � � ? *������]* � � V ! if, for each� , � Y ­�� �Y
is provablein thelogic. one.Reindexing is by substitution.

é Thefiberof thecategory
Ø�Ù�Ú Ê overacontext

d|g n g � hasasobjectsformulasin thatcontext, where
weidentify two formulasif they areprovablyequivalent.Theseareorderedby entailmentin thelogic.
Reindexing is doneby substitution,that is, reindexing with respectto lifts of morphismsfrom Í�ÏaÐ�Ñ
is doneby substitutionin Kind-variables,whereasreindexing with respectto verticalmapsin åbæUç is
by substitutionin typevariablesandrelationalvariables.

It is straightforward to verify that this structuresatisfiesitem 1 of Definition 3.3. The only non-obvious
thing to verify hereis existenceof productsandcoproductsin

Ø¥Ù�Ú Ê with respectto verticalmapsin åbæUç .
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Suppose� .lq*k.� ! representsa morphismfrom
dÇg .i �z.� g .� to

d g .¦���.� g .x . Thenwe candefinetheproduct
functorin

Ø�Ù�Ú Ê by:

�zy){H y| � � d|g .i �}.� g .��W � ��.i * .��!#!R7d|g .¦��}.� g .xÌW � .i � � .�0� .lZ.i 7©.¦ � �/.� ��.i * .�0! ­ .xR! ��� ��.i * .�0!#!#�
Wedefinecoproductas:

�zy){H y| � � d|g .i �}.� g .��W � ��.i * .��!#!R7d�g .¦���.� g .x´W � .i � � .�0� .le.i 7<.¦ � .� ��.i * .�0! ­ .x �S� ��.i * .�¥!#�
Thefunctor � of item2 is definedas �¥�#�/*,�"!D7����������
and �¥� l/�-�S;O� � *,�z�/��;©� � !R7 d|g ����� � ��� � WS� i �k�/*,¦X�
�"!#���0� l i *,�Z¦	!
Themap

¶
mapsa definablerelation

d g n g �4W � �4�´�S� to theproposition
d g n"* i �"�/*,¦X��� g � W� � i *,¦	!J�% �¡o¢e� , which is abijectionby Lemma2.3.

We have defineda pre-APL-structure.If we constructC[ËD? å0æUç asin the definition of APL-structure,we
obtain:

Objects .�)* .� g � ? ��� ? �/.��!%�[� ? � .� !#*������]*���V[���>VZ�/.��!D�[�]Ve� .� ! .
Mor phisms A morphismfrom

.��* .� g � ? ��� ? �/.�)!%��� ? � .� !#*�������*��'V����>VZ�/.�)!D���]V�� .� !
to .� � * .� � g x"?���� � ? ��.� � !D��� �? � .� � !#*������]*�x G ��� �G �/.� � !D�[� �G � .� � !
consistsof two morphismin Í�ÏaÐ�Ñ :

.fh��.�t; .� �
and .} � .� ; .� �
andasequenceof definablerelations� � ?q*�������* � G ! suchthat:

.��* .� g .���§.�-�/.�)!D��.�"� .� !%W � Y���� �Y �2.f}�/.�)!#!D��� �Y ��.} � .� !#!
for each� . As in åbæ]ç thesemorphismsare identifiedup to provableequivalenceof the
definablerelations.

Thefiberof C[ËD?�@ æ Ï Ú Ð�B over anobject .�)* .� g .���º.�-�/.�)!D�N.�"� .� ! in C�ËD? åbæUç becomes:

Objects Equivalenceclassesof definablerelations

.��* .� g .��W � ��� � ��.�)!%��� � � .� !#�
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Mor phisms A morphismfrom
� � � � ��.��!��´� � � .� ! to

� � � � � � ��.�)!��´� � � � .� ! is a pair of morphismslX���
�	; �
� � , �������-; ��� � suchthatit is provablethat
��i �k� � � � ¦��2� � � � � i *,¦	! � � � � l i *,�e¦-!#�

In thereflexive graphof Lemma3.6,thefunctorfrom Í�ÏaÐ�Ñ to C�ËD? åbæUç actson objectsas

� ? *�������*��ZV�~;O� ? *������]*���V^T � ? *�������* � V g � ? ��� ? � � ? *������]*��'V[����V[� � V
andit takesa morphism .�ª��.�p; .� � to the triple ��.�k�#��!#*e.��� � !#*e.�D$ .�'&(! . Notice that this definesa morphism
since .��* .� g .����.�´� .� WL��Yq$ .�'&����>Y,�/.�)!%�t�>Y,� .� !
This really definesthe object part of the functor from È0É-ÊRË to C�ËD?A@ æ Ï Ú Ð�B sinceit must preserve � 2-
structure.Sothis functortakesa type .��W�� to

.��T .� g .����.�´� .� WS�%$ .�'&����-�/.�)!%�t�-� .� !#�
Thefunctormapsa morphism .� g�i �k�´W[l/�/� to thepair �#� i �"�/�,l�*�� i �"�/�,l�! . This definesa morphisminC[Ë"?A@ æ Ï Ú ÐCB sincetheLogicalRelationsLemma[10, Lemma2] impliesthat

.��T .� g .����.�´� .� gji �-�-�/.�)!#*,¦��k�-� .� !RWS�%$ .�'&(� i *,¦	! � �'$ .�'&(� lq*,l>$ � ~J�e&¸$ ¦	~ i &(!#�
Onemayeasilyverify thatthefunctorsabove definea reflexive graphof � 2-fibrations.

Now, by definition,a formulaholdsin this APL-structureiff it is provablein Abadi& Plotkin’s logic.

Remark 3.17. TheCompletenessTheoremonly statescompletenessfor Abadi & Plotkin’s logic basedon
thepure �>� . Thereasonfor this is thattheproofusestheLogicalRelationsLemma,which is provedin [10]
by structuralinductionon terms. In thecaseof generalcalculi, onemustknow that theLogical Relations
Lemmaholdsfor term-constantsin thelanguageto beableto prove completeness.

4 The internal languageof an APL-structur e

GivenanAPL-structure,we mayconsiderthe internallogic of themodel(to bedefinedpreciselybelow),
andformulateparametricityasaschemain this logic. For technicalreasonswewill defineparametricAPL-
structuresasAPL-structuresnot only satisfyingtheparametricityschema,but alsoextensionalityandvery
strongequality(A.7). For parametricAPL-structures,we canderive consequencesof parametricityusing
Abadi & Plotkin’s logic, as in [10]. This is the reasonwhy we proposeparametricAPL-structuresasa
category-theoreticdefinitionof parametricity.

Theinternallanguageof anAPL-structureis simplyAbadi& Plotkin’s logic on theinternallanguageof the��� -fibration(see[4]), with theorderingrelationin a fibre of
Ø�Ù�Ú Ê definedas

� W �
if f $ $ � & &)Wp$ $ � & & holdsin

themodel. Using the internallanguagewe mayexpresspropertiesof theAPL-structure,andaskwhether
thesepropertieshold in thelogic.

Definition 4.1. Theextensionalityschemasin theinternallanguageof anAPL-structurearetheschemas
1�g�1�gK1 W � ��* � ���	
2����� � l�*,�z�k�t; � ��� ��i �k��� l i 7�·�� i ! � l�7 1 » ·0�)* (17)d|g�1�g�1 W � K/*,³D�-���z�z�	�	
2�������-!#��� � �z�	�	

�����oK-��7}�b³Z��! � KL7�� 1)½�¾À¿qÁ¸ÂÄÃ � ³�* (18)

wherein the(18) � rangesover all typessuchthat
d *���W��X���	
2��� .
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Lemma 4.2. For anyAPL-structure, verystrongequality(DefinitionA.7) impliesextensionality.

Proof. Wecanformulateextensionalityequivalentlyastherules
d|g n�* i �k� g ��WmlX7�¨��d|g n g ��WL� i �k�/�,l�7 �2»X¨ � i �"�/�,�

d *������	

��� g n g ��WSK�7��0³d�g n g ��W x ���j�	
2������KL7�� 1)½�¾À¿qÁ¸Â#Ã � x ���j��

���c�,³
If internalequalityis thesameasexternalequalitythentheserulesholdby therulesfor externalequalityin
Figure1.

Definition 4.3. Theschema

� .�z�Z�	
2����� � ��*,+'�"�/��� ���#�%$ eqy1 &(! + � �ª�87��0+	!
is calledthe IdentityExtensionSchema. Here � rangesover all typessuchthat .��WS�X���	

��� .

Definition 4.4. A parametric APL-structur e is anAPL-structurewith very strongequalitysatisfyingthe
Identity ExtensionSchemaandextensionality.

Remark 4.5. If we write out the interpretationof the Identity ExtensionSchema,we get a category-
theoreticalformulationof thenotionof parametricAPL-structure.It is anAPL-structurewith very strong
equality, extensionalityandin which for all types .��W��X���	
2��� ,

� �>� � � y1(' � ! ! I �p$ $,.� g�1�gK1 W§.eq1 & &(! Õ V)�]$ $Ä.�8WS�2& &(!%7�$ $,.� gyi �k�/*,¦X�k� gK1 W i 7���¦�& &(�
Definition 4.6. For any type

� *".�tWS�-� � *".�s! we canform theparametricityschema:

� .���	��

����� � �z�"� � ���-!#� � � * � � ���	
2����� � ��� � � � � ��� � � !#�%$ �0* eqy1 &(� � � � !
in theemptycontext.

Proposition 4.7. TheIdentityExtensionSchemaimpliestheparametricityschema.Thustheparametricity
schemaholdsin anyparametricAPL-structure.

Proof. Since .� g �z� � ���	
2�������-� � *".�s! g�1 Wm�t7 · ½�¾À¿qÁ¸ÂÄÃ � �
alwaysholdsin themodel,by theIdentity ExtensionSchema,we know that

.� g �b� � ���	

�������-� � *�.�R! gK1 W��)� � �	��

�������-!]$ eqy1 &o�
holds,but by theAxiom (15) this meansthat

.� g �z� � ���	
2�������-� � *�.�s!RW � � * � � � ��� � � � � ��� � � !#�#�%$ �0* eq y1 &(!#� � � � !
holdsasdesired.

Withoutassumingparametricitywecanprove thelogical relationslemma:
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Lemma 4.8(Logical RelationsLemma). For anyAPL-structure theLogical RelationsSchema

1�g�1�g�1 W�lq�2l
holds,where l rangesover all closedtermsof closedtype, i.e.,

1�g�1 Wml/�k� .

Proof. Thelemmais really justa restatementof therequirementthat

V8��È0É-ÊRË�;\C[Ë"?A@ æ Ï Ú ÐCB
is a functor. Let uswrite out thedetails.

A closedterm l of closedtype � correspondsin themodelto a map l/�kQ¤; � in È0É-ÊRË ? , andby definition
of theinterpretation $ $ 1�gyi �"�/*,¦��k� g�1 W i �2¦2& &"7�V)�#�-!#�
The fact that V is requiredto be a functor, meansexactly that the pair � lq*,l�! should define a map inC[Ë"?A@ æ Ï Ú ÐCB , i.e., theformula 1�gK1�g�1 W ��i *,¦��-QJ� i Q¸¦ � lq�2l
shouldhold in themodel. Sincetherelationalinterpretationof Q is simply theconstantlytruerelation,we
getthestatementof thelemma.

Remark 4.9. TheLogical RelationsLemmasuspiciouslyresemblestheIdentity ExtensionSchema.For a
closedterm of opentype: .� gE1 W8l
��� , the Logical RelationsLemmaimplies � x ���,l�! .�)���-� x ���,l�! , so
that lq�%$ eqy1 &ol . However, sincethisonly holdsfor closedtermsl , wedo nothave theformula

� l/�-�/�,lq�%$ eqy1 &ol�*
which is theformulathatwewill needto prove consequencesof parametricity.

4.1 Dinaturality

Weshallusethefollowing definitiona lot.

Definition 4.10. We saythat .�ÌW8�X���	

��� is aninductively constructedtype,if it canbeconstructedfrom
freevariables .� andclosedtypesusingthetypeconstructorsof ��� , i.e., ��*�; and ��� .
For example,if � is aclosedtypethen �����0�¥� is aninductively constructedtype.However, somemodels
maycontaintypesthatarenot inductively constructed!For example,in syntacticalmodels,any basicopen
type,suchasthetype ��W lists�#��! is not inductively constructed.

Suppose�-�#��* � ! is an inductively constructedtypewith all freevariablesin ��* � suchthat � occursonly
negatively and

�
occursonly possitively in � . We may then for KX�s�4; �e� and ³D� � ; � � definea

morphism �-�#K/*,³Z!%���-�#� � * � !D;O�-�#��* � � !
inductively over thestructureof � asin [10].

Lemma 4.11(Dinaturality). In a parametricAPL-structure, thedinaturality schema

� ��* � � � KX�-�t; � ���-� ��� 1 *�K-! [}���o! 1 7 1eÃ � � � 1^H 1 �e�±»�� � 1^H · � �-�#K/*,�*��·Z! [����o!_·
holds.Here ���o! 1 denotestheterm �>�z�k� �����-�#��*���!#!#�,�)�#��! .
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Proof. SupposeK��k��; �
. By extensionalityit sufficesto prove that,for any �z� �����-�#��*���! ,

�-� ��� 1 *�K-! ���#��!%7 � � 1^H · � �-�#K/* �>� ·Z! ��� � !#�
InstantiatingtheLogical RelationsLemmawith thetypes

��* � * w *���WS�#�t; � !'�t� w ;���!��* � * w *���WS�-� � * w !%; �-�#��*���!
and l�7 x ��* � * w *��¸����f«�)�#�t; � !'�t� w ;���!#���-� w f}* w �£f}!J���* � * w *��¸���#�Ì; � !D�t� w ;���!R;O�-� � * w !%; �-�#��*���!
we get ��* � * w *��j*��Z�¬* � �_* w �a*��j� gyi �"�#��; � !D�t� w ;���!#*,¦����#�e�-; � �_!D��� w �-;��j�a! g

� ? ���´�t� � *��'��� � � � � *�� o � w � w � *�� p �����$� � gi �#� ? ; �D��!%�8�#� o ;¹� p ! ¦LWS�-� w-i * w � i !#�#�%$ �'��*�� o &�;O�%$ � ? *�� p &(!#�-� w ¦	* w �ò¦-!#�
If weset ��* � * w *��Z� to � andset �¸* � � * w �a*��j� to

�
andlet � ? 7 eq1 , �D��7�� o 7 u K-v and � p 7 eq· , thenwe

get i � eq1 ; u K-v#!%�t� u K-v%; eq· ! ¦LWS�-� w-i * w � i !#�#�%$ u K-v#* u K-v &�; �%$ eq1 * eq· &(!#�-� w ¦-* w � ¦-!#�
If we set

i 7 u��>� 1 *�K-v and¦�7 u K/* �>� ·Zv thensince
��� 1 � eq1 ; u K-v#!#K and K-� u K-vs; eq· ! ��� · weobtain

�-� ��� 1 *�K-!#�#�%$ u K-v#* u K-v &�;¹�%$ eq1 * eq· &(!#�-�#K/* ��� ·Z!#�
Sincetheparametricityschematells usthat

���#��!#�%$ u K-v#* u K-v &o��� � !#*
it follows that �-� �>� 1 *�K-!#� ���#��!#!#�#�%$ eq1 * eq· &(!#�-�#K/* �>� ·e! �)� � !#*
but by theIdentityExtensionSchemathis is just

�-� ��� 1 *�K-!#� ���#��!#!%7 � � 1^H · � �-�#K/* �>� ·Z! ��� � !#�

4.2 Consequencesof parametricity

As mentionedin theintroductionto Section 4 we mayuseAbadi & Plotkin’s logic to derive consequences
of parametricityin parametricAPL-structures.In this sectionwe exemplify how to do so. Throughour
examples,it shouldbecomeapparenthow extensionalityandverystrongequalityplayimportantrolesin the
proofsof theconsequences.

The proofsof the consequencesarebasedon theoremsaboutAbadi & Plotkin’s logic statedin [10]. For
completeness,we have writtenoutproofsof thesetheorems,ofteninspiredby [2]. Whatis new here,is just
thatwe show how to concludefrom thelogic to theAPL-structures.
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4.2.1 Products

Considerthetype ��7 �����8;O� . Theterm
x ����� i �k��� i inhabits� . Thus

Proposition 4.12. In anymodelof ��� thetype� definesa fibredweakterminalobject.

Theorem 4.13. In a parametricAPL-structure, theproposition� �z�D�z��� �t74� x ����� i �"��� i !
holdsin theinternal logic.

Proof. By extensionalityit sufficesto prove that

�z���	
2��� g �b����* i �-��W�� ����! i 7 1 i �
Considertherelation

�z���	
2��� g �z�D��* i �k�tW � 7�� ¦X�k��*�Åk�k��!#�,¦�7 1 i ���´�t���
By parametricitywehave

���-�	
2��� g �z����* i �k�tWL� �L��!#� � ; � !#� ����!#*
but thismeansthat �z���	
2��� g �z����* i �k��Wm¦�7 1 i � � ����! ¦S7 1 i �

Theorem 4.14. In a parametricAPL-structure, � definesa fibredterminalobjectof È0É-ÊRË�;\Í�ÏaÐ�Ñ .

Proof. Suppose�b�s�Ç; � is a morphismin the fiber. By the above theoremand extensionality, � is
internallyequalto �>¦����/� x ����� i ����� i . By very strongequalitywe have externalequalitybetween� and�>¦��k�/� x ����� i �"��� i . So � is a terminalobject.

For two types � and� in thesamefiber, consider

� Ö����7 �����#�#�E; �E;O��!R;O��!#�
We use Ö� to distinguishthis definition from theusualfiberwiseproductdenoted� . We will show that Ö�
definesaweakproductin thefiber, andthatin parametricAPL-structuresit definesagenuineproduct.

Let projections
w �/� Ö����;O� and

w �	��� Ö����; � bedefinedbyw-i 7 i ���#� i �k�/���>¦��/�e� i !w � i 7 i �«�#� i �k�/���>¦X�
�e�,¦	!
andlet pair ���L;©��; � Ö��� bedefinedby

pair
i ¦�7 x �����ZK}�-�S; ��;O����K i ¦

If KL�/��; � and³[�e�E; �
, we will write

u K/*,³�v for � i �k��� pair �#K i !k� ³ i ! . Thenw [ u K/*,³ZvR7�� i �k����� pair �#K i !-� ³ i !#!k�«�#� i �k�/����¦X�
�e� i !R7�� i �-����K i 7�K
andlikewise w � [ u K/*,³ZvR7�³
Thisproves:
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Proposition 4.15. In anymodelof ��� theconstruction Ö� definesa fiberwiseweakproduct.

Theorem 4.16. For anyparametricAPL-structure theproposition� �/*,�e� u�w * w � v%7 � Q� ¨ �>� � Q� ¨
holdsin theinternal logic.

Proof. For any K��k�L;©��; � define K Õ �k� Ö����;O� as

K Õ i 7 i �[K/�
SupposeÅk�"� Ö��� . By parametricity, for any relation �����´� �

,

�#Å}��!#�#� eq� ; eq̈ ;O�0!R;O�0!#�#Å � !#�
Now, for any KX�-�S; ��; � , K Õ � pair

i ¦-!R7 pair
i ¦���KL7�K i ¦	*

i.e.,
pair � eq� ; eq̈ ; u K Õ v#!#K/*

whichmeansthat �#Å�� Ö��� pair ! u K Õ v#�#Å���K-!#�
In otherwords, K Õ �#Å}� Ö��� pair !s7 1 Å���K/�
Sincetheleft handsideof thisequationsimply is

�#Å�� Ö��� pair !k��K/*
we getby extensionalitysince��*�K werearbitrary,

Å�� Ö��� pair 7 � Q� ¨ Å>�
Supposenow thatwe aregiven KX�-�S; ��; � . Weconstruct³D��� Ö����;O� by

³�Å¥7�Km� w Å�!"� w � Å>!
Thenpair � eq� ; eq̈ ; u ³Zv#!#K since

³¤� pair
i ¦-!s7�K�� w [ pair

i ¦-!#� w � [ pair
i ¦-!R7�K i ¦

Parametricitynow statesthatfor any Åk�k� Ö���
�#Å�� Ö���"!#�#� eq� ; eq̈ ; u ³Zv#!D; u ³Zv#!#�#Åb��!#�

Thus �#Å�� Ö��� pair ! u ³Zv#�#Åb��K-! andsince �#Å}� Ö��� pair !s7 � Q� ¨ Å we have

K�� w Å>!-� w � Å>!R79³�Å¥7 1 Å���K/�
By extensionality �ZÅk�"� Ö���e� x ������KX�k�L;©��;O����K�� w Å�!"� w � Å>!R7 � Q� ¨J»X� Q� ¨

��Åk�k� Ö���e� x �����ZKX�k�L;���;O����Å}��KL7 ��� � Q� ¨ �
But theleft handsideof thisequationis just

u�w * w � v .
Theorem 4.17. In anyparametricAPL-structure, Ö� definesa fibrewiseproductin È0É-ÊRË�;\Í�ÏaÐ�Ñ .

Proof. Sinceclearly
u�w [�K	* w � [XK-v'7 u�w * w � v�[�K any mapinto � Ö��� is uniquelydeterminedby its compo-

sition with
w

and
w � by Theorem4.16andvery strongequality.
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4.2.2 Coproducts

For theemptysumwedefine î 7 �������
Proposition 4.18. In anymodelof ��� , î definesa fibredweakinitial object.

Proof. Suppose� is a type over some Í�ÏaÐ�Ñ object
d

. The interpretationof the term
i � î W i � is a

morphismfrom î to � in thefiber over
d

.

Theorem 4.19. In a parametricAPL-structure, theproposition
� �z� î � �

holdsin theinternal logic of themodel.

Proof. Parametricitysays
� �b� ������� � ��* � �k�	
2����� � �����t� � �,���#��!#�'��� � !

Instantiatethis with thedefinablerelation

� i �kQJ*,¦���QJ!#� � ��Q¥�8Q

Theorem 4.20. In a parametricAPL-structure, î definesa fibredinitial objectof È0É-ÊRË�; Í�ÏaÐ�Ñ .

Proof. Giventwo morphisms�)*,+'� î ;O� we have

� �ei � î � � !RWS� ��i � î �,� i 7���+ i !%WS� ��7 ä »X�b+�!#*
so,by very strongequality, we have ��7�+ .

Giventwo types � and� we define

���t��7 �����#��;O��!R;O� ��;O��!%;O�
andintroducecombinatorsinl � H ¨)�-�S;O���8� , inr � H ¨��2��;¹���t� and

cases� H ¨ � �����#�#��; ��!D;O� ��;O��!%;O�#�����"!%;O��!
by

inl ��`
¨
� P !R7 x ������K��-�S; �����>³D�/��; ����K-� P !#*
inr ��`
¨
� P !R7 x ������KX�k�L; �����>³D�/��;O���,³Z� P !#*

cases��`
¨b��K�³}fh79fÌ��K�³Z�
Now, supposewe aregiven two morphismsl��}��; � and � �s��; � . Thenwe may define $ �)*,l¬&�7
cases� H ¨b��l��8�/�����E;O� andwe thenhave

$ ��*,l,&\[ inl � H ¨�� i !R7 inl � H ¨ i �¤l���79l�� i !
andlikewise $ ��*,l,&\[ inr � H ¨2� ¦-!R7 inr � H ¨ i �¥l��t79�)� ¦	!
sowehave provedthefollowing proposition.
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Proposition 4.21. For anymodelof ��� , theoperation � definesa fibredweakcoproduct.

Wewill prove thatin aparametricAPL-structure,���t� is in facta coproduct.

Theorem 4.22. In a parametricAPL-structure, theproposition

� ��*��/*,���Z�	
2���c� �C� �-���8��;O��� � 7 �2`
¨J» 1 $ � [ inl ��`
¨ * � [ inr ��`
¨ &
holds.

Proof. Wewill first prove that $ inl �2`
¨�* inr ��`
¨�&"7���`
¨��*����`
¨
�
Instantiatingtheparametricityschemafor f����0� � with the relation

u K-v we get that, for any K �"�p; �
andall P �/�S; � and

� ���E;O� ,

K-� fÌ� P�� !s7�·�f � �#K�[ P !k�#K�[ � !#�
Now considerany P ���e�L;O� and � �	�J��;O� andset K[�e���t�E;O� to

K-� �)!s79�[� P � � � �
If we set P above to inl and � to inr we get

� f �#���t�"! inl inr !k� P � � � 7�·0fÌ�[�#K�[ inl !"�#K�[ inr !#� (19)

Since K�[ inl � i !%7 inl � i !"� P � � � 7 P � � i !#*
for all

i �k� , andlikewise K�[ inr � ¦	!R7 � �a� ¦-! , for ¦��c� , (19) reducesto

� f}�#���t�"! inl inr !k� P � � � 7�·0fÌ� P � � � �
By extensionalitythis implies � f}�#���t�"! inl inr !%7���`
¨�f}*
andusingextensionalityagainwe obtain

$ inl �2`
¨ * inr ��`
¨ &�7 �2`
¨J»X��`
¨ �*� �2`
¨ � (20)

Finally, by theparametricityconditionon cases, we have for any
� �����t��;O� that

� � cases�#���t�"! inl inr f}!%7 1 cases�S� � [ inl !�� � [ inr !mf}*
soby extensionalityand(20), � 7��2`
¨c» 1 $ � [ inl * � [ inr &(�

Theorem 4.23. In anyparametricAPL-structure, � definesa fibredcoproductof È0É-ÊRË�;\ÍEÏ Ð�Ñ .

Proof. Usingverystrongequality, Theorem4.22tellsusthatmapsoutof ����� areuniquelydeterminedby
their compositionswith inl andinr.
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4.2.3 Initial algebras

Definition 4.24. Considerafibredfunctor

�� �����
���

� @A
�� � � � � �

� � �
�

An indexedfamily of initial algebrasfor thefunctor � is a family

� in× ���¤�#� × !R;O� × ! ×��"�D�Y�;�
suchthateachin× is an initial algebrafor therestrictionof � to thefiber over

d
andthe family is closed

underreindexing. If eachin× is only aweakinitial algebrawe call it a family of weakinitial algebras.

Suppose��WÇ�X���	
2��� is an inductively constructedtype (seeDefinition 4.10) in which � occursonly
positively. Then �-�#��! canbe considereda functor in eachfiber [10]. Actually, in [10] Abadi & Plotkin
constructa term lX� ��* � �	�	
2�������#�8; � !R;O�-�#��!%;O�-� � !#*
which internalizesthemorphismpartof the functor � . This termis anexampleof whatwe lateron call a
polymorphicstrength(seeDefinition4.38).

Thetype � inducesafibredfunctor

È0É-ÊRË @A
ßà áááááá

ááá È0É-ÊRË
øù            

     
ÍEÏ Ð�Ñ

mapping
d W�� to

d WL�-� �"! . In this sectionwe studyfamiliesof initial algebrasfor suchfunctors.

Firstwe prove thegraphlemma:

Lemma 4.25. If �8W�� is an inductivelyconstructedtypein a parametricAPL-structure in which � occurs
onlypossitively, interpretedasa fibredfunctorasin [10], thentheformula

� ��* � ���	

����� � K��-�t; � ���%$ u K-v & ­�u �-�#K-!#v
holdsin theinternal language of themodel,where, asusual,

��­9� � is shortfor

��i *,¦	� � � i *,¦-! � � � � � i *,¦	!#�
Proof. Sincethepolymorphicstrengthl mentionedabove is parametric,we have, for any pair of relations� ���8�8� � and

� � � � � � � ,
ls� � �#� � ; � � !%;O�#�%$ � &�;¹�%$ � � &(!#! lR� � � � � (21)

If we instantiatethis with
� 7 eq1 ,

� � 7 u K-v for somemap K[�e��; �
, we get

l)�����#� eq1 ; u K-v#!s;¹� eq� � 1 � ;O�%$ u K-v &(!#! l%� � *
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usingtheIdentity ExtensionSchema.Since
��� 1 � eq1 ; u K-v#!#K , andsincelR� � K�7��-�#K-! and lR�L� �>� 1 7�-� ��� 1 !s7 ��� � � 1 � we get �>� � � 1 � � eq� � 1 � ;O�%$ u K-v &(!#�-�#K-!#*

thatis, ��i �-�-�#��!#� i �#�%$ u K-v &(!#�-�#K-! i �
Thuswehave proved

u �-�#K-!#v implies �%$ u K-v & .
To prove theotherdirection,instantiate(21) with therelations

� 7 u K-v and
� � 7 eq· for K��k�Ì; �

. SinceK-� u K-vs; eq· ! �>� · , �-�#K-!#�#�%$ u K-v &); eq� � · � ! ��� � � · � �
So for any

i �"�-�#��! and ¦����-� � ! we have
i �#�%$ u K-v &(! ¦ implies �-�#K-! i 7�¦ . In otherwords, �%$ u K-v & impliesu �-�#K-!#v .

Weshallnow definea family of initial algebrasfor thefunctorinducedby � . In eachfiber È0É-ÊRË × wemay
definethetype ¡ �����-�#��!%7 �����#�#�-�#��!D; ��!R;¹��!
with combinators

fold � �����#�#�-�#��!D;O��!R; ¡ � ���-� � !R;¹��!
and

in �/�-� ¡ �����-�#��!#!�; ¡ �����-�#��!
givenby

fold �[K�Å�7�Å��[K
and

in Å¥7 x ������KX�k�-�#��!R; ����K-�#�-� fold ��K-!#Å�!#�
Theorem 4.26. In anymodelof second-order � -calculusthefamily

� d W in �-�-� ¡ �����-�#��!#!'; ¡ �����-�#��!#! ×
is a familyof weakinitial algebrasfor � .

Proof. Givenany algebraK��k�-�#��!D;O� in any fiber, thediagram

�-� ¡ �����-�#��!#! in @A
� � fold 1 R � ÜÝ

¡ �����-�#��!
fold 1 RÜÝ�-�#��! R @A �

is commutative since � fold ��K-! [ in Å�7 in Å���KS7�K-�#�-� fold ��K-!-Å�!
and K�[X�-� fold �[K-!-Å¥7�K-�#�-� fold ��K-!-Å�!#�
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Wewill show thatin aparametricAPL-structure,� d W in ! × actuallyis a family of initial algebras.First we
prove a lemma.

Lemma 4.27. In a parametricAPL-structure, theformula

fold
¡ �����-�#��! in 74¢ 1eÃ � � 1 �±» ¢ 1eÃ � � 1 � ��� ¢ 1eÃ � � 1 �

holdsin theinternal logic.

Proof. Consideranarbitraryelementf«� ¡ �����-�#��! anda map K'�"�´; �
. Theparametricityconditionthen

gives � fÌ��!#�#�#�%$ u K-v &s; u K-v#!s; u K-v#!#� f � !#�
SinceLemma4.25tells us that �%$ u K-v & ­ u �-�#K-!#v , this meansthat, if P �"�-�#��!z; � and � ���-� � !�; �

have
thepropertythat ��i �-�-�#��!#��K-� P i !s7�· � �#�-�#K-! i !
(thatis, if K is amorphismof algebras),then

K-� f´� P !R7}·0f � � �
Considernow anarbitraryalgebra£s�k�-�#��!R;O� andinstantiatetheabovewith thealgebramorphismfold �¤£
from in to £ , to get

fold �F£/� f ¡ �����-�#��! in !%7 1 fÌ�0£/�
Sincetheleft handsideof thisequationis � f ¡ �����-�#��! in !"��£ , we getby extensionalitythat

f ¡ �����-�#��! in 7¥¢ 1eÃ � � 1 � f
andtherefore,usingextensionalityagain,

fold
¡ �����-�#��! in 7 ¢ 1eÃ � � 1 �±» ¢ 1eÃ � � 1 � ��� ¢ 1eÃ � � 1 � *

asrequired.

Theorem 4.28. Suppose³D� ¡ �����-�#��!};Î� inducesa mapbetweenalgebras fromin to KX�k�-�#��!�;Î� in a
parametricAPL-structure. Then ³�74¢ 1eÃ � � 1 � » 1 fold �[K
holdsin theinternal logic.

Proof. Since³ is a mapof algebras,theparametricityconditionon an arbitrary f«� ¡ �����-�#��! entailsasin
theproofof Lemma4.27that ³Z� f ¡ �����-�#��! in !R7 1 fÌ��K
andthereforetheresultfollows from extensionalitysince,by Lemma4.27,

f ¡ �����-�#��! in 7�� fold
¡ �����-�#��! in !2fh74¢ 1eÃ � � 1 � f

and,moreover, fÌ��KL7�� fold ��K-!2f}�
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Theorem 4.29. In a parametricAPL-structure, � d W in ! × is a familyof initial algebrasfor � .

Proof. Usingvery strongequalityThm 4.28givesuniquenessof algebramorphismsoutof in.

Remark 4.30. Considerthecaseof aninductively constructedtype ��* � WS�-�#��* � ! in which � and
�

occur
only positively. For eachclosedtype � we mayconsiderthetype �´WE�-�#��*,�"! andtheanalysisabove gives
us a family of initial algebrasfor this functor. Moreover, for eachmorphism K��	��; ��� betweenclosed
typeswegetamorphismof algebrasinducedby initiality:

�-� ¡ �����-�#��*,�"!#*,�"!

in ¦
ÜÝ

@A §§§ �-� ¡ �����-�#��*,���(!#*,�"!
� �edgf H R �ÜÝ

�-� ¡ �����-�#��*,� � !#*,� � !
in ¦ �ÜÝ¡ �����-�#��*,�"! @A§§§§§§ ¡ �����-�#��*,��� !#�

For example,if we considerthetype ��* � W�Q¨�|�Ì� �
, thenfor any � , we get lists� �"!�7 ¡ �����#Q��h�Ì�L�"!

and,for any KL���E; � � , theinducedmorphismis thefamiliarmorphismmapKL� lists� �"!R; lists� � � ! , which
appliesK to eachelementin a list.

4.2.4 Final coalgebras

In this sectionwe considerthe samesetupas in Section4.2.3, that is, �4W �X���	
2��� is an inductively
constructedtypein which � occursonly positively. As before � definesa fibredendofunctoron È0É-ÊRËE;Í�ÏaÐ�Ñ .

Definition 4.31. Considerafibredfunctor

�� �����
���

� @A
�� � � � � �

� � �
�

An indexedfamily of final coalgebrasfor thefunctor � is a family

� out× �"� × ;©���#� × !#! ×E�n�D���ª�
suchthateachout× is a final coalgebrafor therestrictionof � to thefiber over

d
andthefamily is closed

underreindexing. If eachout× is only a weakfinal coalgebrawecall it a family of weakfinal coalgebras.

In thissectionwedefineafamily of weakfinal coalgebrasfor � andprovethatfor parametricAPL-structures
it is in facta family of final coalgebras.Firstwe needto defineexistentialquantificationin eachfiber as

�����-�#��!%7 ����� � ���#�-� � !D;O��!#!D;O�
andthecombinatorpack � �����#�-�#��!'; � ���-� � !#! by

pack � i 7 x � �ZKX� �����#�-�#��!'; � !#��K6� i �
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In eachfiberwe definethetype

} �����-�#��!%7 �����#�#�´;O�-�#��!#!'�8��!R7 ����� � ��� � ;O�-� � !#!D� � ;O��!R;O�
with combinators

unfold� �����#�#�8;O�-�#��!#!%;O�t;O� } �����-�#��!#!#!
and

out � } �����-�#��!';O�-� } �����-�#��!#!
definedas

unfold ��K i 7 pack � u K/* i v
and

out� i !s7 i �-� } �����-�#��!#!�� x ��� u K/* i vJ���#�#��; �-�#��!#!��t��!#���-� unfold �[K-!#�#K i !#!#�
Theorem 4.32. In anymodelof second-order � -calculus � d W out! × is a family of weakfinal coalgebras
for � .

Proof. ConsideracoalgebraK��k�t;O�-�#��! in any fiber. Then

� R @A
unfold 1 R ÜÝ

�-�#��!
� � unfold 1 R �ÜÝ} �����-�#��! out@A �-� } �����-�#��!#!

commutessince

out� unfold ��KmÅ�!R7 out� pack � u K/*�Å�v#!%7� pack � u K/*�Å>v#!k�#�-� } �����-�#��!#!#!)� x ��� u K/* i vJ���#�#��; �-�#��!#!��t��!#���-� unfold �[K-!#�#K i !#!7��-� unfold �[K-!#�#K�Å�!

Lemma 4.33. In a parametricAPL-structure,

unfold } �����-�#��! out

is internally equalto theidentityon } �����-�#��! .
Proof. Set

� 7 unfold } �����-�#��! out in thefollowing.

By parametricity, for any £6�/�t; �
,

unfold ��� u £/v%;O�%$ u £/v &(!D;O� u £/v%; eq« 1eÃ � � 1 � ! unfold
� �

Hence,since�%$ u £/v & ­�u �-��£/!#v by Lemma4.25,if

£«�/�#KL���E;¹�-�#��!#!D;O� ³[� � ;O�-� � !#!
is amorphismof coalgebras,then

unfold ��K�7 1 » « 1eÃ � � 1 � � unfold
� ³�!�[�£/�
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Sosince
�

is a morphismof coalgebrasfrom out to out we have
� 7 � � . Intuitively, all we needto prove

now is that
�

is “surjective”.

Considerany ³S� �����#�#�´; �-�#��!#!X�t�8; � ! . By parametricityandLemma4.25,for any coalgebramap£����#KL�/�t;O�-�#��!#!%;O�#K
�-�/�Z�-;O�-�#�e� !#! , we musthave��i �-���,³m� u K/* i vR7�·�³�� � u K � *�£/� i !Àv#�
Usingthison thecoalgebramapunfold ��K from K to outwe obtain��i �-���,³m� u K/* i v%7�·0³ } �����-�#��! u out* unfold ��K i v#�
In otherwords,if we define £s� �����#�#�8;O�-�#��!#!'�t�t; �"!#*
where��7�� } �����-�#��!D;O�-� } �����-�#��!#!#!�� } �����-�#��! , to be

£67 x ����� u K/* i vR���#�t;O�-�#��!#!'�t��� u
out* unfold ��K i v#*

then � ���,³��t7 � 1 »X� � 1 �e� �
1 » · � ³ } �����-�#��!#!C[���£���!#� (22)

Now, supposewearegiven ��*�� � *������´�t� � andterms K/*�K � suchthat

K-�#�#��;O�%$ �'&(!D�t��; � !#K � �
Then,by (22)andparametricityof ³

³��[KL7�·�³�� � K � 7�·�� ³ } �����-�#��!#!#��£�� � K � !#*
from whichwe conclude

³Z� � �#��* � *������´� � !#���#�#��; �%$ �'&(!D�t��; u ³ } �����-�#��!#v#!#!�£/�
This impliesthatfor any

i � } �����-�#��! by parametricitywehavei � ³�7�·0³ } �����-�#��!�� i ��£/!#�
Thus,since³ wasarbitrary, we mayapplytheabove to ³[7�£ andgeti ��£�7 ¨ £ } �����-�#��!�� i ��£/!R7 u

out* unfold } �����-�#��! w � i ��£/! w � � i ��£/!#v#�
If we write ¬ 7�� i � } �����-�#��!#� unfold } �����-�#��! w � i ��£/! w � � i ��£/!#*
thensince £ is aclosedterm,sois

¬
, andfrom theabove calculationswe concludethatwehave� � � � ³�� �����#�8;O�-�#��!#!'�t��; � � i � ³�7�·0³ } �����-�#��! u

out* ¬ i v#�
Now, finally � � ¬ i !s7 unfold } �����-�#��! out � ¬ i !s7

pack } �����-�#��! u
out* ¬ i vR7x � ���>³[� �����#�#�8; �-�#��!#!��t�t; � !#�,³ } �����-�#��! u

out* ¬ i vR7 « 1eÃ � � 1 �x � ���>³[� �����#�#�8;O�-�#��!#!'�8��; � !#� i � ³�7 i
wherewe have usedextensionality. Thus

¬
is a right inverseto

�
, andwe conclude��i 7 « 1eÃ � � 1 � � � � ¬ i !%7 « 1eÃ � � 1 � � � ¬ i !R7 « 1eÃ � � 1 � i �
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Theorem 4.34. In a parametricAPL-structure, � d W out! × is a familyof final coalgebras for � .

Proof. Consideramapof coalgebrasinto out:

� R @A
SÜÝ

�-�#��!
� � S �ÜÝ} �����-�#��! out@A �-� } �����-�#��!#!#�

By parametricityof unfoldwe have

unfold ��KL7 1 » « 1eÃ � � 1 � � unfold } �����-�#��! out!�[�³[7 1 » « 1eÃ � � 1 � ³Z�
Verystrongequalitythenimpliesuniquenessof coalgebramorphismsinto outasdesired.

4.2.5 Generalisingto strong fibr ed functors

In this section,our aim is to generalisethe resultsof Sections4.2.3and4.2.4to initial algebrasandfinal
coalgebrasfor amoregeneralclassof fibredfunctors,thantheonedefinedby inductively constructedtypes.
To beableto usetheinternallogic of themodel,however, we needthefibredfunctorto be“internalised”in
theinternallogic.

Considerafibredfunctor

È0É-ÊRË ­ @A
®¯ áááááá

ááá È0É-ÊRË
°±            

     
Í�ÏaÐ�Ñ%�

SinceÈ0É-Ê%Ë«; Í�ÏaÐ�Ñ hasagenericobject� Ó�È0É-ÊRË O ([4, Definition5.2.8]),thereis for every î ÓEÍ�ÏaÐ�Ñ
amap � ä ��È0É-ÊRË ä ; û%üeý�ï�ð ñJó/� î *�Ò�!
suchthat

� ä ��.ª! is theuniquemap,suchthat
� ä ��.ª! Õ � is vertically isomorphicto . . Now,² ��.ª!´³7 ² � � ä ��.9! Õ �¤!_³7 � ä ��.9! Õ ² ���¤!#�

Thuswehave provedthefollowing lemma.

Lemma 4.35. Everyfibredfunctor
² ��È0É-ÊRË�; È0É-ÊRË is naturally isomorphicto a functor, whoseobject

part is definedas .µ~; � ä ��.9! Õ � for some�EÓ8È0É-ÊRË O . In theinternal language theobjectpart of such a
functoris writtenas �¶~;O�-� �"! .
In thefollowing, we shallassumethat

²
hasthis form andsimplydenote

²
by � .

Thuswecanalwaysrepresenttheobjectpartof afunctorin theinternallanguage.To representthemorphism
part,we needto usestrongfunctors.

Definition 4.36. An endofunctor�Ç�Z= ; = on a cartesianclosedcategory is calledstrong if thereexists
anaturaltransformationl � H ¨ ��� � ;©��� ��� preservingidentity andcomposition:

Q
· dgf 9 @A

·dlf�¸ 9 ¹º »»»»»
»»»» � �

) 9*¼ 9ÜÝ
�¤� ���

� � M� �8� � Io ½z¾ G Þ
@A

)z��)ÜÝ
� � Mo
)ÜÝ

�¤� �e� M� �0�¤� ��� Io ½z¾ G Þ
@A �¤� ��� Mo �
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Thenaturaltransformationl is calledthestrength of thefunctor � .

Oneshouldnotethat l in thedefinitionaboverepresentsthemorphismpartof thefunctor � in thesensethat
it makesthediagram

Q
¿R @A

À� R ¹º »»»»»
»»»» � �

) 9*¼ ¦ÜÝ
��� ���

commute,for any morphismK��k�L;©� . This follows from thecommutative diagram

Q ¿dgf
ßà¿dgf��

�
ÁÂ ���¿R
ÃÄ
� � ) @AR 9ÜÝ

�¤� �e�
� R ¸ 9ÜÝ

� � ) @A �}� ��� �
Definition 4.37. A strong fibr ed functor is afibredendofunctor

ÁÂ ÅÅÅÅÅ
ÅÅ

� @A
ÆÇ È È È È È

È È

on a fibred ccc, for which thereexists a fibred natural transformationl from the fibred functor � 1 ! � ` �
to �¤� 1 ! � � ` � satifying commutativity of the two diagramsof Definition 4.36 in eachfiber. The natural
transformationl is calledthestrength of thefunctor � .

In thisdefinition,oneshouldof coursecheckthatthetwo functors� 1 ! � ` � and�¤� 1 ! � � ` � — apropriorionly
definedon thefibers— in factdefinefibredfunctors

È0É-ÊRË[��ï'ðòñJó�È0É-ÊRË @A
õö ÷÷÷÷÷÷÷÷

÷÷÷÷÷ È0É-ÊRË
°±            

     
ÍEÏaÐ�ÑD�

But this is easilyseen.Notice alsothat � is not requiredto preserve thefibred ccc-structureandthat the
componentsof l arepreservedunderreindexing sincel is afibrednaturaltransformation.

Definition 4.38. A fibredendofunctor

È0É-ÊRË � @A
ßà áááááá

ááá È0É-ÊRË
øù            

     
Í�ÏaÐ�Ñ%*

definedonobjectsby �É~;O�-� �"! for a type ��Ó�È0É-ÊRË O asabove, is polymorphically strong if thereexists
a term l/� ��* � ���	
2�������#�8; � !R;O�-�#��!%;O�-� � !
suchthat the family � l�� � ! � 1^H · � ��ÊDË�ÌnÍ��EÎ�Ï Ð*Ñ�ÊDË�Ì"Í is a strengthof the functor � in the senseof Definition
4.37.Theterm l is calledthepolymorphic strength of � .
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Example 4.39. An inductively constructedtypewith onefreevariable �ªWÌ�X�	�	
2��� , where � occursonly
positively, definesapolymorphicallystrongfibredfunctor, seeSection4.2.3.

But in many situationsonemaywantto reasonaboutotherpolymorphicallystrongfibredfunctorsthanthe
onesdefinedby typesmodelledin �>� . For example,if the ��� -fibrationof theAPL-structuremodelsother
typeconstructionsthantheonesfrom � � for whichtherearenaturalfunctorialinterpretations,onemaywant
to prove existenceof initial algebrasfor functorsinducedby typesin thisextendedlanguage.

For polymorphicallystrongfibred functorswe canalsoreasonabouttheir morphismpart in the internal
language.For instance,we maywrite

��* � g KL�/�t; � Wml)� � K��k�-�#��!R;O�-� � !
to expresstheapplicationof a functor � with strengthl to amorphismK .

Furthermore,sincethe morphismpart of the functor is representedby a polymorphicterm, we can use
parametricityto reasonaboutit. For instance,we mayprove thefollowing generalisationof Lemma4.25.

Lemma 4.40(Graph Lemma). For anyparametricAPL-structure, if � is a polymorphicallystrongfibred
endofunctorÈ0É-Ê%Ë«;\È0É-Ê%Ë , thentheformula

� ��* � ���	

����� � K��-�t; � ���%$ u K-v & ­�u �-�#K-!#v
holdsin theinternal language of theAPL-structure, where

��­9� � is shortfor
��i *,¦	� � � i *,¦-! � � � � � i *,¦	! .

Theproof of this lemmais thesameastheproof of Lemma4.25.

Corollary 4.41. For anyparametricAPL-structure, themorphismpart of a polymorphicallystrongfibred
endofunctor� is uniquelydeterminedby theobjectpart.

Proof. By Lemma4.40,¦�7��-�#K-!#� i ! if f
i �%$ u K-v &o¦ .

Theorem 4.42. In a parametricAPL-structure, any polymorphicallystrong fibred functor ���)È0É-Ê%Ë�;È0É-ÊRË has

é A familyof initial algebrasdefinedasin Section4.2.3

é A familyof final coalgebrasdefinedasin Section4.2.4

Proof. Theproofswork exactly asin Sections4.2.3and4.2.4sincewe mayexpressthe functor � in the
internallanguage,asdescribedabove.

The fact that theseinitial algebrasandfinal coalgebrasarepreserved by reindexing follows from the fact
thatthestrengthsl are.

5 ConcreteAPL-structur es

In this sectionwe definea concreteparametricAPL-structurebasedon a well-known variantof the per-
model(see,for instance,[4, Section8.4]).
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Thediagramof Definition 3.3 in theconcretemodelis:

ÒÔÓ @^Õp� C[Ë"ÖZ×(Ø�Ù%�zÚFBÛÕh!#!
ÛÜÝØ Ó @^Õp� Ø Ë Ù ! Þ

ÜÝ ÞÞÞÞÞÞÞÞÞÞ
ÞÞÞÞÞÞÞ â

ã ä @A ÒÔÓ @(Õp�zÚFBÛÕh!
èÜÝØ�Ø Ë Ù

(23)

The fibration ê is the fibration of [4, Def. 8.4.9]; we repeatthe definition here. In the following,
Ø Ë Ù

and ÚFBÛÕ , will denotethe setsof partial equivalencerelationsandassembliesrespectively on the natural
numbers(see[4]).

Thecategory
Ø�Ø Ë Ù

is definedas

Objects Naturalnumbers.

Mor phisms A morphismK��KßÌ;OQ is apair �#K
Þ
*�K Û ! where K

Þ
� Ø Ë Ù V ; Ø Ë Ù

is any mapand

K Û Ó yr H yà ��á�Í;â�ã Y�ä
V¥å � ~J� Y � ~�x Y !s; å � ~JK
Þ
� .��!%� ~JK

Þ
� .xR!

is amapthatsatisfiestheidentityextensioncondition: K Û �
1 ;: ì !R7�: ì . A morphismfrom ß

to æ is an æ -vectorof morphismfrom ß to Q .

Wecannow define
Ø Ó @(Õh� Ø Ë Ù ! astheindexedcategory with fiber over ß definedas

Objects morphisms,ß´; Q of
Ø�Ø Ë Ù

.

Mor phisms amorphismfrom K to ³ is anindexedfamily of maps�#� yr ! yr ��á�Í;âçã where

� yr � ~JK
Þ
� .�0!s; ~¸³

Þ
� .�0!

aretracked uniformly, i.e., thereexists a code è suchthat, for all .� and $ ß-&�Ó ~JK
Þ
� .�0! ,� yr �]$ ß-&(!t7 $ èé�nß-& . Further, the morphism � shouldrespectrelations,that is, if MDYE�

~J��YR� ~�xeY and � P * � !%Ó´K Û � .M�! then �#� yr � P !#*�� yà � � !#!RÓL³ Û � .M�! .
Reindexing is by composition.

Next we definethefibration ì . Thefiber category
ÒÔÓ @(Õh�zÚFBÛÕp! V is definedas

Objects all mapsKL� Ø Ë Ù V ;êÚFBÛÕ .

Mor phisms amorphismfrom K to ³ is anindexedfamily of maps�#� yr ! yr ��á�Í;âçã where

� yr �/K-� .�0!s;©³Z� .��!
are mapsbetweenthe underlyingsetsof the assembliesthat are tracked uniformly, i.e.
thereexists a code è suchthat for all .� andall �6Ó�K-� .�b! andall P Ó : R � yr � � �j! we have
èë� P ÓÌ: S � yr � �#� yr � �j!#! .
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Reindexing is againby composition.

Finally we candefinethecategory
ÒÔÓ @(Õp� C[Ë"ÖZ×(Ø�ÙD�zÚ0B�Õp!#! as

Objects An objectover K is any family of subsets�#M yríì K-� .�0!#! yr , whereby subsetwemeansubset
of theunderlyingsetof theassembly.

Mor phisms In eachfiber themorphismsarejust subsetinclusions.

Reindexing is definedas follows: Suppose
� �0KÇ; ³ is a morphismin

ÒÔÓ @^Õp�zÚFBÛÕp! projectingtoì � ��ßÌ;/æ in
Ø¥Ø Ë Ù

. By definitionthis is amapin thefiberof
ÒÔÓ @(Õp�zÚFBÛÕh! over ß from K to � ì � ! Õ � ³Z! .

Suchmorphismsaregivenby indexedfamiliesof maps

� yr �/K-� .�b!R; ³î[�� ì � !
Þ
� .�0!

rangingover .��Ó Ø Ë Ù V sowecandefine

� Õ �#M yà �9³�� .x%!#! yà �ïá\Í*âçð 7�� � ^ ?yr �#M S�ñ � èçò �ôó � yr � !#! yr ��á�Í;âçã
Theinclusion î is obtainedby projecting �#K

Þ
*�K Û ! to K

Þ
usingtheinclusionof

Ø Ë Ù
into ÚFBÛÕ . Noticethat

we have:

Lemma 5.1. Theinclusion î is faithful.

In the following seriesof lemmaswe will prove that (23) definesa parametricAPL-structure. The idea
is that types(objectsof

Ø Ó @(Õp� Ø Ë Ù ! ) comeequipedwith a relationalinterpretationsatisfyingtheidentity
extensioncondition.

Lemma 5.2. ê is a �Zë -fibration.

Proof. This is [4, Prop. 8.4.10]. Theccc-structureis givenby a pointwiseconstruction,and Q is clearlya
genericobject.For a type KL��ß¶�pQ�;OQ we define K��KßÌ;OQ as

� K-!
Þ
� .�0!¹7 õJ� P * P � ! gj� �%*�ö Ó Ø Ë Ù � � = ì ~�� � ~�öP Ó g K

Þ
� .�0*��¥! g and P �-Ó g K

Þ
� .�0*�öm! g and

�]$ P &(*>$ P � &(!RÓÌK Û� yr H ô � H � y
r H ÷ � � .: ì yr *�=m!�ø

and � K-! Û yr � yà � .Mz! 7 õJ�]$ P & ¼ � R �ôó � yr � *>$ P �ò& ¼ � R �ôó � yà � ! gy� �%*�ö�Ó Ø Ë Ù � � = ì ~�� � ~�ö
�]$ P & R ó � yr H ô � *>$ P �ò& R ó � yà H ÷ � !sÓ´K Û� yr H ô � H � yà H ÷ � �

.Mb*�=m!�ø
for .M ì .��� .x .

Lemma 5.3. ì is a fibredccc.

Proof. Theccc-structureis givenby pointwiseconstructions.

Lemma 5.4. � íc* ì ! is an indexedfirst-order logic fibration with all indexedproductsandcoproducts.
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Proof. Sincetherestrictionof í to eachfiber is apreorderfibrationwhich is afibredccc,it sufficesto prove
that í hasproductsandcoproductswith respectto all morphismsof

ÒÔÓ @(Õh�zÚFBÛÕp! . We just provide the
productsandcoproductshere.

If �t�/KL; ³ is a mapin
ÒÔÓ @^Õp�zÚFBÛÕp! with ì K�7ùß , ì ³[7ùæ then� is givenby a family of maps:

� yr �eK-� .�z!%; ³Z�#� ì ��!
Þ
� .�0!#!

for .��Ó Ø Ë Ù V . Wemaydefineproductsandcoproductsas

ú �#M yr ì K-� .�b!#! yr ��á�Í;â�ã 7 yr � �>� èçú �ióÛ�Aû M � yà � � yr �#M yr !
yà ��á�Í;âçð

and

ú �#M yr ì K-� .�z!#! yr �ïá\Í*âçã 7 yr � �>� èçú � ó � û M � yà �
õ i Ó�³Z� .x%! g � ^ ?yr ��õ i øJ! ì M yr ø

yà �ïá\Í*âçð

Lemma 5.5. Thecomposablefibrations

ÒÔÓ @(Õh� C�ËDÖ�×^ØCÙD�zÚFBÛÕp!#!'; ÒÔÓ @(Õp�zÚFBÛÕh!%; Ø�Ø Ë Ù

havean indexedfamilyof genericobjects(DefinitionA.1) �#��ü6ëJ!_VZ!_V ��á á�Í;â .
Proof. Set ��ü6ëJ! V � .�0!s7�õ�ýJ*�Q�ø and : �]þ ��� ã � yr � � �j!%7 .

As in Remark3.4we now have:

Lemma 5.6. Thereexistsa bijectivecorrespondence:

¶ �/ûRüeý�ÿ������s���	�
� � � �#��*��¤�#�/*,�"!y!s;���	b�
� Ø¥Ù�Ú ÊëI � äY� � � ¨�� !
which is natural in � andcommuteswith reindexing.

Wecansumup thelemmasabove asfollows.

Proposition 5.7. Thediagram(23)definesa pre-APL-structure.

Lemma 5.8. For anypair of typesK/*,³[��ßÌ;OQ theobject �¥�#K/*,³Z!%7�ü6ë R � SV is isomorphicto theobject

� å � ~JK
Þ
� .�0!%� ~¸³

Þ
� .�0!#!#! yr

with :�� ��
�� R ó � yr � � 
�� S ó � yr �e� � �j!R7 .

Lemma 5.9. Thepre-APL-structure (23)hasa full APL-structure.
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Proof. Thegraphfrom Lemma3.6is exactly thegraphin theproofof [4, Prop.8.6.3],andin thisproof the
graphis extendedto a reflexive graph.Wewrite out thedetailshere.

Thecategory C�ËD? åbæUç hasasobjectssequences��ß%*6ßk�a*��#�#K�?q*�K
�? !#*������]*��#K Þ *�K
�Þ !#!#! whereß , ßk� areobjectsofØ�Ø Ë Ù
and K�Y���ßÌ;OQ and K
�Y ��ßk��;OQ aretypes.Wewrite theseobjectsas

ß R @A ê ßk� �
RFG

Morphismsof C�ËD? åbæUç from ß R @A ê ß �
RFG to æ S @A ì æ �SFG aretriples � � * � � * � ! where

� �ßÌ;©æ and
� � �Kß � ;/æ � aremorphismsof

Ø�Ø Ë Ù
, and

�
is a family of maps:

� yr H yà � �ïá\Í*âçãK��á�Í;âçð Y�å � ~JK
Þ
Y � .�0!%� ~JK �

Þ
Y � .xR!#!

; � å � ~J� ³
Þ
��[ �

Þ
!#� .�0!D� ~J� ³ �

Þ
�ù[ � �

Þ
!#� .x%!#!

(
�
,
� � arethe reindexing maps,and

�
is the horizontalmapin

ÒÔÓ @^Õp�zÚFBÛÕp! , andwe have usedLemma
5.8).

Objectsof C�ËD?A@ æ Ï Ú Ð�B in thefiber over � ß R @A ê ß �
R �FG ! aremorphism

� ß R @A ê ßk�
R �FG !s; � Q dlf @A Q QdlfFG !

denotedby triplesasbefore.Verticalmorphismsfrom � � * � �a* � ! to ��£/*�£c�_* � ! arepairs �#��* � ! where�t� � ;� � and
� ��£6;�£ � aremapsin

Ø Ó @^Õp� Ø Ë Ù ! satisfying

�]$ P &(*>$ � &(!%Ó � � yr H yà � � .Mb!87k5 �#� yr �]$ P &(!#* � yà �]$ � &(!#!RÓ � � yr H yà � � .Mb!
for all � .�0* .xD!sÓ Ø Ë Ù V � Ø Ë Ù V � andall .M ì Y ~JK

Þ
Y � .�0!%� ~JK �

Þ
Y � .x%! .

Wecannow definethefunctor ÍEÏ Ð�Ñ ; C[Ë"? åbæUç to mapß to ß dgf @A ß ßdlfFG andmap
� ��ßÌ;©ßk� to

thetriple � � * � * � Û ! .
This functoralsodefinestheactionof thefunctor È0É-ÊRËL;OC[ËD?�@ æ Ï Ú Ð�B on objects:Types KE�"ß9; Q are

mappedto �#K/*�K/*�K Û ! from � ß dlf @A ß ßdlfFG ! to � Q dlf @A Q QdlfFG ! . Morphisms �h�sKª; ³ between
typesin thesamefiberaremappedto �#��*���! andthefactthatthesein factdefinemorphismsbetweenobjects
of C�ËD?A@ æ Ï Ú Ð�B follows from thefactthatmorphismsin

Ø Ó @(Õh� Ø Ë Ù ! arerequiredto preserve relations.

Onemayeasilyverify thatthepairof functorsdefinedherein factdefineamorphismof �>� -fibrationsandit
is clearthatoneobtainsa reflexive graph,asrequired.

Lemma 5.10. Thefirst order logic fibration � íJ* ì ! hasverystrongequality.

Proof. Suppose�)*,+��/KL; ³ areverticalmorphismsof
ÒÔÓ @(Õh�zÚFBÛÕp! in thefiber over ß . Then

: ì � ��*,+�!D7 u ��*,+	v Õ 2 ½ S » S � S � � !
Since � � � ! yr 7�õJ� ¦-*�Å�!%Ó´� ³S��³Z!#� .��! g ¦�7�Ånø
we have : ì � �)*,+�! yr 7�õ i Ó´K-� .�b! g � yr � i !%79+ yr � i !�ø
sothat : ì � ��*,+	!%7 �

if f �87ª+ .
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Lemma 5.11. Thetwoextensionalityformulasare provablein thelogic of í .

Proof. This follows from Lemmas4.2and5.10.

Lemma 5.12. TheIdentityExtensionSchemaholdsin theinternal logic of theAPL-structure.

Proof. Weneedto prove that

$ $Ä.� gji *,¦��2�"�>.�k!%W��'$ eqy� &(� i *,¦	! & &)7�$ $,.� gji *,¦X�
�"�>.�-!RW i 7 ¨ � y��� ¦2& &(�
SosupposeKL7�$ $ .� g �/& & . Then V)�#K-!s7��#K/*�K/*�K Û ! . If weconsiderthisanobjectin

Ø¥Ù�Ú Ê 7 ÒÔÓ @(Õh� C�ËDÖ�×^ØCÙD�zÚFBÛÕp!#!
by applyingthefunctor C�ËD?A@ æ Ï Ú Ð�B0; Ø�Ù�Ú Ê to it we get

��õJ� i *,¦-* .M0!sÓ´K
Þ
� .�0!D�tK

Þ
� .xR!%� Y�å � ~J��Y)� ~�x�Y,! g � i *,¦-!RÓ´K Û � .Mz!�øJ! yr H yà �

To get the left handsideof the above equationwe shouldpull this backfirst via
u $ $_.�
& &¬*>$ $_.�/& &(v andthenvia$ $ eqy� & & . Pulling backvia

u $ $a.�
& &(*>$ $a.�
& &¬v weget

��õJ� i *,¦-* .M0!sÓ´K
Þ
[¤$ $_.�2& &

Þ
� .�¤!D�8K

Þ
[�$ $a.�2& &

Þ
� .�¤!D� Y å � ~e$ $a.�
& &

Þ
� .�¤!D� ~e$ $a.�
& &

Þ
� .�¤!#! g

� i *,¦	!RÓÌK Û � .Mz!�øJ! y�
Since $ $Ä.� gji *,¦��"�LW i 7���¦�& &"7���õJ� i * i ! gji Ó�$ $ �2& &

Þ
� .�0!�øJ! yr *

themap $ $ eqy� & &"�eQ � � y1�! ! ;Oë � � y� ! !e� � � y� ! ! is themapthatfor all .� is theconstantmapto theequalityrelation.Thus
we obtain $ $,.� gji *,¦X�2�"��.�k!RW��'$ eqy� &o& &�7

��õJ� i *,¦-!%ÓÌK
Þ
[�$ $a.�2& &

Þ
� .�¤!D�tK

Þ
[¤$ $_.�2& &

Þ
� .�¤! g � i *,¦-!RÓ´K Û � eq� � y� ! ! ó � y��� !�øJ! y� 7

��õJ� i *,¦	!DÓ´K
Þ
[¤$ $_.�2& &

Þ
� .��!%�8K

Þ
[�$ $a.�2& &

Þ
� .��! gji 79¦EøJ! y� *

thelastequalityby theidentityextensionpropertyof K . But this is exactly

$ $,.� gji *,¦X�
�"�>.�-!RW i 7 ¨ � y��� ¦2& &(�

Summingup,wehave:

Theorem 5.13. Thediagram(23)definesa parametricAPL-structure.

Remark 5.14. In theabovemodelweusenothingspecialaboutthePCA sothesameconstructionapplies
to persandassembliesover any PCA.All thelemmasabove generalize,sothat in thegeneralcasewe also
obtainaparametricAPL-structure.
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5.1 A parametric non-well-pointedAPL-structur e

We maygeneralizetheconstructionabove evenfurtherto thecaseof relative realizability. Supposewe are
givenaPCA M andasub-PCAM�� . WecanthendefinetheAPL-structureasabovewith persandassemblies
over M , with theonly exceptionthatmorphismsin

Ø Ó @(Õh� Ø Ë Ù ! and
ÒÔÓ @(Õh�zÚFBÛÕp! shouldbeuniformly

trackedby codesin M�� . All theproofsof section5 generalizesothatwe obtain:

Proposition 5.15. For anyPCA M andsub-PCAM�� thediagram

ÒÔÓ @^Õp� C[Ë"ÖZ×(Ø�Ù%�zÚFBÛÕh�zÚ�*ªÚ���!#!#!
ÛÜÝØ Ó @(Õh� Ø Ë Ù �zÚE*ªÚ��q!#! Þ

�� ������������
������� â

ã ä @A ÒÔÓ @(Õp�zÚFBÛÕh�zÚ�*ªÚ��¸!#!
èÜÝØ�Ø Ë Ù �zÚE*ªÚ��¸!

definesa parametricAPL-structure.

However, onemayalsoprove:

Proposition 5.16. Thefiber
Ø Ó @(Õh� Ø Ë Ù �zÚ�*ªÚ��q!#! X is in general notwell-pointed.

Proof. Considera perof theform õJ� P * P !�ø , for P Ó M��}M�� . Theremaybeseveralmapsout of this per, but
it doesnothave any globalpoints.

Proposition5.15tellsusthatall thetheoremsof Section4.2apply, suchthatthe �>� -fibration
Ø Ó @(Õp� Ø Ë Ù �zÚ�*ªÚ��j!#!%;Ø�Ø Ë Ù �zÚ�*ªÚ��j! hasall thepropertiesthatwe considerconsequencesof parametricity. This shouldbecom-

paredto [1] in which a family of parametricmodelsis presented(with anotherdefinition of “parametric
model”) andtheconsequencesof parametricityareprovedonly for thewell-pointedparametricmodels.

6 Comparing with Ma & Reynoldsnotion of parametricity

In this sectionwe comparethe notion of parametricitypresentedabove with Ma & Reynolds’ notion of
parametricity[6] (seealso [4]). This latter notion wasthe first proposalfor a generalcategory theoretic
formulationof parametricityandis perhapsthemostwell-known.

To defineparametricityin the senseMa & Reynolds,considerfirst a situationwherewe aregiven a ��� -
fibration : @A = anda logic on thetypesgivenby anindexedfirst-orderlogic fibration

� @A : @A = �
Considerthecategory of relationson closedtypes �D�0�#: ? ! definedas

�%�0�#: ? ! @A
ÜÝ

� ?
ÜÝ

@A �
ÜÝ

: ? �t: ? � @A : ? â
ã @A :
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whereby Q wemeantheterminalobjectof = . In this casewe have a reflexive graphof categories

:�? @A �D�0�#: ? !FGFG *
wherethe functorgoing left to right mapsa type to the identity on that type. By reflexive graphwe mean
thatthetwo compositionsstartingandendingin :z? areidentities.

Definition 6.1. The �>� -fibration
:
ÜÝ
=

is parametricin thesenseof Ma & Reynoldswith respectto
� ; : if thereexistsa � � -fibration

² ;��
anda reflexive graphof ��� fibrations :

ÜÝ
=

@A
²

ÜÝ
�

FG
FG

suchthattherestrictionto thefibersover theterminalobjectsbecomes

: ? @A �D�0�#: ? !FGFG �
Given an APL-structure,we have a logic over typesgiven by the pullback of

Ø�Ù�Ú Ê along î . We also
have a reflexive graphgiving the relational interpretationof all types. It is natural to ask what kind of
parametricitywe obtainby requiring that the reflexive graphgiving the relationalinterpretationof types
satifiestherequirementsof Definition6.1.

First we noticethat C�ËD?A@ æ Ï Ú Ð�B ? 7��D�0�#: ? ! , andthat the two mapsgoing from C�ËD?A@ æ Ï Ú Ð�B to : ? arein
factthedomainandcodomainmaps,asrequired,sotherequirementsof Definition6.1only effect thenature
of themap V .

Thelastrequirementof Definition6.1saysexactly that,for all closedtypes � ,

V)�]$ $ �2& &(!D7�$ $ eq� & &(�
Considernow an opentype .� WÇ�X�"�	
2��� anda vector of closedtypes .� . Then, since V is a mapof
fibrations,we have

V)�]$ $ �-�>.��! & &(!%7�V)�]$ $a.��& & Õ $ $,.�tWS�2& &(!R7�V)�]$ $,.�tWS�2& &(!b[¤$ $ eqy¨ & &�7�$ $ �%$ eqy¨ &o& &(�
In otherwords,themodelsatisfiesaweakform of IdentityExtensionSchema:

Definition 6.2. Theschema � �)*,+'�k�-�>.��!#��� �)�%$ eqy¨ &o+�! � �9��7 � � y¨ï� +
where .� Wt� rangesover all typesand .� rangesover all closedtypesis calledtheweakidentityextension
schema.

We will briefly mentionwhich of the consequencesof parametricitymentionedin Section4.2 that hold
underassumptionof theweakIdentity ExtensionSchema.
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Firstwe noticethattheweakIdentityExtensionSchemaimpliestheparametricityschema

� �z�k� � ���	
2�������-� � *,�U�>*������]*,�]VZ!#!#�,�)� � � ���%$ � * eq̈ I *������]* eq̈ ã &(! �
in thecasewherethe �]Y areclosedtypes.

Usingonly thisweakversionof theparametricityschema,wecanstill proveexistenseof terminalandinitial
types,sincein thesecaseswe only needto useparametricityon theclosedtypes� and î .

Theproofsof existenceof productsandcoproducts,however, fail when � and � areopentypes,sincewe
needto usetheparametricityconditionon theopentypes � Ö��� and ���t� .

The caseof initial algebrasgoesthrough,sincetheproof only usesparametricityof
¡ �����-�#��! , which is a

closedtype.Theproofof Lemma4.33,however, usesparametricityof thetype �����#�#�´;O�-�#��!#!J�}�8; � !
where

�
is a typevariable,so this proof doesnot go throughwith only theweakparametricityschema.In

otherwords,in thesettingof reflexive graphsasin Definition 6.1, we do not have a proof of existenseof
final coalgebras.

Seealso[13] for a relateddiscussion.

7 A parametric completion process

In this sectionwe give a descriptionof a parametriccompletionprocessthatgiven a modelof ��� internal
to somecategory satisfyingcertainrequirementsproducesa parametricAPL-structure. The construction
is relatedto the parametriccompletionprocessof [13] in the sensethat the processthat constructsthe��� -fibrationcontainedin theAPL-structuregeneratedby our completionprocessis a generalisationof the
parametriccompletionprocessof [13]. This meansthat if theambientcategory is a topos,thenthepara-
metric completionprocessof [13] producesmodelsparametricin our new sensewhich thensatisfiesthe
consequencesof parametricityof Section4.2.This factis nosurprise,but, to ourknowledge,it hasnotbeen
provedin theliterature.

Theconcretemodelof Section5 is a resultof theparametriccompletionprocessdescribedin this section.
Beforedescribingthecompletionprocesswerecallthetheoryof internalmodelsof � � .

7.1 Inter nal modelsfor T �
Supposewe aregivena locally cartesianclosedcategory . Givena full internalcategory  of we may
considerthefibrationobtainedby restrictingtheexternalisationof  to thefull subcategory of onpowers
of  X : !#" ý«�$ t! @A

ÜÝ

!#" ý«�$ t!
ÜÝ

õ� VX g ßÌÓ ø â
ã @A

�

Thefiberover  VX is theinternalfunctorcategory from  VX to  , i.e.,objectsaremorphisms VX ;% 0X and
morphismaremorphismsof :  VX ;% 8? .
Proposition 7.1. Suppose is a full internallycartesianclosedcategory thathasright Kan extensionsfor
internal functors

² �& V2` ?X ;' alongprojections V
` ?X ;( VX . Then
!#" ý��$ t!�; õ� VX g ßhÓ ø is a��� -fibration.
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Proof. Since  is internally cartesianclosed,its externalisationhascartesianclosedfibers[4, Corollary
7.3.9].Clearly  0X is agenericobjectfor thefibration.

Polymorphismis modelledusing the Kan extensions,sincefor any type ���� V
` ?X ;  the right Kan
extensionof � along

w �) V
` ?X ;* VX is thefunctor ����� in thediagram

 V
` ?X � @A
ÔÜÝ

 

 VX �
¼ 1eÃ �
+-,.....

Theuniversalityconditionfor theright Kanextensionthengivesthebijective correspondence

/ "10 � ��[ w *��-!´³7 / "10 � �e* �����"!
betweenthesetsof naturaltransformations.Since

w Õ ��79��[ w
, for ���2 VX ;* , thisstatesexactly thatthe

right Kan extensionprovidestheright adjointto
wDÕ

, asrequired.

To show thattheBeck-Chevalley conditionis satisfied,we needto show thatfor �z�& GX ;* VX wehave

� Õ � �����-! ³7 �����#� � � �>� ! Õ �-!#*
thatis, � �����-!b[)�$³7 �����#��[�� �´� ��� !#!#�
By LemmaB.1 we maywrite out thevaluesof thesetwo functorsonobjects .� Ó3 GX aslimits:

�#� �����-!�[)�)!#� .� ! 7 465oý7 1ú � y8 � » Ô � y8 � � �-� .� � ! (24)

� �����#��[��Ì� �>� !#!#� .� ! 7 465oý7 1y8 » Ô y8 � � �-� �Ì� ��� � .� � � !#!À� (25)

In (24) we take the limit over all mapsK��/�)� .� !�; w � .� � ! in thecategory  VX . But sincethis is a discrete
category, suchmapsonly exist in thecase

w � .� �_!s79�)� .� ! , so(24)canberewritten as

8 �e�29 N �-� ��� .� !#* � � !#�
Likewise(25)canberewritten as 8 � �e�:9 N �-� ��� .� !#* � � � !#*
proving thattheBeck-Chevalley conditionis satisfied.

Proposition7.1 justifiesthefollowing definition.

Definition 7.2. An internalcategory  of a locally cartesianclosedcategory is calledan internal model
of �>� if it satisfiestheassumptionsof Proposition7.1.

7.2 Input for the parametric completion process

Input for theparametriccompletionprocessis thefollowing ingredients:

1. A quasitopos
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2. An internalmodel  of �>� in .

3. An internalpreorderfibration
Ú
ÜÝ
 

which is fibrewisecartesianclosedandhasequalityandsimpleproducts.

In thefollowing we shallmake 4 assumptionson thesetup.

Assumption1. Theinclusion !#" ý��$ t! @A
;< ======

===
»

�� � � � � �
� � �

which we have alreadyassumedis full and faithful, preserves productsand is closedunderregular sub-
objects,i.e., for eachobject : Ó , the fibrecategory

!#" ý��$ t!?> is closedunderregular subobjectsasa
subcategory of »> .

Thelogic @BA�C&D�E^	GF6; of regularsubobjectsinducesa logic on » by

@A
ÜÝ

@BA�C&D�E^	 F
ÜÝ» H1IKJ @A *

which,by LemmaA.8, makesthecomposablefibration

@A »ML
INH @A *
anindexedfirst-orderlogic fibrationwith anindexedfamily of genericobjects,simpleproductsandsimple
coproducts.

We cannow form aninternalfibration2 by usingtheGrothendieckconstructionon thefunctor ���6ÓO t!
~;P	Q
, with

P	Q
orderedpointwise,where

P
is theregularsubobjectclassifierof . We think of this fibration

asthe internalisationof @	A�C&D�E(	 F ; restrictedto  andwrite it as RÆ;S . Notice that since  is
closedunderregular subobjects,RO;  is a subfibrationof the subobjectfibration on  , andsinceits
externalisationis simply therestrictionof ; » , it is closedunderthelogical operations

� * � * � * � *�7
from theregularsubobjectfibration.

Assumption2. Ú is a full andfaithful fibredreflective subcategory of R , i.e. thereexistsapairof mapsof
fibrations

Ú
ÁÂ �����

��� TU� R
ÆÇ È È È È È

È È
VW

 
with the mapfrom Ú to R the full andfaithful inclusionandthe mapfrom R to Ú preservingproducts.
Both mapsarerequiredto preserve equality.

2By internalfibration,wemeananinternalfunctor, whoseexternalisationis afibration.By aninternalfibrationhaving structure
suchas X&Y[ZBY]\^Y[_ we meanthattheexternalisationhasthesame(indexed)structure
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Notethattheadjunctionimpliesthat ` asasubcategory of a is closedunderbdc�e�c[f . Wealsoknow that `
is anexponentialideal[5, A.4.3.1]of a sothatit is closedunder g .

We still needtwo rathertechnicalconditionson thesetup,but to formulatethosewe mustfirst considerthe
category of logical relations.

7.3 Logical relations

Givenany internallogic fibration hjiMk we candefinethecategory l�mon�p$krq to have asobjectslogical
relationsof k in thelogic of h andasmorphismspairsof morphismsin k thatpreserve relations.Weare
of courseinterestedin thetwo categoriesl�m3stp$krq and l�mvuwp$krq .
Lemma 7.3. For anylogic fibration hxi*k with fibredcartesianclosedstrucure andsimpleproducts,the
category l�mon�p$krq is an internalcartesianclosedcategory of .

Proof. Weset l�m3n�p$krqzy|{~}:p���c���c��Gq��ok�y��3k�y���h�����pK�Gq	{����r���
and l�m3n�p$krq���{ ���w� �&� ���]� �����z� ����� �����]�:�¡ �¢G�6£¤�6¥�}:pK¦^c[§¨q��3k©�w��k©�d�

¦�ª«�¬i­�v®^e¯§°ª^�±i(�t®^e3�°²~pK¦o��§³q�´µ��®?�:¶
For thecartesianclosedstructurewe define:

p���c���c��³q¤�rp�� ® c�� ® c�� ® q	{·p����¸� ® c��¹�r� ® c��o�r� ® qKc
where �3�r� ® pKp�º�c[º ® qKc�p�»¼c[» ® qKq	{·�³p�º½c[»Gq¾e�� ® p�º ® c[» ® q , and

p���c���c��³q�i�p�� ® c�� ® c�� ® qB{~p��¬i­� ® c��¿i�� ® c���i�� ® qKc
where �°i�� ® pK¦^c[§³q	{�f#ºr���of#»3�©�ÀpK�³p�º½c[»Gq�g~� ® pK¦¼p�º½qKc[§¨p�»¼qKqKqK¶

Wecannow formulatethelastassumptionof theparametriccompletionprocess.

Definition 7.4. We saythatthemodel k is “suitablefor polymorphism”with respectto a logic hÁi¬k if
thereexistsKanextensionsof all functorsl�m3n�p$krq?Ây i*k alongprojections.

Assumption3. Themodel k is suitablefor polymorphismwith respectto ` and a .

This tells us in particular, that k is closedunder l�mvswp$krq Ây - and l�moutp$krq Ây -indexed products.Thenext
assumptiontells usthat ` and a areclosedunderthesameproducts.Recallthatthethefibration `�i¬k
is asubfibrationof theregular-subobjectfibration.

Assumption4. For any l�m s p$krq?Ây indexedfamily of subobjectsÃ�ÄÅÇÆ~È ÄÅ of ` , thesubobject

}:pK� ÄÅ q ÄÅ �Nf�ÉÊ �ol�m3sËp$krq Ây ¶�� ÄÅ �OÃ ÄÅ �Ç{ ÄÅ Ã ÄÅ Æ ÄÅ È ÄÅ
is in ` . Thesameis requiredto hold for ` replacedby a .
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Assumption2 givesus:

Lemma 7.5. Thereexistsmorphismsof fibrations

l�moswp$krq
ÌÍ ÎÎÎÎÎÎ

ÎÎÎÎ Ï ÐÑÒ l�m3uwp$krq
ÓÔ Õ Õ Õ Õ Õ Õ Õ

Õ Õ Õ
ÅÖ×

k*��k
preservingidentity relations. Furthermore Ø preservesthe internal cartesianclosedstructure, Ê Ø is the
identityon l�mostp$krq andbothmapspreserveidentityrelations.

Proof. The mapsare just the mapsof Assumption2, andso we get the adjunctionfor free. The map Ø
preservesthecartesianclosedstructure,sincethis is definedusingthelogical f�c�e	c�g , andasa subfibration
of a , ` is closedundertheselogicaloperationsasremarkedafterAssumption2.

To prove that Ê Ø is the identity, it sufficesto prove Ê ØÙ²*Ú]Û and Ú]ÛÜ² Ê Ø since ` is a poset. The first
of theseholdssimply becauseÊÞÝ Ø . For the second,Øß²ÙØ Ê Ø andthus Ú�ÛÞ² Ê Ø since Ø is full and
faithful.

7.4 The completionprocess

Let à {�á âã áäåäå
be thegenericreflexive graphcategory, andconsiderthe functorcategory æ . Sinceit is well known thatçéè#ê p æ q�ë{ çéè#ê p q æ and

çìç¸çéè#ê p æ qBë{ çìçìçÇè#ê p q æ it follows that

Lemma 7.6. k âã l�moswp$krqäåäå is an internalcartesianclosedcategory of æ .

Now considerthe functor p á qzyíª æ i that mapsa diagram �ìy âã �v�äåäå to �ìy , and considerthe
pullbackof thediagram

îïð#ñ:ò p$krq&óô âã
õö ÷÷÷÷÷÷

÷÷÷÷ øNù$úüû
îï

along p á qzy :
®
îï

® ó ô âã
ýþ ÿÿÿÿÿ

ÿÿÿ ®
îï
æ¤¶

(26)
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Lemma 7.7. Thecomposablefibration ® i ® i æ of (26) is an indexedfirst-order logic fibration with
an indexedfamilyof genericobjects.Thecomposablefibration hassimpleproducts,simplecoproductsand
verystrongequality.

Proof. Thecomposablefibration ®�i ®¤i æ is a pullbackof i ø i which hasthedesired
propertiesaccordingto LemmaA.8. All of this structureis alwayspreservedunderpullback,exceptsimple
productsandcoproducts.Thesearepreservedsincep á qzy preservesproducts.

Lemma 7.8. Thefunctor p á q y extendsto a morphismof fibrations:

ð#ñ:ò �¡ ����6£¤�� � îïîï £
���-�6¥ âã

îï

ð&ñ:ò p$krq
îï

æ ���-� ¥ âã ¶
Proof. Therequiredmapmapsanobject

���� � îïîï ��¥ âã �¡ ����6£¤�6¥� � îïîï £ ¥
of
ð#ñ:ò �¡  � �6£���¥� � îïîï £ ¥ to theobject �ìy âã k�y of

ð#ñ:ò p$krq . Likewisefor morphisms.

As aconsequenceof Lemma7.8we canextend(26) to

®
îïð#ñ:ò �¡  � �6£¤� ¥� � îïîï £�¥ âã

	
 ���������
������
® ó ô âã

�
 �����
���� ®

îï
æ¤¶

(27)

Denoteby thefull subcategory of æ on powersof
�¡  � ��£���¥� � îïîï £�¥ . If we erase ® from (27) andpull the

resultingdiagrambackalongtheinclusionof into æ we obtainthediagram

îï� âã
�� �����

��
îï
c

(28)

where is thepullbackof
ð#ñ:ò �¡  � �6£¤�6¥� � îïîï £�¥ .
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Theorem 7.9. Thediagram(28)definesa parametricAPL-structure.

Wewill prove Theorem7.9in aseriesof lemmas.

Remark 7.10. If is a toposand ` and a areboththesubobjectfibrationon k , thenthefibration i
is in factthemodelof

���
thatRobinsonandRosoliniprove to beparametricin thesenseof reflexive graphs

(Definition 6.1) in [13].

Corollary 7.11. If k is aninternalmodelof
� �

in a topos,which is “suitable for polymorphism”andclosed
undersubobjects,thentheparametriccompletionprocessof [13] providesa

���
-fibration that satisfiesthe

consequencesof parametricityprovablein Abadi& Plotkin’s logic.

Remark 7.12. Thetypes(theobjectsof ) in theAPL-structure(28) aremorphisms

�  ����6£�� ¥� � îïîï £�¥ Â i �¡ �����£�� ¥� � îïîï £�¥
in æ . Thustypescontainboth theusualinterpretation(themap ¦µy�ª k Ây i�k�y ) anda relationalinter-

pretation(themap ¦2�éª¨l�m3swp$krq?Ây iMl�moswp$krqzy ). But sincethemap
ð#ñ:ò �¡ �����£��6¥� � îïîï £�¥ i ® forgetsthe

relationalinterpretation,thelogic ontypes,givenby , is givenonly by thelogic on theusualinterpretation
of thetypes.To bemoreprecise,a logical relationin themodelof (28) betweentypes ¦ and § is a relation
in thesenseof thelogic between Ä� �:£��¥ ¦ y p É� qBi*k°Ây and Ä� �:£��¥ § y p É� q�i*k°Ây .

Noticealsothattherelationalinterpretationof atype(givenby ¦2� ) is in asenseparametricsincethediagram

l�m3swp$krq?Ây � � âã l�mvswp$krqzy

k°Ây � ¥ âã
� � �

k�y
�� �

is requiredto commute.This is basicallythereasonwhy theAPL-structureis parametric.

Considera morphism� betweentypes ¦ and § in the model. At first sight, sucha morphismis a pair of
morphism p���y�c ���µq with � � ª�¦ � i�§ � . But morphismsin l�moswp$krq aregiven by pairsof mapsin k , and
commutativity of

l�m3swp$krq Ây ! � âã"$# îï
l�m s p$krq �"%#îï

k°Ây ! ¥ âã k©�
tells usthat � � mustbegivenby p�� y c � y q . Thusmorphismsbetweentypesare morphismsbetweentheusual
interpretationsof typespreservingtherelationalinterpretations.

Lemma 7.13. Thefibration i is a
���

-fibration.

Proof. Sinceweknow that
�¡ ����6£¤�� � îïîï £ is internallycartesianclosedin æ thefibrationisfibrewisecartesian

closed. Since it clearly hasa genericobject, we only needto prove that the model hasthe right Kan
extensions.This is CorollaryB.6.

Lemma 7.14. i is fibredcartesianclosedand & is a faithful functorpreservingproducts.
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Proof. Thefirst statementfollows from thefactthat ø i is afibredcartesianclosedfibration.

& is a restrictionof thecomposition

ð#ñ:ò �¡  � ��£��� � îïîï £
	
 ���������

������
âã ®

'( )))))
))))
ó ô âã ®

îï
æ

¶

Themap ®�i ® is thepullbackof the inclusionof theexternalisationof a full internalcartesianclosed
category into ø . This is faithfull andproductpreservingby Assumption1.

Themap
ð#ñ:ò �   � �6£��� � îïîï £ i ® is themapthatmaps

¦�ª �¡  � ��£�� ¥� � îïîï £�¥ Â i �¡  � �6£¤� #� � îïîï £ #
to ¦µy�ª k Ây i�k � (for *|{,+:c.- denotingobjectsandmorphismsrespectively). Sinceproductstructureof
internalcategoriesof graphcategoriesis givenpointwise,thismapclearlypreservesfibredproducts.

As mentionedin Remark7.12,amorphismfrom ¦ to § with

¦^c[§�ª �¡ ����6£¤�6¥� � îïîï £�¥ Â i �¡ �����£���¥� � îïîï £�¥
is justa mapfrom ¦µy to §�y preservingrelations.Thusthefirst mapis alsofaithful.

Lemma 7.15. Thecomposablefibration i i is an indexedfirst-order logic fibration with an in-
dexedfamilyof genericobjects.Moreover, thecomposablefibrationhassimpleproducts,simplecoproducts
andverystrongequality.

Proof. This follows from Lemma7.7.

As in Remark3.4we cannow constructthefunctor / asneededin Definition3.3. Thuswe have:

Proposition 7.16. Thediagram(28)definesa pre-APL-structure.

Considerthegraph 0 : á� �
îïîï
á

á� �
îïîï
á

á1 1 1 1 123 44444 	

wherewe assumethatthetwo graphsincludedarereflexivegraphs.

Lemma 7.17. Thegraph 5*s : l�mvswp$krq� �
îïîï

k

l�mostp$krq� �
îïîï

k
l�mvswp$krq1 1 1 1 123 44444 	


is an internal modelof
���

in 6 .
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Proof. Theonly non-obvious thing to prove is that themodelhastheright Kan extensions.This is Corol-
lary B.7.

Denoteby }$5 Â s �87O� � thefull subcategory of 6 on powersof 5js .

Proposition 7.18. There is a reflexivegraphof
���

-fibrations

îï âã
ð#ñ:ò p95*swq

îï
}:p95jstq?Ây �87 � �

äå
äå

Remark 7.19. Thereflexive graphin [13] arisesthisway, althoughthesetupof [13] is slightly different.

Proof. An objectof
ð&ñ:ò p95 s q over p95 s q?Ây is a mapin 6

l�m s p$krq?Ây� �
îïîï

k°Ây

l�m s p$krq?Ây� �
îïîï

k°Ây
l�m s p$krq?Ây1 1 1 1 123 44444 	
 i

l�m s p$krq y� �
îïîï

k�y

l�m s p$krq y� �
îïîï

k�y
l�m s p$krqzy1 1 1 1 123 44444 	
 ¶

Let us denotesuch objectsas triples pK¦^c��Gc[§¨q where ¦^c[§ ª �¡ �����£��6¥� � îïîï £�¥ Â i �¡ :�¾�6£¤�6¥� � îïîï £�¥ and ��ª
l�m3stp$krq Ây i*l�m3sËp$krqzy . Thedomainandcodomainmapsof thepostulatedreflexive graphmap pK¦^c��³c[§³q
to ¦ and§ respectively, andthelastmapmaps¦ to pK¦^c�¦2�üc�¦¼q .
Wecandefine5 u as l�m3swp$krq� �

îïîï
k

l�moswp$krq� �
îïîï

k
l�m u p$krq1 1 1 1 123 44444 	
 ¶

With Remark7.12in mind,we maythink of elementsof 5*u aspairsof typesandrelationsbetweenthem.

Lemma 7.20. 5ju is an internal modelof
���

in 6 .

Proof. We needto checkthat 5*u is internally cartesianclosed,andhasthe right Kan extensions.This
follows from Lemma7.3andCorollaryB.7.

As before,we denoteby }:p95 u q?Ây �;7 � � thefull subcategory of 6 on powersof p95 u q?Ây .

Lemma 7.21. Thereexistsa mapof
���

-fibrations

ð#ñ:ò p95jstq
îï

}:p95jsËq Ây �;7 � �
âã

ð#ñ:ò p95*utq
îï

}:p95*utq?Ây �;7 � �
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such that thegraph

îï âã
ð#ñ:ò p95*uwq

îï
}:p95jutq?Ây �87 � �

äå
äå

is a reflexivegraphof
���

-fibrations.

Proof. As in theproofof (7.18)objectsof bothtotalcategoriesaregivenby triples pK¦^c��Gc[§¨q . Themapof the
first diagrammapspK¦^c��Gc[§¨q to pK¦^c[Ø=<	�>< Ê Â&c[§¨q , with Øtc Ê asin Lemma7.5,andÊ Â denotingÊ ��¶�¶�¶�� Ê (as
opposedto then-fold compositionof Ê with it self). In theseconddiagram,thetwo mapsfrom right to left
sendpK¦^c��³c[§³q to ¦ and § respectively, andthemiddlemapis thecompositionof thefirst mapandthemap
of Proposition7.18.

Weneedto checkthatthemapsinvolvedpreserve
���

-structure.Thetwo mapsfrom right to left in thesecond
diagramclearly preserve the cartesianclosedstructure,andthey preserve the simpleproductstructureby
CorollaryB.7.

Themapof thefirst diagrampreservescartesianclosedstructuresinceØ does(Lemma7.5). To seethat it
preservessimpleproducts,we needto show that

p�Ø?< �@< Ê ÂBA � qB{�ØC< pK�GqD< Ê Â ¶
This follows from E ² p�Ø?<w�F< Ê ÂBA � qE <HG ²�ØC<t�I< Ê ÂJA �Ê < E <HG=<½Ø ÂJA � ²·�Ê < E <½Ø Â <HG ²·�Ê < E <�Ø Â ² pK�GqE ²�ØC< pK�GqD< Ê Â
wherewe have usedÊ�Ý Ø .

Weneedto prove thatthemapof thefirst diagramcommuteswith reindexing. Supposewehave maps

p95*swqLKy M âã p95*stq Ây � âã p95*swqzyd¶
If we map ¦ § {¿§ ´ pK¦¼q usingthemapof thefirst diagramthemiddle mapof the resultbecomesØt¦ § Ê K .
If we mapfirst, andthenreindex, themiddlemapof theresultbecomesØt¦ Ê Â:Ø�Â:§ Ê K . Thesetwo mapsare
equalsinceÊ Øí{±Ú�Û .

As mentioned,anobjectof
ð#ñ:ò p95 u q canbedenotedby a triple pK¦^c��Gc[§¨q , where ¦ and § aretypesin the

samefiber (thatis, objectsof in thesamefiber) and � is amorphisml�mouwp$krq Ây i*l�mvuwp$krqzy suchthat
thediagram

l�mouwp$krqzy
NO P P P P P

P P P
'( QQQQQ

QQQl�mouwp$krq Ây
�
 RRRRR

RRR
ST U U U U U

U U U
� VW XXXXXXXXXX

k�y k�y
k Ây

� ¥ VW YYYYYYYYYYYYYYYYYY k Ây M ¥ VW XXXXXXXXXXXXXXXXX

(29)
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commutes.

Now, asnotedin Remark7.12typesin thepre-APL-structure(28)aregivenby bothanordinaryinterpreta-
tion of typesanda relationalinterpretationof types,but relationsbetweentypesarejust givenby relations
betweentheordinaryinterpretationof types.Since l�moutp$krqzy is thecollectionof relationsin the logic a
which is the basisof the logic in the model (28), we may think of � asa mapthat takes an 7 -vectorof
relations ÉZ Æ É[ � É\ andproducesa new relation �³p ÉZ q Æ ¦¼p^É[ q �3§¨p É\ q . Thuswe maythink of the triplepK¦^c��Gc[§¨q asanobjectof theform] ] É[ c É\ � ÉZ Æ É[ � É\?^ �Gp Z q Æ ¦¼p#É[ q���§¨p É\ q�_ _
interpretedin theAPL-structure.So thefibration

ð#ñ:ò p95*uwq i }:p95*utq Ây �`7Ü� � should,accordingto
this intuition,beasubfibrationof mba�c è#ê%d�egfih i*mba�c çéê$j andthereflexivegraphweneedfor therelational
interpretationof typesshouldbegivenby thereflexivegraphof Lemma7.18.In whatfollows wewill make
this intuition precise.

Note that sincewe have proved that the diagram(28) definesa pre-APL-structure,we canreasonabout
it using the partsof Abadi & Plotkin’s logic not involving the relational interpretationof types. In the
following we shallusethis to work in theinternallanguageof thepre-APL-structure.

Lemma 7.22. Given two types ¦ , § there is a bijective correspondencebetweenmaps � making(29)
commuteandrelations ] ] É[ c É\ � ÉZ Æ É[ � É\?^ � Æ ¦¼p^É[ q���§¨p É\ q�_ _
in thepre-APL-structure. Pointwiseorderingbetweensuch mapscorrespondsto theorderingof relations,
i.e., ��² E

in thepointwiseorderingof mapsiff] ] É[ c É\ � ÉZ Æ É[ � É\?^ ��_ _�² ] ] É[ c É\ � ÉZ Æ É[ � É\?^ E _ _
¶
If ¦�{�§ and � preservesequality, then ] ] É[ �«� ]

eqÄk _ Æ ¦¼p^É[ q��©¦¼p^É[ ql_ _
is theequalityrelation.

Proof. Considera map � asrequired. Since l�mvuwp$krqzy�{ k � m¡�:£�¥on kqp m
sucha � is really a family of

maps

pK� Äk � Äm ª �lr Â n k # p m # i n � ¥K� Äk � p M ¥�� Äm^� q Äk � Äm ¶
Sincetheinterpretationof É[ c É\ � ÉZ Æ É[ � É\ is

Äk � Äm¡�:£ � � n k # p m # i%k � Â
andthegenericobjectfor i ø in thefibre over k � Â is n �ok � Â i k � Â , we getthecorrespondence.
Sinceboththeorderingbetweenmaps� andtheorderingin thefibersof is givenby theinternalordering
in n we getthecorrespondencebetweentheorderings.

Theinterpretationof É[ �«� ]
eqÄk _ Æ ¦¼p^É[ q��©¦¼p^É[ q

is thefamily of maps

p - s t âã �lr Â n k # pJk # �vuw%x uw âã n � � Äk � p � � Äk � q Äk
which is equalityif � preservesequality.
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If weby denotetherestrictionof myaBc çéê$j to thepowersof [ c \ � Z Æ [ � \
(i.e. powersof thegeneric

objectof myaBc è#ê$dlezf{h i*mbaBc çÇê$j ) thenthefibrationobtainedby restriction

myaBc è#ê$dlezf{h âã
îï

mba�c è#ê$dlegfih
îï

ó ô âã mba�c çéê$j
is a

� �
-fibration,andtheobjectsin thetotal category areobjectsof theform

É[ c É\ � ÉZ Æ É[ � É\?^ Ê Æ ¦¼p^É[ q���§¨p É\ qK¶
Proposition 7.23. There is an isomorphismof

� �
-fibrations:

ð#ñ:ò p95juËq
îï

}:p95*utq?Ây �;7 � �
| } âã

myaBc è#ê$dlezf{h
îï

Proof. Themorphism}:p95*uËq?Ây �~7©� �di is definedon objectsto map p95*uwq?Ây to

] ] [ �µc�¶�¶�¶ c [ Â c \ ��c�¶�¶�¶�c \ Â ^ ÉZ Æ É[ � É\ _ _
¶
An object pK¦^c��Gc[§¨q in

ð#ñ:ò p95juËq � ��� � �¥ shouldbemappedto a relationin theabove context. Let uschoose
this to be the relation given by Lemma7.22. This clearly definesa bijection betweenthe objectsand
determinesthemorphismpartof thelower functor.

We needto show that themap
ð#ñ:ò p95*utq i myaBc è#ê$dlezf{h

commuteswith reindexing. Sosupposewe are
givenamapin }:p95*utq Ây �;7 � �

l�mouwp$krq?Ây
NO � � � � �

� � �
'( )))))

)))l�m u p$krq Ky
�
 �����

���
ST � � � � �

� � �
Ä� VWXXXXXXXXXXX

k°Ây k°Ây
k Ky

Ä� �¥ VW YYYYYYYYYYYYYYYYYYY k Ky
ÄM � ¥ VW XXXXXXXXXXXXXXXXX

Reindexing in
ð#ñ:ò p95juËq	i�}$5 Â u �;7 � � alongthismapis by composition,soreindexing pK¦^c��Gc[§¨q first

andthenmappinginto myaBc è#ê$dlezf{h
givesus

] ] É[ ® c É\ ® � ÉZ ® Æ É[ ® � É\ ® ^ �³p ÉE p ÉZ ® qKq Æ É¦Gp É¦ ® p^É[ ® qKq�� É§³p�É§ ® p^É[ ® qKql_ _
¶ (30)

If we mapfirst andthenreindex, we mustreindex

] ] É[ c É\ � ÉZ Æ É[ � É\�^ � Æ É¦¼p^É[ q��ÜÉ§³p#É[ ql_ _
along p ] ] É[ ® c É\ ® � ÉZ ® Æ É[ ® � É\ ® ^ E � p ÉZ ® q Æ ¦ ®� p#É[ ® q��ÜÉ§ ®� p#É[ ® q�_ _
q �lr Â c
which is doneby first substitutingthe types É¦ ® p^É[ ® qKc¡É§ ® p É\ ® q for the free types É[ c É\ andthensubstitutingthe
relations ÉE ® for thefreerelations ÉZ in � , obtaining(30).
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Wemustshow thattheisomorphismonobjectsextendsto a functorthatis bijective onverticalHom-sets.A
verticalmorphismfrom ] ] É[ c É\ � ÉZ Æ É[ � É\?^ � Æ ¦¼p^É[ q���§¨p É\ ql_ _
to ] ] É[ c É\ � ÉZ Æ É[ � É\�^ E Æ ¦ ® p^É[ q���§ ® p É\ q�_ _
in myaBc è#ê$dlezf{h

is apairof morphismsp��µc.�«q with �¤ª#¦°i�¦ ® and � ª«§�i�§ ® suchthat

] ] ��_ _�² ] ] p��Ë���«q ´ E _ _
c (31)

On theotherhanda verticalmorphismin
ð#ñ:ò p95 u q from pK¦^c��Gc[§¨q to pK¦¡®�c E c[§)®$q is a pair of morphismsp���c.��q where�¤ª&¦�i(¦ ® and �Ëª«§°i­§ ® satisfy

f¾p^ÉÊ Æ É[ � É\ q:ª&l�m u p$krq Ây ¶��Gp¡ÉÊ qB²~p���p^É[ q�����p É\ qKq ´ E p¡ÉÊ qK¶ (32)

Weneedto show thatthetwo conditions(31) and(32) areequivalent.But theindexedfamily of maps

pKp¡ÉÊ Æ É[ � É\ q:�i(p���p^É[ q�����p É\ qKq ´ E p¡ÉÊ qKq Äk � Äm
correspondsto

] ] p��t����q ´ E _ _ . Sotheequivalenceof (31) and(32) follows from thecorrespondenceof order
relationsof Lemma7.22.

Proposition 7.24. Thepre-APL-structure (28)hasa full APL-structure.

Proof. Define � to bethecompositionof themapfrom 7.21andtheisomorphismof 7.23.

Lemma 7.25. TheAPL-structure (28)satisfiesextensionality.

Proof. Themodelhasvery strongequality, which impliesextensionality(4.2).

Lemma 7.26. TheAPL-structure (28)satisfiestheidentityextensionaxiom.

Proof. Considera type ¦ with 7 freevariables.Weneedto show that

] ] É[ ^
eqÄk _ _ ´ �½pK¦¼q	{ ] ] É[ ^

eq� � Äk � _ _
¶
Themap � is definedasthecompositionof two maps.Thefirst mapmaps¦ to pK¦^c[ØC<w¦2�{< Ê Â c�¦¼qBª

l�mostp$krq?Ây� �
îïîï

k°Ây

l�moswp$krq?Ây� �
îïîï

k°Ây
l�m u p$krq Ây1 1 1 1 123 44444 	
 i

l�m s p$krq y� �
îïîï

k�y

l�m s p$krq y� �
îïîï

k�y
l�m u p$krqzy1 1 1 1 123 44444 	
 ¶

Since ¦ makesthediagram

l�mop$krq Ây
îïîï

� � âã l�m�p$krq y
îïîï

k°Ây
� �

� ¥ âã k y
� �

commutewe know that ¦2�üp eqÄk q�{ eq� ¥N� Äk � , andsinceÊ c[Ø preserve equality, Øt¦2� Ê Â mapsequalityto equal-
ity. Lemma7.22now tells usthat �½pK¦¼q instantiatedwith equalitygivesequality, asdesired.
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Theorem7.9is now thecollectedstatementof 7.24,7.25,7.26and7.15.

Remark 7.27. As mentionedin the introductionto this section,the concreteAPL-structureof Section5
canbe consideredasa resultof the parametriccompletionprocess.If we considerthe internalcategory� a�� in thecategory ` h$�

of assemblies,with `¬{Ùa , thenusingtheparametriccompletionprocesson
this datawe obtaintheAPL-structureof Section5. To seethis, we needto usethefact that thereexistsan
isomorphismof fibrations ��� èq� p$` h$� q

�� ��������
���

| } âã ` h$� ø
�� � � � � � �

� � � �
` h$� ¶

8 Conclusion

Wehave definedthenotionof anAPL-structureandprovedthatit providessoundandcompletemodelsfor
Abadi andPlotkin’s logic for parametricity, therebyansweringa questionposedin [10, page5]. We have
alsodefineda notionof parametricAPL-structures,for which we canprove theexpectedconsequencesof
parametricityusingtheinternallogic. Theconsequencesprovedin thisdocumentareexistenceof inductive
and coinductive datatypes.Theseconsequenceshave, to our knowledgenot beenproved in generalfor
modelsparametricin thesenseof Ma & Reynolds,but only for specificmodels.

Wehave presenteda family of parametricmodels,someof whicharenotwell-pointed.Thismeansthatour
notionof parametricityis usefulalsoin theabsenseof well-pointedness.

Wehaveprovidedanextensionof theparametriccompletionprocessof [13] thatproducesparametricAPL-
structures.This meansthat for a large classof models,we have proved that theparametriccompletionof
RobinsonandRosoliniproducemodelsthatsatisfytheconsequencesof parametricity.

In subsequentpapers,we will show how to modify theparametriccompletionprocessto producedomain-
theoreticparametricmodelsandhow to extendthenotionof APL-structureto includemodelsof linear/non-
linear

���
[9].

A ComposableFibrations

Thisappendixis concernedwith thetheoryof composablefibrations.It containsdefinitionsreferedto in the
text.

Supposewe aregivenacomposablefibration:

� âã t âã
Weobserve that

� Thecomposite�;� is a fibration.This is easilyseenfrom thedefinition.

� If � and � arecloven,we maychoosea cleavageby for each& in ���D  and¡ ª)� i¢�8�g& lifting ¡
twice to ¡ .

� If � , � aresplit thecompositefibrationwill besplit since£�¡©{ £I< ¡�{ £@< ¡ .
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Thusin thecaseabove we mayconsiderthecomposablefibrationasa doubly indexed category, andrein-
dexing in with respectto ¡ in is givenby ¡½´
Thelemmasbelow referto thefibrations� , � above.

Definition A.1. Wesaythat p¥¤�¦�q ¦ ��§B¨ª©;« is anindexedfamily of genericobjectsfor thecomposablepairof
fibrationsp��¨c.��q if for all Ã , ¤ ¦ �¬�­�D  ¦ is agenericobjectfor therestrictionof � to ¦ andif thefamily
is closedunderreindexing, ie., for all morphisms¡�ª#ÃÜi¯® in , ¡ ´ p¥¤�° q	ë{ ¤�¦ .

Beforewe definetheconceptof anindexedfirst-orderlogic fibration,we recall thedefinitionof first-order
logic fibration.

Definition A.2. A fibration ��ª i is calledafirst-order logic fibration if

� � is afibredpreorderthatis fibredbicartesianclosed.

� hasproducts.

� � hassimpleproductsandcoproducts,i.e., right, respectively left adjointsto reindexing functors
inducedby projections,andthesesatisfytheBeck-Chevalley condition.

� � hasfibredequality, i.e., left adjointsto reindexing functorsinducedby Ú]Û¯�y±¹ª²&t�y�ri¯&t�y���y� ,
satisfyingtheBeck-Chevalley condition.

ReadersworriedabouttheFrobeniusconditionshouldnotethatthiscomesfor freein fibredcartesianclosed
categories.

Definition A.3. We saythat p��¨c.��q hasindexed(simple)products/coproducts/equality if eachrestrictionof� to a fiber of � hasthesamesatisfyingtheBeck-Chevalley condition,andthesecommutewith reindexing,
i.e., if ¡ is amapin thenthereis anaturalisomorphism³¡B´ � ë{ ´¶µ � ³¡½´ or ³¡½´ � ë{ ´%µ � ³¡B´ (thiscan
alsobeviewedasaBeck-Chevalley condition).

Definition A.4. We say that p��¨c.��q is an indexed first order logic fibration if � is a fibrewise bicartesian
closedpreorder, and p��¨c.��q hasindexedsimpleproducts,indexedsimplecoproductsandindexedequality.

We canalsotalk aboutcomposablefibrations p��¨c.��q simply having products,coproducts,etc. This should
be the caseif the composite�8� has(co-)products,but we shouldalso requirethe right Beck-Chevalley
conditionsto hold. Noticethatsince¡ ´ in �8� is thesameas ³¡ ´ in � we canwrite theproductaseither ´
in �;� or ·´ in � .

Definition A.5. We saythatthecomposablefibration p��¨c.��q has(simple)(co-)productsif thecomposite�8�
hasthesamesatisfyingBeck-Chevalley. Moreover the(co-)products ·´ ( ·´ ) mustsatisfyBeck-Chevalley
for pullbackdiagramsof theform:

¡ ´ Ã ·´ âã
´ µ � îï

Ã �îï
¡½´¸® ·´ âã ®¯¶

(33)

OnecouldalsoformulatetheBeck-Chevalley conditionin DefinitionA.5 asjust requiringthat ·´ satisfies
theBeck-Chevalley conditionin thefibration � . However, weliketo think of thisastwo differentconditions,
thefirst sayingthat(co-)productsmustcommutewith reindexing in , theothersayingthatit mustcommute
with reindexing in thefibersof � .
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In thecaseof theAPL-structures,the logical contentof theBeck-Chevalley conditionfor diagramsof the
form (33) will bethat p�f [ ªº¹¼»B½ª¾�¶��Gq ] �.¿1ºz_�{�f [ ª¼¹º»J½ª¾�¶�pK� ] �¸¿1ºg_
qK¶
Definition A.6. We saythata first-orderlogic fibrationhasverystrongequality if internalequalityin the
fibrationimpliesexternalequality.

Definition A.7. We saythat the indexed first orderlogic fibration p��¨c.��q hasvery strong equality if each
restritionof � to afibre of � has.

Thenext lemmagivesaway of obtainingindexedfirst-orderlogic fibrations.

Lemma A.8. Suppose ®Bi is a first-order logic fibration with a genericobjecton a locally cartesian
closedcategory . Supposefurther, that ® i hasproductsandcoproductswith respectto mapsÃ·�H°Ã ® i(Ã frompullback diagrams Ã~�H°©Ã ® âã

îï
Ã
îï

Ã�® âã ®¯c
andcoproductswith respectto maps

Ú]ÛJÀ �H°C±Á¦|ªoÂ¿�H° �¤ÃÜi¯Â �:°©ÃÞ�:°©ÃËc
all satisfyingtheBeck-Chevalley condition.Thenthecomposablefibration

âã ø
ù
úNû
âã c

where i ø is thepullback âã
îï

®
îï

ø
û1ú¥Ã

âã c
is anindexedfirst-order logic fibrationwith anindexedfamilyof genericobjects,simpleproductsandsimple
coproducts.Moreover, if ®Gi hasverystrongequality, sodoesthecomposablefibration.

Proof. Thefibredbicartesianstructureexistssincethefibresof i ø arethefibersof ® i . This
structureis clearlypreservedby reindexing.

Thefibrewiseproductof ÃÜi¯® and Ã ® i¯® in ø is ÃÞ�H°OÃ ® iÄ® with projection

ÃÞ� ° Ã�® Å âã
õö ÆÆÆÆÆÆ

ÆÆÆ Ã
ÇÈ É É É É É

É É É
®

¶

The indexed (co-)productalongthis mapin i ø is the (co-)productalong G in , which exists by
assumption.For theBeck-Chevalley conditionfor verticalpullbacks,recall thatthedomainfunctor ø i

preservespullbacks,sofor averticalmap

Ã ® ®
� âã

Ê� ËËËËËË
ËË Ã

ÇÈ É É É É É É
É É

®
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takingthepullbackof G along ¦ in thecategory ø , andthenapplyingthedomainfunctorgivesthepullback

Ã ® ® �H°©Ã ®
îï

âã ÃÞ�H°OÃ ®
îï

Ã�® ®
� âã Ã

in , sothattheBeck-Chevalley conditionin thiscasereducesto Beck-Chevalley for thefibration ®Gi .

To prove thattheseindexedsimple(co-)productscommutewith reindexing, considera map ¡ ªi® ® i¢® in
. Weneedto prove thatfor thediagram

¡½´µpKÃ q�� ° � ¡½´1pKÃ�®?q
ÅÌÍ Î Î Î Î Î Î Î Î
Î Î Î Î

·´ âã

îï

Ã~�H°©Ã ®
ÅÏÐ Ñ Ñ Ñ Ñ Ñ Ñ
Ñ Ñ Ñ

îï
¡ ´ Ã ·´ âã

�� ÒÒÒÒÒÒÒÒ
ÒÒÒÒÒÒ Ã

õö ÆÆÆÆÆÆ
ÆÆÆÆ

® ® ´ âã ®¯c
we have, for products ³¡½´ Å ë{ Å ³¡B´ andfor coproducts³¡½´ Å ë{ Å ³¡B´ . But this follows from the
Beck-Chevalley conditionin ®³i .

Indexedfibredequalityis givenby coproductalongmaps

Ú]Û À � ° ± ¦ ªDÂ � ° ÃÜiÄÂ±� ° Ã � ° ÃËc
which arerequiredto exists. As with indexed (co-)products,theBeck-Chevalley conditionsreduceto the
Beck-Chevalley conditionsfor ®³i .

Wedefinethefamily of genericobjectsto betheprojectionsp n �Ó®±i¯®¯q ° �`Ô in ø wheren is thegeneric
objectof i . This family is clearlyclosedunderreindexing, andmaps

Ã Õ âã
� �� �����
�� n ��®

ÅÏÐ Ö Ö Ö Ö Ö Ö
Ö Ö Ö

®
correspondto mapsÃÜi n in , whichcorrespondto objectsof ® ¦ ë{ � .

Weshallprovethatwehavesimpleproducts;simplecoproductsareprovedsimilarly. SupposeG ª È � È ®GiÈ is aprojectionin . For ¦°ª#ÃÜi È in ø , ³G is themap

ÃÞ� È ®� po×ÙØ îï
Å âã Ã �îïÈ � È ® Å âã È ¶

Reindexing alongthismapin correspondsto reindexing in ® alongG ª#ÃÞ� È ® i�Ã , soby existenseof
simpleproductsin ®¼i we have a right adjoint G�´ Ý Å .
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Weneedto prove Beck-Chevalley first for pullbacksin . In this caseapullbackin lifts to thepullback

È �y¡½´µÃ
îï

×ÙØ¶p ·´ âãÅ �ÌÍ Ú Ú Ú Ú È �rÃ
×ÛØªp �îïÅ �ÓÔ Õ Õ Õ Õ Õ¡ ´ Ã ·´ âã

îï
Ã �
îïÈ � È ® ®Å �ÌÍ Ú Ú Ú Ú Ú ×ÙØ¶p ´ âã È � È ®

Å ��� Ü Ü Ü ÜÈ ® ® ´ âã È ®
in ø (the given pullbackdiagramin is the bottomdiagram). The Beck-Chevalley condition for this
pullbackreducesto theBeck-Chevalley conditionfor theuppersquarein ®³i which is known to hold.

WeshouldalsocheckthattheBeck-Chevalley conditionholdsin thecaseof thepullback.

Ã ® � È ®
Õ po×ÛØ
ÓÔ Õ Õ Õ Õ Õ Õ

Õ Õ Õ Õ
·Å âã

îï

Ã ®
ÕÇÈ É É É É É

É É É

îï
ÃÞ� È ® ·Å âã

ÌÍ ÎÎÎÎÎÎ
ÎÎÎÎ Ã

�� ÝÝÝÝÝ
ÝÝÝ

È � È ® Å âã È
But againthis reducesto theBeck-Chevalley conditionfor ®Gi because³G is aprojection.

Verystrongequalityis clearlypreserved.

B Existenceof certain Kan extensions.

ThisappendixcontainsTheorems3.1and4.1of [13]. Thesebasicallytell usthattheparametriccompletion
processgivesmodelsof polymorphism.Wehave generalisedthetheoremsabit to fit our setting.

To sumup thesituation,asstatedby theassumptionsof Section7, we aregivenaninternalmodel k of
���

in theambientcategory , andtwo internallogic fibrations,

`
Ê� ËËËËË

ËËËó ô âã a
îï
ó ô âã Þàß � £
ÏÐ Ö Ö Ö Ö Ö Ö

Ö Ö
kr¶

Thelogicsgivenby ` and a areassumedto beclosedunder b|c�e	c�gdc[f andequality.

We cannow constructl�m3sËp$krq and l�mouwp$krq asthe internalcategories(in ) of relationsin the logic `
and a , respectively. Weshallalsosimplywrite l�m�p$krq for theinternalcategory of relationsin theinternal
subobjectfibration.Further, let m3stp$krq denotetheinternalcategory

l�mvswp$krq" ¥
ST U U U U U

U U " � �
 RRRRR
RR

k k
in á , where â is theobviousdiagram.Likewise,we definemoutp$krq and mop$krq basedon l�m3utp$krq andl�mop$krq , respectively.
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We have furtherassumedthat k hasright Kan-extensionsof mapsfrom l�mvswp$krq Ây and l�mvuwp$krq Ây along
projections,andthatfor any l�mostp$krqzy (respectively l�mouwp$krqzy ) indexedfamily of subobjectsÃ Å Æ~È Å in` (respectively a ) theproduct Ã Å Æ È Å is in ` (respectively a ).

Wefirst prove apracticallemma.

Lemma B.1. SupposetheKan extensionãåä�æ�p¥ç|q in thediagram

æ âãè îï ézê�ë � è �ÇÈ É É É É É
É É

exists. If , are discrete, then ãåä æ p¥çdq is givenasa pointwiselimit construction(as in [7, Theorem1,
p.237]).

Proof. Weneedto prove thatfor any ì�� y ,
ãíä æ p¥çdqKp¥ì&q�{ïîñð òòDó pBp¥ìbôÁõvq âã è âã qKc (34)

where p¥ìöô÷õ�q is the commacategory, whoseobjectsare pairs p¥ø�� y�c�¦�ªIì¹i õvp¥øzqKq and whose
morphismsaremorphismsin makingtheobviousdiagramcommute.Thefunctorinto is theprojection.
First we notice,that since c arediscrete,p¥ìCô�õ�q ë{ õ�ù � p¥ì&q , andthereforetheobjecton the right of
(34) is simply theproduct ú � æ>û � � Õ � çdp¥øzqK¶
Considertheadjointnessrelationof right Kanextensions:

ü ñ~ý p à õrc.çdq ë{ ü ñ~ý p à c.ãåä æ p¥çdq�qK¶
Since is discrete,naturaltransformationsarejust familiesof maps,so

üËñ~ý p à õvc.ç|q'ë{ ú �ªþ�ÿ�� ò�� p à õ�p¥ø�qNc.çdp¥øzq�që{ Õ ���
ú � æ û � � Õ � ÿ��

ò�� p à p¥ì¨qNc.çdp¥øzq�q
and üËñ~ý p à c.ãíä æ p¥çdq�q	ë{ Õ ���Óÿ�� ò�� p à p¥ì¨qNc.ãåä æ p¥ç|qKp¥ì&q�q
sofor eachì�� we musthave

ÿ�� ò�� p à p¥ì¨qNc.ãíä æ p¥çdqKp¥ì¨qNq'ë{ ú � æ û � � Õ ��ÿ��
ò�� p à p¥ì&qNc.ç|p¥ø�qNq

ë{ ÿ�� ò�� p à p¥ì&qNc ú � æ û � � Õ � ç|p¥ø�qNqK¶
By Yoneda, ãíä æ p¥çdqKp¥ì&q�ë{ ú � æÁû � � Õ � çdp¥øzqKc
whichwe provedearlierto beisomorphicto theright handsideof (34).

Thenext theoremis [13, Theorem3.1].
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TheoremB.2. If thereareright Kanextensionsfor functors outof thecategories
ç

,
ç y and

ç � into k and
theseKanextensionsare givenbypointwiselimits, then mvp$krq hasright Kanextensionsfor functors outof
graphsof theform ç

" ¥
	
 � � �
� � � " ��
 ����

��
ç y ç �

Let usfirst prove a lemma.

Lemma B.3. Supposethe family of mapsin a coneof a diagram is jointly monic. Thenthe inducedmap
into thelimit is monic.

To illustrateLemmaB.3, consider

® � âã
� � �� ÝÝÝÝÝ
ÝÝÝ ���

	
 44444444
44444444

4 îñð òòDó � Â �
�� Ö Ö Ö Ö Ö

Ö Ö Ö îï �� �����
�����

Â � âã Â � âã ¶�¶�¶
where ¦ is themapinto thelimit inducedby the ¦ � ’s. Thelemmastatesthatif the ¦ � arejointly monicthen
themap ¦ is monic.

Proof. Following the illustration above, supposewe aregiven two maps§³c.ì into ® suchthat ¦ §�{­¦oì .
Thenwemusthave ¦ � §°{~¦ � ì for all * , sosincethe ¦ � arejointly monic, §�{ ì .

Proofof Thm.B.2. Supposethatwearegivenadiagramof theform

ç
" ¥
�� � � �
� � �
� � �
� " ��� ÝÝÝÝÝÝ

è
îï

æ âã �" ¥
�� � � �
� � �
� � � " ��
 �����ç � æ � âã

è �
îï

� �ç y æ ¥ âã
è ¥
îï

� y
l�mop$krq

" ¥
�� � � �
� � �
� � � " ��� ������ k

k
We needto constructmaps

Z ª � i l�m�p$krq , Z yrª � y©i k and
Z ��ª � ��i k that make up a Kan

extensionof p¥ç	c.ç&y�c.ç��µq along p¥õ�c.õÇy2c.õ¸�1q . By assumptionswe have canonicalchoicesfor two of these
maps: Z yd{ïãåä æ ¥ p¥ç¨y2qKcZ �¤{ïãåä æ � p¥ç½�µqK¶
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To define
Z

we shallconsiderthemap � � ª¨l�mvp$krqti(k definedby mapping

�
 ! ""#$ % %� � in l�m�p$krq to

�

andwe shalldenoteby ç �
thecomposite� � ç . Wecanthendefine

Z � { ãíä æ p¥ç � qK¶
Let uswrite out theassumptionthattheKanextensionsaregivenby pointwiselimits:

Z � p'&|qM{ îñð òòDó)( ø æ À ç � p¥Â�qKcZ y:p'&	y2qM{ îñð òòDó ( ¥ ø æ ¥ À ¥ ç&y2p¥Â½y2qKcZ �1p'&Ë�µqM{ îñð òòDó ( � ø æ � À � ç��µp¥Âw�µqKcZ y*��y2p'&|qM{ îñð òòDó " ¥ ( ø æ ¥ À ¥ ç&y2p¥Â½y2qKcZ �+�¡�µp'&|qM{ îñð òòDó " � ( ø æ � À � ç��µp¥Âw�µqK¶
We shall furtherdenoteby

Z ®y themap ãíä æ p¥ç&y*��y2q andby
Z ® � themap ãåä æ p¥ç½�+� �µq . Theassumptionson

Kanextensionsthenleadto Z ®y p'&|qM{ îñð òòDó ( ø æ À ç¨y*��y2p¥Â|qKcZ ® � p'&|qM{ îñð òòDó ( ø æ À ç � � � p¥Â|qK¶
For eachÂ±� ç , çdp¥Â�q is a relationof theform:

ç � p¥Â|q
�� �����

��
ÇÈ É É É É É

É É
ç¨y*� yàÂ ç��+�¡�¸Âw¶

Takingthelimit of this constructionyieldsapairof maps:

Z � p'&|q�-,µ¥N�/.
NO � � � � �

� � �-, � �/.'( )))))
))

Z ®y & Z ® � &
whicharejointly monicby LemmaB.3. Therelationrepresentedby p10 y c20 � q couldbeagoodfirst guessforZ p'&|q , exceptfor thefactthat

Z p'&|q shouldbea relationfrom
Z y*��y�p'&�q to

Z �+� �1p'&�q . To getthiswe needto
pull p102y2c20¨�µq backalongamaprelating

Z y*� y:p'&|q�� Z �+� �µp'&�q to
Z ®y p'&|q�� Z ® � p'&�q .

To definea map p���y:q ( ª Z y*��y:p'&|qwi Z ®y p'&�q we needto definemapsfrom
Z y*� y2p'&�q to ç¨y*� y:p¥Â�q , for each

map &±iÄõ Â , suchthatthesemapsconstituteacone.

Given ¦Oª3&Ùi õ Â we have � y:¦ ª4��y�&Ùi5��y`õ Âx{öõÇy6��y Â . By the limit constructionof
Z y*��y2p'&|q we

have amap G " ¥ � ª Z y6� y2p'&�q	i¯ç¨y*� y2p¥Â�qK¶
To show thatthesemapsconstituteacone,supposewe have

&�
�� � � �
� � � M  ! """"

""

õ Â æ Õ âã õ Â ® ¶
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Then ��yü§°{ïõÇy6��y ìÓ<)��y2¦ sothat

îñð òòDó " ¥ ( ø æ ¥�� À ¥N� ç¨y2p¥Â½y2q
Å87 ¥:9ÓÔ ; ; ; ; ; ; ;

; ; ; ; Å87 ¥=< �� ��������
���

ç y � y p¥Â�q è ¥ " ¥ Õ âã ç&y*��y2p¥Âw®zqKc
sincethelimit is a cone.By universalityof limits, this coneinducesa map p���y:q ( ª Z y6� y2p'&�q�i Z ®y p'&|q , as
desired.Likewisewe candefine p����1q ( ª Z �+� �1p'&|q�i Z ® � p'&|q .
Sowecandefine

Z p'&�q to betherelationobtainedby thepullback

³Z p'&|qîï> Å ¥ � Å �@? îï
âã Z � p'&|qîï > �-, ¥ �/.¨� �A,¶�[�B.C?îïZ y*� y:p'&�q�� Z �+� �µp'&�q � ! ¥N� . p � ! � � . âã Z ®y p'&�q�� Z ® � p'&|qK¶

It is easily seenthat the maps 02y2c20¨�µc ��y�c ��� are natural transformationssuchthat ³Z being the limit of a
diagramof functorsis a functor. Thus

Z
is a functor.

We needto prove that p Z c Z y2c Z �µq is a right Kan extensionof p¥ç�c.ç&y2c.ç½�µq along p¥õ�c.õÇy:c.õ¸�µq . We needto
defineuniversal D$ydª Z yàõÇyFE ç&y , D1�¤ª Z �~õ¸�GEÄç½� , D�ª Z õHEÄç . Thetwo transformationsD
y2c�Dü� exist by
definitionof

Z y and
Z � asright Kanextensions.

To definethetransformationD we needto definea triple:

³Z õ âã
IJ K K K K
K K K

LM NNNN
NNN

ç �
	
 � � �
� � � OP QQQ

QQQ
Z y*��y õ R SZ �T� �¸õ R Sç&y*��y ç½�+� �1¶

Thetwo arrows below will have to be D$y*��y and Dü�T�¡� , respectively, soall wehave to do is to prove thatthere
existsanarrow ³Z õßi ç �

makingthediagramcommute.

Since
Z � { ãåä æ p¥ç � q thereis a universalarrow D � ª Z � õji ç �

. We canprecomposethis arrow with the
map ³Z õ¬i Z � õ , to geta mapwith thedesireddomain/codomain.We would like to show that this map
makesthediagramcommute.Thiswill follow from thecommutative diagram

³Z õ âã
Å ¥ îï

Z � õ
,µ¥ æîï

U � âã ç �
Å ¥îïZ y*� yàõ âã

U ¥ " ¥ R SZ ®y õ U � ¥ âã ç&y*��y

where D ®y is theuniversaltransformationconnectedto theKan extension
Z ®y { ãåä æ p¥ç¨y8� y:q . Thesquareon

theleft commutesbecauseit is partof thepullbacksquaredefining ³Z . To prove thatthesquareon theright
commutes,recallthat p'D � q ( is definedto betheprojection

îñð òòvóæ ( ø æ ( � ç
� & ® i¯ç � &
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correspondingto theidentity [7, Thm 1 p. 237]. Likewise D ®y is definedto betheprojectioncorresponding
to theidentity on õV& aswell, sothediagramcommutesby definitionof 02y .
Thetrianglein thediagramcommutesbecausebothcompositionsarethemapZ y*��yàõ Â±{ îñð òòDó" ¥ æ À ø æ ¥ À ¥ ç¨y Â½ydi¯ç¨y*� yàÂ
givenastheprojectioncorrespondingto theidentityon õÇy6� y Â .

So we have defined D¯ª Z õMi ç . Supposenow, that we aregiven a functor p à c à y c à � q anda natural
transformation p [ c [ y�c [ �µqBª#p à õ�c à y�õÇy:c à �¸õ¸�1q�E�p¥ç	c.ç¨y2c.ç½��qK¶
Weneedto prove thatthereexistsunique p \ c \ y c \ � q suchthat

p'DNc�D
y2c�Dü�µqKp \ õ�c \ y�õdy�c \ �¸õ¸�1q	{~p [ c [ y2c [ �µqK¶
Sincewe defined

Z y2c Z � to be the Kan extensions,we have unique
\ y2c \ � suchthat D � p \ � õ � q�{ [ � , for*�{ +:c.- . As whenwe definedD , to define

\
we needto definea tripleà � âã

�� � � �
� � � OP QQQ

QQQ
³Z

	
 � � �
� � � �
 ���

���à y*��y R S
à �+�¡� R SZ y*��y Z �T�¡�

(35)

wherethetwo mapsbelow mustbe
\ y � y and

\ � � � respectively. Sowe only needto prove thatthereexists
amapthatwill make (35) commute.Uniquenesswill follow from uniquenessof the

\ � .
Since ³Z is definedasapullback,to definethemap

à � i ³Z weneedto defineamap
à � i Z �

. Thenatural
transformation

\ �
is acandidate.If thediagrams

à �
Å # îï

m � âã Z �
, #îïà � � � m #Û"$# âã Z � � � ! # âã Z ®�

(36)

commute(*¤{ï+:c.- ) thenwe candefinethemapmaking(35)commute,asdesired.

Recallthat
Z ®� p'&|q¤{ îñð òòDóW( ø æ À ç � � � Â . Let usfor anarbitrary ¦vªX& i¢õ Â considerthecompositionsof

thetwo pathsin (36)with theprojectionontothecomponentcorrespondingto ¦ . Recallingthedefinitionof
the

\ � [7, p 238]we cancompute

G � <Y0 � < \z� { à � & æ �l� âã à � õ Â � k � �BZ âã ç � Â Å # âã ç � � � Â
and G � <H� � < \ � � � <{G � { G "$# � < \ � � � <HG � {~p [ � q "$# À < à � � � ¦I<:G � ¶
Commutativity of (36)will thusfollow from commutativity of

à � & æ �l� âã
Å # îï

à � õ Â
Å # îï

� k � �/Z âã çÁÂ
Å #îïà � � � & æ #Ù"%# �âã à � õ � � � Â � k # � 7 # Z âã ç � � � Âw¶
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Thesquareon theleft commutessincethemapsp à � ¦^c à y:¦^c à �µ¦¼q togethermake up themap
à ¦�ª à & ià õ Â . Thesquareon theright commutesby asimilarargument.

In conclusionwe have proved that p Z c Z y c Z � q is a right Kan extensionof p¥ç	c.ç y c.ç � q along p¥õ�c.õ y c.õ � q .
Corollary B.4. Undertheassumptionsof Section7, thecategory m s hasright Kan extensionsof all maps
from p$mosËq Ây alongtheprojectioninto p$mostq ÂBù �y . Thesameholdsfor ` replacedby a .

Proof. Theproof for thecases̀ and a arethesame,sowe only presentthefirst case.We definetheKan
extensionexactly asin theproof of TheoremB.2. For this to work out, we needtheKan extensionsto be
given aslimits, but this follows from LemmaB.1. We needto prove that the map

Z ªBl�m3stp$krq ÂJù �y il�m s p$krq from theproofof TheoremB.2 hasimageinside l�m s p$krq . Since
Z p^ÉÊ q is definedby pullbackof[ p102y2q�ÄÅ c�p10¨�µq�ÄÅ*\ it sufficesto prove thatthispair definesanobjectof ` .

Themap [ p102y)q ÄÅ c�p10¨��q ÄÅ \ ª Z � p^ÉÊ q	i Z ®y p¡ÉÊ q�� Z ® � p^ÉÊ q
is obtainedby takingthelimit of

ç � p^ÉÊ ®�q âã ç y � y p^ÉÊ ®?q���ç � � � p¡ÉÊ ®?q
eachof which representsanobjectof ` . But for any functor

à

îñð òòDóÄÅ ø Å � ÄÅ �]�
à p^ÉÊ ® q	{ Å � �:�¡ �����£��6¥ à p¡ÉÊ c Ê ® qKc

sincewe take the limit over mapsin the discretecategory l�mvswp$krqzy , so the subobjectrepresentedby[ p102y2q�ÄÅ c�p10¨�µq�ÄÅ*\ is just

Å �]�2�   � �6£���¥ ç � p^ÉÊ c Ê ® q	i Å ���2�   � �6£���¥ ç&y*��y2p¡ÉÊ c Ê ® q���ç��+�¡�µp¡ÉÊ c Ê ® qKc
i.e., it is the l�m s p$krq y -indexedproductof elementsof ` , whichwehave assumedto bein ` .

Let usnow considerthecasethatwearereally interestedin. Weshallassumethatwearegiventwo functors
in æ : p¥çw®�c.çdq and p¥õ¸®zc.õvq , asin

ç ® æ � âã" �îï" ¥ îï
è � Ê� ËËËËË

ËËËËË
ËËËËË

ËËËË � ® " �îï" ¥ îïç

è
Ê� ËËËËË

ËËËËË
ËËËËË

ËËËË
� � �

æ âã �
� � �

l�m�p$krq" �îï" ¥ îï
krc
� � �

(37)

andwewouldlike to find aright Kanextensionof p¥ç ®?c.çdq along p¥õ¸®?c.õ�q . Let uscall thisextensionp']¼®?c�]	q .
An obvious ideais to try thepair p Z ® c Z q providedby TheoremB.2 where

Z { ãíä æ p¥çdq . However, the
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extensionof ç ® shouldpreserve identities,andwe cannotknow that
Z ® will do that. Consider

Z ® p¥&8&|q for
some&·� � : ³Z p¥&8&�qîï

îïZ p'&|q�� Z p'&|qK¶
If we pull this relationbackalongthediagonalon

Z p'&|q wegetasubobject

� Z ®?p¥&^&|q � âã âã Z p'&|q
(calledthefieldof

Z ®zp¥&8&�q ). Logically, � Z ®zp¥&8&|q � is theset }1ºr� Z p'&|qË��p�º½c[º�q	� ³Z p¥&�p'&|qKqK� , soif werestrictZ ® p¥&8&|q to this subobject,we get theidentity relation.Thustheideais to let ] bethemapthatmaps& to� Z ®zp¥&8&|q � , andlet ]¼®�p'&t®?q be the relationobtainedby restricting
Z ®zp'&t®?q to ]���y�&t®B�_]��¡�+&w® . Then ]¼®zp¥&8&�q

will betheidentity relation.

Theorem B.5. If there are right Kan extensionsfor functors out of the categories
ç

and
ç ® into k and

theseKan extensionsare givenby pointwiselimits, thenthere are right Kan extensionsfor functors out of
reflexivegraphsof theform(37).

Proof. Weshall let goof thenotationfrom theproof of TheoremB.2 andusenew abreviations:Z { ãíä æ p¥çdqKcZ y { ãíä æ � p¥çF� y qKcZ � { ãíä æ � p¥çF�¡�µqKcZ ® ®*{ ãíä æ � p¥ç ® ®?qKc
where ç ® ® {`� � ç ® is definedasin theproof of TheoremB.2. Thepairof mapsprovidedby TheoremB.2 isp Z ®zc Z q . SinceKan extensionsaregivenby pointwiselimits we canwriteZ p'&|qM{ îñð òòDó ( ø æ À çdp¥Â|qKcZ y:p'& ® qM{ îñð òòDó ( � ø æ � À � çdp'��y Â ® q�cZ �1p'& ® qM{ îñð òòDó ( � ø æ � À � çdp'�¡�¸Â ® q�cZ ® ® p'& ® qM{ îñð òòDó ( � ø æ � À � ç ® ® p¥Â ® qK¶
In this notationthemap

Z ® is themapthatmapsa relation &t® to therelationgivenby thepullback

³Z p'& ® q
> Å � Å � ? îï

âã Z ® ®�p'&t®?q
îïZ p'� y*& ® q�� Z p'� �+& ® q âã Z y:p'& ® q�� Z �1p'& ® qK¶

(38)

Herethemap
Z p'� � &w®?q	i Z � p'&w®?q is definedby theuniversalityof thelimit, by for eachmap ¦°ªa&t®¼i¯õ¸®lÂw®

choosingthemap Z p'� � p'& ® qKq	{ îñð òòDó"%# ( � ø æ À çdp¥Â�qBiÄçdp'� � Â ® q
astheprojectioncorrespondingto � � ¦°ªa� � &t®GiÄõb� � Âw® . Themap

Z ® ®zp'&w®?q	i Z y:p'&w®?q�� Z y:p'&w®?q is themap
givenby thelimit of ç ® p'& ® q :

� � çw®�p¥&�Â|qîï
îï

çdp¥Â|q���çdp¥Â|qK¶
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As wementionedearlier, theideais now, that ]�p'&|q shouldbedefinedasthefield of
Z p¥&8&|q , sowe obtain

]	p'&|qîï
îï

âã ³Z p¥&8&�q
îï

âã Z ® ®zp¥&8&�qîï
îïZ p'&|q c âã Z p'&�q�� Z p'&|q âã Z y:p¥&8&�q�� Z �1p¥&8&�qK¶

Wedefine ] ® p'& ® q to betherelation
Z ® p'& ® q , restrictedto theright domainandcodomain:

³] ® p'& ® qîï
îï

âã ³Z p'& ® qîï
îï

]	p'� y &w®zq��d]�p'� � &t®�q âã Z p'� y &w®zq�� Z p'� � &w®?q

(39)

Thisway we have constructedthepairof functorsp'] ®zc�]�q . Weneedto show that &^] {`]¼®l& andthat p']¼®zc�]	q
is a right Kanextensionof p¥ç ® c.çdq along p¥õ ® c.õvq .
To show that &8]O{`] ®�& we write out ]	p'&|q logically as

]	p'&�q	{~}1º©� Z p'&|q � p�º½c[º�q�� ³Z p¥&8&|qK�:¶
Comparingthiswith thedefinitionof ]¼®?p¥&^&|q in (39) it is clearthatwe obtaintheidentity relationon ]	p'&|q .
Toshow thatwehaveaKanextension,weneedfirst todefinethenaturaltransformationp'D$®?c�DNq�ª^p']¼®Lõ¸®zc�]�õ�q�Ep¥ç ® c.çdq . FromTheoremB.2wehaveapairof naturaltransformationsDfe � ª Z ® õ ® E¯ç ® c�D e ª Z õgE¯ç . We
clearlyalsohave naturalembeddings]¼®hE Z ® and ]iE Z

. Compositionof Dfe � c�D e with theseembeddings
givesus p'D ® c�Düq . We needto checkthat D ® &�{ &^D , but mapsin l�mvp$krq arepairsof mapsin k thatpreserve
relations,andsince D
® is givenby thepair p'Dj��y2c�Dj�¡�µq , thetransformationD
®L& mustbedeterminedbethepairp'Dj� y &)c�Dk� � &�q	{~p'Düc�DNq whichalsomakesup &8D .
Now, supposewearegivena functor p à ® c à q , asin

� ® æ � âã" �îï" ¥ îï
l�mop$krq" �îï" ¥ îï

�
� � �

æ âã krc
� � �

anda naturaltransformationp [ ®?c [ q¸ªwp à ®Lõ�®�c à õvqlE p¥ç ®?c.çdq . We needto define p \ ®?c \ q¸ª p à ®?c à qlEp']¼®?c�]	q suchthat p [ ®?c [ q	{~p'D$®?p \ ®Lõ�®�qKc�Düp \ õ�qKq andprove that p \ ®�c \ q is uniquewith thisproperty.

From the Kan extensionof TheoremB.2 we have naturaltransformationsp \ e � c \ e q that areuniquesuch
that

D e p \ e õvqB{ [ c
Dfe � p \ e � õvqB{ [ ® ¶

Actually, since
Z {ïãåä æ p¥ç|q , notonly is thepair p \ e � c \ e q uniquesatisfyingthetwo equations,but

\ e is
uniquesatisfyingthefirst. To define

\
we needto show that

\ e factorisesthrough ] , that is we needa pair
of mapsoutof

à
makingthediagram à

m*m îï
âã ³Z &
îïZ c âã Z � Z
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commute.Now,
\ e &Àª à ® &|{ & à E Z ® & is a triple of mapsà âã

no ppp
ppp

qr s s s
s s s

³Z &
�
 ttt

ttt
	
 u u u
u u uà

m m v w
à

m m x y
Z Z c

so
\ e factorisesthrough ³Z & asdesired.Thuswe have defined

\ ª à Ez] .

To define
\ ®¼ª à ®{E|]¼® we needamap ³à ®}E ³]¼® thatmakesthediagram

³à ® âã
OP ~~~

~~~
�� � � �
� � �

³]¼®
OP ~~~

~~~
�� � � �
� � �à

��y m " ¥ � �

à
�¡� m " � � �

]�� y ]�� �1¶

commute.But this is just themapinto thepullbackdefinedby

³à ® ��âã �������îï
îï

³] ®îï
îï

âã ³Z îï
îïà

��yÀ� à � � âã m m " ¥ p m m " ¥ VW]���y��d]��¡� âã Z ��y�� Z �¡�1c

wheretheuppermapis themapgivenby
\ e � .

Weneedto prove that
DNp \ õ�q	{ [ ¶

But
DNp \ õvq	{�D e p']�õ�E Z õvqKp \ õ�q�{�D e pKpKp']_E Z qo< \ q¥õ�q�{�D e p \ e õ�qB{ [ ¶

By uniquenessof
\ e , we know that p Z E ]	q \ is determineduniquely, but since

Z E ] is mono,
\

is
determineduniquelyby theequation.

Sincemapsin l�mop$krq aregivenby their � y and �¡� components,we get that D$®zp \ ®Lõ�®�q { [ ® andthat
\ ® is

determineduniquelyby thisequation.

Corollary B.6. Underassumptionsof Section7, theinternalcategory

l�moswp$krq âã käåäå
hasright Kanextensionsof functors from

l�m3swp$krq Ây âã k Âyäåäå
alongprojections.Thesameholdsfor ` replacedby a .

Proof. Weneedto checkthatthemapdefinedin theproof of TheoremB.5 hasimagein l�mostp$krq (respec-
tively l�m3uËp$krq ). But themapis obtainedby reindexing themapof CorollaryB.4.
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Wehave definedthetwo internalcategoriesin thegraphcategory æ :

5js ª
l�mostp$krq� �

îïîï
k

l�moswp$krq� �
îïîï

k
l�m3sËp$krq1 1 1 1 123 44444 	


and

5ju ª
l�moswp$krq� �

îïîï
k

l�moswp$krq� �
îïîï

k
l�m u p$krq1 1 1 1 123 44444 	
 ¶

Noticealsothattherearetwo obviousfunctors ��y�c��¡� ª æ i æ .

Corollary B.7. The internal category 5js has right Kan extensionsof all functors from p95*swq?Ây along
projections.TheseKanextensionsarepreservedby ��y and �¡� . Thesameholdsfor ` replacedby a .

Proof. We will only considerthe caseof 5*u , the other caseis the same. We will constructthe Kan
extension] in thediagrambelow.

l�moswp$krq ÂJA �y� �
îïîï

k ÂBA �y

l�mvswp$krq ÂBA �y� �
îïîï

k ÂJA �y
l�mvuwp$krq ÂJA �y1 1 1 1 123 44444 	
 Å âã

èîï

l�mostp$krq?Ây� �
îïîï

k Ây

l�m3stp$krq?Ây� �
îïîï

k Ây
l�m u p$krq Ây1 1 1 1 123 44444 	


�23 � � � � � � � �
� � � � �

l�m s p$krq� �
îïîï

k

l�m s p$krq� �
îïîï

k
l�moutp$krq1 1 1 1 123 44444 	


Themap ] is a diagramof maps
] ®y� �
îïîï

]^y

] ® �� �
îïîï

]��
] ® ®1 1 1 1 123 44444 	


andwe shallusethesamenamingconventionfor componentsof othermapsin æ .

Theextensionsp'] ®y c�]#y�c�] ® � c�]��1q alongthetwo reflexive graphsareobtainedfrom CorollaryB.6 andthere-
forepreservedby themaps� y and �¡� . Themap ]¼® ® is obtainedasin theproofof TheoremB.5 by restricting
theextensionof TheoremB.2 to theright domainandcodomain.

Natural transformationsin æ aregiven by diagramsasthe one for ] . We shall usethe samenotation.
Noticethatanaturaltransformation� is determinedby its � y , � � components.

We needto constructa naturaltransformationDìªW]oG�E ç . We alreadyhave partsof the naturaltrans-
formationgiven by CorollaryB.6. Theseinvolve D$y�ª�]^y~G�E ç¨y and D1��ªY]�� G`E ç½� , andsincemapsinl�m3utp$krq aregiven by pairsof mapspreservingrelations,we needto checkthat p'D$y:c�Dü�µq definesa natural
transformation]¼® ®ÛG�E ç ® ® , i.e.,preservesrelations.But if we define

Z y�{ ãíä Å p¥ç&y2q ,
Z �t{ ãåä Å p¥ç½��q and
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³Z asthemapfrom TheoremB.2, thenby definition

]¼® ® âã
îï

³Z
îï

]^y|�d]¾� âã Z y�� Z �
andthedefinitionof themap D � is thecomposition

] � G âã Z � G U=m # âã ç �
wherethe map D e # is the natural transformationpart of the right Kan extensionof ç � along G . Sincep'D e ¥ c�D e � q definesamap ³Z G�E¯ç ® ® , we have that p'D$y2c�Dü�µq definesamap ] ® ® G�E¯ç ® ® , asrequired.

Now, supposethat we aregiven anotherfunctor
à ª p95juwq?Ây i 5*u anda naturaltransformation[ ªà G`E ç . Sincetheextensionsalongthe two reflexive graphsareKan extensionsfrom CorollaryB.6 we

have uniquenaturaltransformations� � p à q�E�� � p']�q determinedby
\ � ª à � i�] � suchthat D � p \ � G�qË{ [ � .

We needto show that p \ y c \ � q determinesa naturaltransformation]¼® ®GE à ® ® , i.e., that thepair preserves
relations.This is doneasin theproof of TheoremB.5.

Sincenaturaltransformations� aregivenby their ��y , ��� components,we have DNp \ G�q¤{ [ since D$y2p \ y¸G�q�{[ y and Dü�µp \ � G�q�{ [ � . Thetransformation
\

is uniquesince
\ y and

\ � are.
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