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L. Birkedal R.E.Mggelbeg
IT Universityof Copenhagen IT Universityof Copenhagen
bi rkedal @t u. dk nogel @t u. dk
Abstract

We proposea new category-theoreticformulation of relational parametricitybasedon a logic for
reasoningaboutparametricitygiven by Abadi andPlotkin [10]. Thelogic canbe usedto reasorabout
parametrionodels,suchthatwe may prove consequencesf parametricitythatto our knowledgehave
not beenproved beforefor existing cateyory-theoreticnotionsof relationalparametricity We provide
examplesof parametricomodelsandwe describea way of constructingparametriomodelsfrom given
modelsof the second-ordefambdacalculus.
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1 Intr oduction

The notion of parametricityfor modelsof polymorphictype theoriesintuitively statesthat a function of
polymorphictype behaesthe sameway on all typeinstancesReynolds[11] discoveredthat parametricity
is centralfor modellingdataabstractiorand proving representatioindependenceesults. Theideais that
aclient of anabstracidatatype is modelledasa polymorphicfunction; parametricitythenguarenteeghat
the client cannotdistinguishbetweendifferentimplementationf the abstractdatatype. Reynoldsalso
obseredthatparametricitycanbe usedfor encoding(inductive andcoinductve) datatypes.See[17, 8] for
expositoryintroductions.

In 1983Reynoldsgave aprecisgormulationof parametricitycalledrelationalparametricityfor set-theoretic
modelg[11]. It basicallystateghatatermof polymorphictype preseresrelationsbetweentypes:if termu
hastype[] a: Type.c andR C 7 x 7’ is arelation,then

u(r)(o[R])u(r"),

whereo[R] is arelationalinterpretationof the type o definedinductiely over the structureof o. Equiva-
lently, parametricitycould be definedastheidentity extensionproperty:for all termsu, v of type o (&),

u(oled,])v <= u=n.

However, Reynolds himself later proved that set-theoretionodelsdo not exist [12]. In 1992 Ma and
Reynolds[6] thengave a new formulationof parametricityphrasedn termsof moregeneralmodels(PL-
catgyoriesof Seely[16]). OnemayformulateMa andReynolds’ notionin thelanguageof \,-fibrations as
follows. Thefibration £ — B is parametriovith respectto a givenlogic on £ if thereexists a reflexive
graphof \o-fibrations,whoserestrictionto thefibersover theterminalobjectis thereflexive graph

E1 - LRE1

of logical relationswith domain,codomairmapsandthe middle mapmappingatypeto theidentity on that
type. (Se€[6, 4] for moredetails.)

In recentwork by Birkedaland Rosolini on parametricdomain-theoretieanodelsit becameclearthat this
is not theright cateyorical formulationof parametricity:it appearghatthe definitiondoesnot allow oneto
prove the expectedconsequencesf parametricitysuchasdataabstractiomandthe encodingof datatypes.
Indeed,theseconsequencebave only beenproved for specificmodels,see,e.g.,[17, 2], using specific
propertiesof themodels.

In this article we proposea new cateyory-theoretidormulationof parametricity calleda parametricAPL-
structue, which doesallow oneto prove the expectedpropertiesof parametricityin general We build upon
alogic for reasoningaboutparametricitygiven by Abadi andPlotkin [10]. In this logic onecanformulate
parametricityas a schemaand prove the expectedconsequencesf parametricity An APL-structureis a
catayory-theoreticmodel of Abadi andPlotkin’s logic, for which we prove soundnessnd completeness,
therebyansweringa questionposedin [10, Page5]. EachAPL-structurecontainsa modelof the second-
orderlambdacalculus which we may reasoraboutusingthelogic.

We alsoprovide acompletionprocesghatgivenaninternalmodelof A\ (se€][3, 13]) produces parametric
APL-structure.In specialcasesthe \,-fibration of this APL-structureis the oneobtainedin [13] andthus
we prove thatthemodelsobtainedn [13] in factsatisfythe consequencesf parametricityasexpected put
notshawvn in theliteraturebefore).

LA Ao-fibrationis afibrationwith enoughpropertieso modelsecond-ordelambdacalculus see.e.g.,[4].
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The consequencesf parametricityproved earlier for specific models[2, 17, 1] all seemto use well-
pointednesg,e.,theproperty thatmorphismsf : A — B aredeterminedy theirvaluesonglobalelements
a: 1 — A, and,indeed,in his recentPh.D.thesis,Dunphy[1] reacheghe conclusionthat parametricity
is only usefulin connectiorwith well-pointednessFor parametricAPL-structureswe do not needto use
well-pointedness$o prove the expectedconsequencesf parametricity Looselyspeakingthe pointis that
our notion of parametricAPL-structureincludesan appropriateextensionallogic to reasonwith. In loc.
cit., theambientworld of settheoryis usedasthelogic andthusextensionalitythereamountdo askingfor
well-pointednessWe provide a family of concreteparametricAPL-structuresjncluding non-well pointed
ones.Thusparametricityis usefulfor proving consequencealsofor non-well-pointednodels.

In Section2, we recall Abadi and Plotkin’s logic. The readeris warnedthat our versionof the logic is

slightly differentfrom the onedescribedn [10]. In Section3 we definethe notion of an APL-structure.
We prove soundnessnd completenessvith respectto Abadi and Plotkin’s logic in sections3.1 and 3.2.
Section4 definestheinternallanguageof an APL-structureandwe definethe notion of a parametricAPL-

structure.We alsodemonstratéow to usethe internallanguageo shav consequencesf parametricityin

parametricAPL-structures Section5 containsa definition of a concreteparametricAPL-structure andwe
alsomentiona non-well-pointedparametricAPL-structure.Section6 containsa comparisorof our notion
of parametricitywith the onedefinedby Ma & Reynolds[6]. Finally, the parametriccompletionprocesss

describedn Section7.

We includetwo appendicesAppendixA containgheoryanddefinitionsconcerningcomposabldibrations.

Thesdlefinitionsareusedn thedefinitionof anAPL-structure AppendixB containgroofsof two theorems
from[13]. Thesetheoremd$ave beenmodifiedto fit the situationof our parametriccompletionprocesgand

the proofshave notappearedn print before).

2 Abadi & Plotkin’ slogic

WefirstrecallAbadi& Plotkin’s logic for reasoningaboutparametricityoriginally definedin [10]. We will
useasslightly modifiedversionof thelogic.

Abadi & Plotkin’s logic is basicallya second-ordefogic on the second-ordef-calculus();). Thuswe
begin by calling to mind the secondbrder A-calculus(a moreformal presentatiortanbefoundin e.g.[4]).

2.1 Second-order)\-calculus

Well-formedtype expressionsn second-ordei-calculusareexpression®f theform:
ay: Type,...,a,: Typel o: Type

whereo is built up from the o;'s usingproducts(1, o x 7), arrons (c — 7) andquantificationover types.
Thelattermeanghatif we have atype

ay: Type,...,a,: Typel o: Type,
thenwe mayform thetype
ar: Type,...,c;—1: Type,ay1: Type,...,an: Type b [ a;: Type.o: Type

We do notallow repetitiondn thelist of o’s,andwe call this list thekind context. It is oftendenotedsimply
= or &. We useo, T, w to rangeover the setof types.
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Thetermsin )\, areof theform:
Elxii o1, xpiopE LT

wherethe o; andr arewell-formedtypesin thekind contet =. Thelist of z’sis calledthetype context and
is oftendenoted’. As for kind contexts we do notacceptrepetitionin type contexts.
Thegrammarfor raw termsis:

tu=ax | dz:rot|tlt)| x| ({tt)| mt|7't] Aa: Type.t | t(o)

correspondingo variables A-abstractionfunctionapplicationsanelementf unit type, pairingandprojec-
tions on producttypesandsecond-ordeA-abstractionandtype applications.We uses, t, u to rangeover
the setof terms,andasusualwe considera-equivalenttermsequal. Most of the formationrulesarewell
known from the simply-typedA-calculus;herewe just recall the two additionalrulesfor type abstraction
andtypeapplication:

E,a: Type | 'Ht: o
E|T'F Aa: Type.t: [[a: Type.o

E | I iswell-formed

E|TFt: []Ja: Type.o ZEF 7 Type
E|TEr): olt/q]
What we have describedabove is called the pure second-orden-calculus. In generalwe will consider
second-ordei-calculi basedon polymorphicsignatured4, 8.1.1]. Informally one may think of sucha
calculusasthe puresecond-ordei-calculuswith addedype-contantaindterm-constantg-or instanceone
may have a constantypefor integersor a constantypefor lists a I- lists(«) : Type. Wewill beparticularly

interestedn the internal languageof a \;-fibration (seeSection3) which in generalwill be a non-pure
calculus.

2.1.1 Equality

We considermnequalitytheoryonsecond-ordek-calculuscalledexternalequality It is theleastequivalence
relationgivenby therulesin Figurel.

2.2 Thelogic

Formulasof Abadi & Plotkin’s logic live in contets of elementof Ay andrelationson typesof A\;. The
contts look like
E‘F ‘ RiCm XT{,...,Rn C Ty XT;L,

where= | T is a contet of second-ordei-calculusandthe 7; and 7/ arewell-formedtypesin contet =,
for all 7. Thelist of R’sis calledtherelationalcontet andis oftendenotedd. In this contet asin the other
contexts we do not acceptrepetitionsof variablenameslt is importantto noticethattherelationalandtype
contts areindependenof eachotherin thesensahatonedoesnotaffectwhethertheotheris well-formed.

Formulasaregivenby the syntax:

¢u=(t=qu)|plt,u)| ¢D¢Y|L[T oA |V Va: Type. ¢ |
Ve:0.¢ |[VRCoxT1.¢|Ja: Type.¢ | Iz: 0.¢ | IR C 0 X T. ¢,



E|lz:obt:T E|Tku:o

EITEF (Az: o.t)u = tlu/x]
EallkEt: 7 ZF o: Type = | I'well-formed

E|T'F (Aa: Type.t)o = t[o/q]

E|l'Ftio—r7
EITFAz:o(te) =t
E|TFt: [Ja: Type.o
E|TF Aa: Type. (ta) =t
E| Tkt o ETFu:r ZE[THt:0 ETFu:T

(-reduction

(-reduction

n-reduction

n-reduction

I

EITEa(t,u) =t E|TFA(tu)=u
E|Tkt:oxT E|ITFt:1
E|TH(rt,7'ty=t E|THt=x

E|ITkt=t:0 ElTz:obu:r

| Fult/z] = ult'/x]
E|Tz:obt=s:7 Ha|l'Ft=s E|I well-formed

replacement

EITFAXz:0.t=Az: 0.5 E|TFAat=Aas

Figurel: Rulesfor externalequality

wherep is adefinablerelation(to be discussedbelow).
In thefollowing we give formationrulesfor theabove. First we have internalequality

E|lFt:o ElTtu:o
Z|T|OF (t=45u): Prop

Notice herethe notationaldifferencebetween: = v andt =, u. Theformerdenotesxternal equalityand
thelatteris aformulain thelogic. Therulesfor D, Vv andA aretheusualones. T, | areformulasin ary

context.

We have theformationrulesfor universalquantification:
Z|T,z: 0,1 | ©OF ¢: Prop
E|DT |OFVr: 0.¢: Prop

E|T|O,RCoxT,0 F ¢:Prop
Z|T| 6,0 FVYRCo xT.¢: Prop

Z,0,Z |T|OF ¢: Prop
=2 T | OF VYa: Type.¢: Prop

=,2"| T | Ois well-formed

Thesameformationrulesapplyto the existensialquantifier



2.3 Definablerelations
Definablerelationsaregivenby thegrammar:
pu=R|(x:0,y:7).0|0[p]

A definablerelationp alwayshasa domainanda codomainandwe write p C o x 7 to denotethatp has
domaino andcodomainr. Thereare3 rulesfor this judgementThefirst two are

EIT|O,RCox1,0FRCoxT
E|lz:0y: 7|OF ¢: Prop
EIlOF(z:0,y:7).0 CoXT.

In the secondule above thevariablesr, y becomeboundin ¢. For example,we have the equalityrelation
eq, definedas(z: o,y: o).z =, y andthe graphrelationof afunction (f) = (z: o,y: 7). fx =, y if
fio—T.

Thelastrule for definablerelationsis

aty...,an Fo(d): Type EIT|OFp CT X T]yeenypp C Ty X T
E|T|OFop Co(F) xol?).

Obsere that 0[] is a syntacticconstructionand is not obtainedby substitution. In [10] o[5] is defined
inductively from the structureof o, but in our casethis is not enough sincewe will needto form o[p] for
typeconstants in Sectiond. Theinductive definitionof [10] is reflectedn theaxiomsbelov. We call 0[]
therelationalinterpretationof thetypeo.

If p C o x 7 isadefinablerelation,we mayapplyit to termsof theright types.This givesthelastformation

rule for formulas
E|l|OFpCcoxt ZE|T'Ftiou:T

Z|T|OF p(t,u): Prop.

We will alsowrite tpu for p(t, u).

Lemma2.1. Suppos& |[ 'O, RCox 1k ¢: Propand=|T' | © F p C o x 7 arewell-formed.Then
E|T|©F ¢lp/R]: Prop
is well-formed.

Proof. Easyinductionon the structureof ¢. O

Remark 2.2. Onecanform Abadi& Plotkin'slogic basednary second-ordek-calculus,andnotonly the
pure); (seediscussioratendof Section2.1).

Weintroducetheshortnotationp = ' for definableelationsp C o x7,p' C oxTasvz: o,y: 7. p(z,y) D
C p'(z,y).

We cantake exponentsproductsanduniversalquantificationof relations.Theseconstructionswvill turnout
to definecatayorical exponentsproductsandquantificationin a cateyory of relations(seeLemma3.6). For
now, thereadershouldjust considerthe next threedefinitionsasshorthandotation.
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=: Ctx 2k o: Type 2| T: Ctx
E|©: Ctx E|lFt:o E|ITFt=u
Z|T|OF ¢: Prop EIlOFpCoxT EITO|¢1,...,0n Y

Figure2: Typesof judgements

If p C o x7andp C o’ x 7 wemaydefineadefinablerelation:
(p—=p)Clo—d)x(r—1)

as
p—p =(f10—0g:7— 7). Va: o Vy: 7.(zpy D (f)p'(gy))
We may alsotake the productof p andp’:

pxp C(oxd)x(rxt)

as
pxp =(x:oxd,y:7x7) (rx)p(my) A (n'x)p (7'y)

Eaf|T| O, RCaxfbpCoxT
iswell-formedand= | T" | © and=, a - o: Type and=, 8+ 7: Type we maydefine:
EIT|OFY(a,B,RCaxpf).pC ([][a: Type.o) x (][ B: Type.7)

as
(t: [[a: Type.o,u: [[B: Type. 7).V, B: Type.VR C a x . (ta) p(uf3).

2.4 The axioms

Figure2 sumsup thetypesof judgementsve have in thelogic. Thelastjudgemenin thefigure saysthatin
the givencontet, the conjunctionof theformulaseq, . . . , ¢,, implies1.

Having specifiedthe languageof Abadi & Plotkin’s logic, it is time to specifythe axiomsandthe rulesof
thelogic. We have all the axiomsof propositionalogic plustherulesspecifiedbelow.

We have rulesfor V-quantification:

Z,a|T |0k

=T |0 @)
EIT|0]®FVa: Type.p
ENzo|©|dFY
Eroerao (2)
EIlO|¢FVr: 09
EIT|ORCrxT|dFy
Z|Ir|OF® 3)

E|IT|O|®FVYRCT X T4



Rulesfor 3-quantification:
E,a|T'[O|oHY
ZIT|0O|3a: Type.gp -1

ZE|IT |0k 4)

ElNz:o|O©|ok7
EIT|O|3z:00pF7
EIT|O,RCTxT |k
EIT|O|IRCTxT ¢

E|IT|OF (5)

EIT Ok (6)

We have substitutiornrules
Ea|lT|[O|¥Ee 2k o: Type

E|Llo/a] | ©lo/a] [ ¥]o/a] F ¢lo/a] )
ElNz:o|O|VUE¢ E|lFt:o @)
E|T[O[V]t/z] F lt/z]
EIT|O,RCoxT|¥F¢ E|T|OFpCoxT ©
EIT|O| Yp/RFélo/R)
Thesubstitutionaxiom:
EIT|O©|TkFVYa,pg: Type/.V:E,:U’: a.’Vy,y’: éVIR Caxp. (10)
R(z,y) Nz =4 2" Ny =5y D R(,Y)
Externalequalityimpliesinternalequality:
E|THt=u:0o 1)

E(0|O|THt=,u

We omit the obvious rules statingthat internal equality is an equivalencerelation. The following rules
concerrtheinterpretatiorof typesasrelations.

EIT|O]|TEYz,y: L.oly (12)
drFa; EZE|l|OFpCcTx7
- (13)
EIT|O]TEap] = pi
ako—od E|lOFpCcTxT
= , , (14)
EIT]O]THE(0—0)p = (op — o'lp])
atvp.o(a,p) ElOFpcTFxT (15)
EIT|O]TH(V8.0(a@p)p =v(B8 R CpxpF)olpR)
Finally we have
Ellz:0y:7|OF¢:Prop Z|TFt:ou:t
| y: 7| O ¢: Prop E| (16)

EITE((z:o,y: 7).0)(t,u) 3C [t,u/x,y.
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Usingthis rule, we may prove abijective correspondenceetweerdefinablerelationsandpropositionswvith
two freevariables.The bijectionmapsa definablerelationp to the formula p(z, y) with freevariablesz, y
andaformula¢ with freevariablesr, y to the definablerelation(z, y). ¢.

Lemma2.3. Suppos& |T' |OFpCoxrTand= |T,z: 0,y: 7| © F ¢: Prop. Then
ElNz:oy: 7|0 | TF¢ I (x: 0,y: 7). 0)(z,y)

and
EIT|O|TFp=(z:0,y: 7). p(z,y).

Proof Thefirst statemengabove is justareformulationof (16), andfor thesecondve needto prove that
Vo: oy ((z: o,y 7). play))(zy) I pla,y)
whichis alsoaneasyconsequencef (16). O

We would alsolik e to mentionthe extensionalityschemas:

(Vz:otrx=ruzx)Dt=5_ru
(Va: Type.t a =; ua) Dt =[a: Type.r U-

Thesearetakenasaxiomsin [10], but we shallnot take theseasaxiomsaswe would like to be ableto talk
aboutmodelsthatarenot neccessarilgxtensional.

Lemma 2.4. Thesubstitutionaxiomaboveimpliesthereplacementule:

EIT|O|dFt=,1 ElNziokuT
EI0|6]®Fult/z] =, ult' /]

Proof Instantiatehe substitutionaxiomwith thedefinablerelation

p=(y:o0,z:0).uly/z] =; ulz/x].
Clearly® + p(t,t), sosincet =, t', wehave ® - p(t,t') asdesired. O

Lemma 2.5 (Weakening, Exchange).If = | T' | © | ¥ F ¢ is provablein the logic, and if further
= | T’ | © is acontet obtainedfromZ= | T' | © by permutingthe order of thevariablesin the contets,and
possiblyaddingvariables,then

e |vke

is alsoprovablein thelogic.

3 APL-structur es

In this sectionwe definethe notionof an APL-structurewhichis basicallya catejory-theoretidormulation
of amodelof Abadi& Plotkin’slogic. We alsoshav how to interpretthelogic in anAPL-structure We use
the definitionsandresultsof AppendixA.

But first we recallthe notion of a \y-fibration,which is basicallya modelof A,.
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Definition 3.1. A fibration Type — Kind is a Ao-fibration if it is fibred cartesiarclosed,hasa generic
objectQ € B, productsin Kind, andsimpleQ-productsj.e., right adjoints[ | _ to thereindeing functors
«* for projectionsr: = x Q — Z.

Remark 3.2. In a), fibration,foramapf: = — € in Kind, wewill usethenotationf to denotetheobject
of Typex= correspondingo f, andlikewisefor o € Type= wewrite 6: = — () for themapcorresponding
too.

Definition 3.3. A pre-APL-structur e consistsof

1. Fibrations:

Prop

lr

Type L. Ctx

|

q

Kind
where

e pisaA2-fibration.
e ¢ is afibrationwith fibredproducts

¢ (r,q) isanindexedfirst-orderogic fibration(Definition A.4) which hasproductsandcoproducts
with respecto = x 2 — Z in Kind (Definition A.5) where() is thegenericobjectof p.

e [ is afaithful productpreservingnapof fibrations.

2. acontravariantmorphismof fibrations:

Type Xkina Type v Ctx

T~

Kind
3. afamily of bijections
Ve HomCtXE (gv U(O-’ T)) — Obj (Propgxl(axﬂ)

for o and7 in Typez and¢ in Ctxz=, which

e isnaturalin the¢

e commuteswith reindeing functors;thatis, if p : =/ — = is amorphismin Kind andu : £ —
U (o, 7) isamorphismin Ctxz, then

V= (p*(u)) = (p)"(¥=(u))
wherep is the cartesiarift of p.

Noticethat WV is only definedon verticalmorphisms.

11



Remark 3.4. Item 3 impliesthat (U (1=, 1=))=ckind IS @anindexed family of genericobjects. If, on the
otherhand,we have anindexed family of genericobjects(Q2=)=ckina @andCtx is cartesiarclosed,then

we may definelU to be)~*~ andtherebygetitems2 and3 for free. In generalhowever, Ctx will notbe
cartesiarclosed.In particular in the syntacticmodeldescribedelav in the proof of completenes€tx is
not cartesiarclosed.

We now explain how to interpretall of Abadi & Plotkin’s logic, exceptfor the relationalinterpretationof
types,in apre-APL-structureFirstwe recalltheinterpretatiorof A\, in a Ao-fibration.

A typea; ..., F «; is interpretedasthe objectof Type over Q™ correspondingdo the i'th projection

Q" — Q. Foratypea ...a, - o, wehave [[[ ;. o] = [],.[& I o], wherer is the projectionforgetting

thei’'th coordinate Sinceeachfiber of the \,-fibrationis cartesiarclosedwe mayinterpretheconstructions
of the simply typed A-calculususingfibrewise constructions.

If 2, | T'F t: Tisatermand= + I is well-formed,thenwe mayinterprettheterm= | I' - Aa. t: [J a7
asthemorphismcorrespondingo [Z, o | I' - ¢: 7] undertheadjunctionz™ <[]

Tointerpret= | I' - ¢ o, noticethat[= i~ o] correspond$o amap
[EFo]: [E] — Q.

Themorphism[= | I' - t: [] o. 7] correspond®y theadjunctionz™ 4 [ .. to amorphismin thefiber over
[Z] x Q. We reinde this morphismalong

(idgzy, [E - o]): [E] — [E] x ©

toget[= | 't o].
Relationalcontects areinterpretedn Ctx as:

[E| Ry Coy XTiy...,Ry Cop X1 =U([o1], [11]) x - x U([on], [Tn]),

where[o;], [r;] aretheinterpretation®f thetypesin Type asdescribedabove.

We aimto define[= | ' | © F ¢] asanobjectof Prop over[= | T | ©], which we defineto be I([= |
I']) x [E ] ©]. We proceedy inductionon the structureof ¢. We usetheshortnotation[= | I' | © F ¢: 7]
for the composition
_ . _ I([E|TFt: 7]) _
[EIT]O] — ([ |T]) ———=[EF D),
andwe will in thefollowing leave obviousisomorphismsnvolving productamplicit.

If wedefineAx: X — X x X tobethediagonalmap,then
[E|z:0,y:0|—Fx=4y: Prop] = HAI(M)(T)

and _
51710 t=u] =
(E|T|OF,[E|IT|OFu)[E|x:0,y: 0| —Fx=4y: Prop].

Vr: A.¢p andVR C o x T.¢ areinterpretedusingright adjointsto reinding functorsrelatedto the appro-
priateprojectionsin Ctx. Likewisedz: A.¢ anddR C o x 7.¢ areinterpretedusingleft adjointsto the
samereindeing functors.

Ya.¢p and Ja.¢ areinterpretedusing respectrely right andleft adjointsto 7* wherer is the lift of the
projectionr : [Z, a: Type] — [Z] in Kind to Ctx.
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Definablerelationsare interpretedas mapsin Ctx. To be more precise,a definablerelation= | T' |
© F p C o x 7 is interpretedas a morphismfrom [Z | " | ©] to U([o], [r]). The definablerelation
E|T'|©,RCoxT1,0F RCo x7isintepretedasthe projection.We define

[EIT|OF(z:0,y:7).¢ CoxT]=V[E|T,z:0,y:7|OF ¢].

We definetheinterpretatiorof instantionsof definablerelationsasfollows:

[Z|T,z:0,y: 7| OF plz,y)]=V([E|T|OFpCoxT]).

Finally
[EIT]OFptu)] =
(mid, [E|T |©FL,[E|T|OFul,m)*[Z|T,2: 0,y: 7| O F pla,y)]
wherer: [Z|T | O] — I[Z |T]andr’: [Z| T | ©] — [Z | — | ©] aretheprojections As usual,we have

left out someolviousisomorphismdere.
Tointerprettherelationalinterpretatiorof typeswe needalittle morestructure Firstwe considemfibration

Relations — RelCtx,

thatcanbedefinedfor every pre-APL-structureRelCtx is definedasfollows:

objects triples(Z, 2/, (o1, 71,...,04, T,)) WhereZ, =’ areobjectsn Kind andeacho; is anobject
in Typez andr; anobjectin Typex=,. We think of suchobjectsasobjectsof Ctxz=y=/ by
identifyingtheabove objectwith U (r*oy, 7'*11) x ... x U(n*0,, 7"*7,) for m: Ex =" —
=, 7': 2 x 2/ — Z' theprojections,

morphisms amorphism

=/ =/

(517527 (0-177_17 ) 7UYLvTrL)) - (‘:‘17‘:27 (0-177-{3' .. ao-;anrln))

is a morphismbetweerthe correspondingbjectsin Ctx projectingto a productof maps

¥ x 1 Ey x 2y — =, x =, in Kind.

The fibration Relations — RelCtx is given asfollows: Denotingan objectof RelCtx by its corre-
spondingCtx object=, =’ - ©, thefiber Relations = =/t ¢ is:

objects triples(¢, o, 7) whereo andr areobjectsin Type over= andZ=' respectiely and¢ is an
objectin
Prope (r+ (o) xx'* (1))

morphisms amorphism(¢, o, 7) — (¢, o', 7') is apair
(t:o0 =o', u: 7 — 1)

suchthat
¢+ (ide x I(m*(t) x 7™ (u)))*¥.

13



For reindeing, suppose : © — ©' projectingto ¢ x 1 is a morphismin RelCtx, and (¢, o, 7) is an
objectin Relations over ©’. If we set

¢ = (px I(m* () x 7" (4")) "¢,
thenp*(¢,0,7) = (¢, ¥*o, ¢"*7). Onmorphisms
pr(tu) = (7 (1), ¢ (u).

Remark 3.5. The fibration Relations — RelCtx is perhapseasierto comprehendif we describeit
in the internal languageof the pre-APL-structurg(defining the fibration in the internallanguagevvill be
jUS'[Ierd in Theorem3.9). The objectsof RelCtx canbe thoughtof asobjectsof Ctx of theform =, =’ |
R C &(E) x &(Z') asmentionedabore, andmorphismsaremorphismsin Ctx projectingto productsof
morphismsbetweenthe correspondingairs of Kind objects. The objectsof Relations are objectsof
Prop of theform

E 2 |RC#E) x#E)F ¢ Cr(E)x (=)

A vertical morphismsof Relations from ¢ to ¢ is a pair of terms (¢,u) suchthat Vz,y. ¢(z,y) D
Y(tz, uy).

A morphismin RelCtx from =, 2, | O to Z),E, | R ¢ #(E}) x &(Z}) is a pair of maps(¢)y : E; —
21,12 : 22 — =) andavectorof definablerelations

(E1,22 | O F p; Coi(¥1(E1)) x 0i(¥2(E2)))s-
If wereindex 2,2, | B C 3(Z}) x & (2,) + ¢(R) C 7(E}) x 7'(Z}) alongthis mapwe get

(21,82 | O F ¢(p) C 7(¥(E1)) x 7' (¥(E2)).

We clearly have two functorsRelCtx — Kind definedby mapping(Z,Z/, 0) to = and=' respectiely,
andwe alsohave two functorsRelations — Type definedby mapping(¢, o, 7) to o andr respectiely.

Lemma 3.6. Thefibration Relations — RelCtx is a Ao-fibration, andthe mapsmentionedhbove define
a pair of \o-maps
o
Type ~5 Relations
1
l 0o i

Kind 27—/ RelCtx.

o1
Proof Thecateyory RelCtx hasproducts:
(21,20, (ol 7, 0, ) x (B, Zh, (0,7, ... o ,7'2 )) =
(B1 x B, B x Bb, (¥ot, n*ri, ..., w*ol, m P, ol 7, L w ¥, i),
Thefibrationhasagenericobject(€2, €2, (@, @)), sincemorphisminto thisfrom (£, =/, (o1, 71), ..., (0n, Ta))

in RelCtx consistsof pairsof types(f : = — Q, g : £/ — Q) andverticalmorphismsfrom [[, U (o, 7;)

to U(f‘, g). Thebijection ¥ tells usthatthis is the sameasobjectsof PropH_U<U X IF)XT(E)"

Theconstructiondor fibredproductsfibredexponentsaandsimplef2-productsaresimply therulesfor prod-
ucts,exponentsanduniversalquantificatiorof relationsin Abadi & Plotkin'slogic formulatedin theinternal
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languageof the model, which we will describein Section4. One caneitherinterprettheseconstructions
in the pre-APL-structureandprove directly thattheseconstructiondiave the desiredpropertiespr onecan
usethe factthat pre-APL-structuresnterprettheseconstructionsoundly(Theorem3.9) andreasonin the
internallogic.

Herewe give therestof the proof reasoningn theinternallogic. Suppose C o x 7 andp’ C ¢/ x 7/ and
w C o’ x 7" areobjectsin somefiber of Relations. Thenaverticalmorphismfrom w to
pxp Cloxd)x(rxt),

definedas

(z,2")p x p'(y,y') = zpy N 'y,
isapairof mapst : 0’ — o x ¢’ andu : 7/ — 7 x 7/ suchthat

awy b m(tx)pm(uy) A (tx)p'n’ (uy),

whichis the sameasa pair of mapsfrom w into p andp’ respectiely.
Likewise mapsfrom w into

(p—p) Clo—0d)x(r—=1),
definedas

flp— pg =VYa: oVy: T(xpy O (f2)p'(9y)),

arein one-to-onecorrespondenceith mapsfromw x pto p'.
Givennew relations=,=' | © -w C 0 x ¢’ and

o=, 8|0, RCaxfrFpCTxT,
we have defined

EE|0FY(a,8,RCaxpf).pC([[a: Type.7) x ([]3: Type.7)
as
(t: [Ta-7,[18-7')-Va, B: Type. VR C a x (. (ta)p(uf).
We needto shaw thatthis definesaright adjointto wealening. Theideais thatthe correspondencieetween
mapswill bethesameasin Type — Kind. In thisfibration,thecorrespondends givenasfollows,amap
E,a|—Ft:o0— TwWithEF o: Typecorrespond0 = | — - i: 0 — [[a.7 wheref = \z: 0. Ao (L ).
We will shaw, that(t,u) preseresrelationsiff (,4) does.lt is clearthat

S a2, B|lx:oy:0 |O,RCaxf|rwyt (tz)p(uy)
iff
2 |2z:0,y:0 | O|awyt Va,B: Type. VR C a x (. (tx a)p(ty B3),
which establisheghebijective correspondence. O

Definition 3.7. An APL-structur e is a pre-APL-structurdor which the graphof 3.6 canbe extendedto a
reflexive graphof \2-fibrations
o
Type —J> Relations
01
l do \j
—

Kind — RelCtx,

_~

01
i.e.,thereexistsamap.J of As-fibrationssuchthatdyJ = id = 01 J.

15



Remark 3.8. Thereis afunctorfrom Relations to Prop mappinganobject(¢, o, 7) to ¢. In thefollowing
we oftenusethatfunctorimplicitly.

We needto shav how to interprettherule
aly...,an Fo(@): Type E|IT|OFp1 CT XT]yeenypp C Ty X T
Z|T|OF0op Co(f) xa(F)

in an APL-structure.

Since.J preseresproductsandgenericobjects J([&@ + o(&)]) isapropositionin contet [&; 5 | z: o(&),y: o(f) |
R C a x g]. It thusmakessensdo define

[ 53] — | Rcax G+ o[R| co(@) x o(d)]

to be V=1(J([@ F o(d): Type])), so now all we needto do is reinde this object. GiventypesZ |
7,71": Type, we define
[E] | RC7x7Fa[R] Co(F) xa(#)]

to be

=,

([EFF,[EF 7116 5| — | Rcaxfr o[R] C o(@) x o(A)].
Finally, givendefinablerelations= | ' | © - p C 7 x 7/ we define

[EIT|©Flp Co(T) xo(T)] =
[2|—|Rc7x7rolR] Co® xa(@)]e[E|T[OFpFCTx7].

3.1 Soundness

We have now completedshaving how to interpretall construction®f the languageof Abadi andPlotkin’s
logic in APL-structuresWe consideranimplication= | I' | © | ¢1,..., ¢, F ¢ to holdin the modelif

NEITIOFe]FEIT|OFY],

wheret aborve refersto thefibrewise orderingin Prop.

Theorem 3.9 (Soundness).In any APL-structue the interpretationdefinedabove is soundwith respecto
the axiomsand rules specifiedin Section2.4, i.e., all axiomshold in the model,and for all rules, if the
hypothesidoldsin the model,thenso doesthe conclusion.In any pre-APL structuee the interpretation of
the part of thelogic excludingtherelationalinterpretationof termsis sound.

Wewill only prove thefirst partof Theoren3.9,i.e., soundnesfor APL-structuresTheproofof soundness
for pre-APL structuress basicallythe same.For the proof we needthe following lemmas:

Lemma3.10.If = | T'F ¢: o then
[EIT 1O Feft/2]] = (I{idzry, [t]) x idze)’[E | T z: 0[O F 9]

Proof. Wewill prove the statemenof thelemmaandthe statement

[EIT|OFplt/z] CcTx7]=
[[E | I'z: 0o | OFpCTxXx T/]] o (I<id[[5|pﬂ, [[t]]> X id[[5|@]]),

for all definablerelationsp, by simultaniousnductionon the structureof ¢ andp. We only do a few cases
andleave therestto thereader
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Case p =o|f]:
[EIT[OFolpt/z]] =[E|T|OF ofg[t/]]] =
[E]— [ REa[R]]o[plt/x]
Sinceby induction[pt/z]] = [p] o (I(idzry, [t]) * idj=z)ep)), we aredone.

Casep=(y: 1,2: 7). ¢:

[E[T[OFplt/a]] =¥ H[E|T,y: m2: 7' | © F t/]]),
which by inductionis equalto
‘1171(<7T[[F]]a [[tﬂaﬂ-[[y: T2t T’|®]]>*[[E | Lyz:oyy: 7 2: T | O ¢H)
By naturalityof ¥ thisis equalto

\Ilil([[E ‘ Fiz:oyy: 7, 2: ' | Chs ¢]]> o <7rﬂF]a[[t]]77rﬂ@]> =
[[E ‘ Fz:o ‘ Che ,0]]) o <7T[[F]]7 [[t]]’ﬂ-[[@]]>

asdesired.

Case ¢ = p(u, s)
Usingnaturalityof ¥ asbefore,onecanprove that

[E|Dy:mz: 7 [OF p(y, 2)[t/x]] =
(I(id[z|r,y: r,2: 5 [t]) % idpze)) [E | Tyy: 7,2 72 0 | © F p(y, 2)].

Thegenerakasefollows from thefactthatin a Ao-fibration
[E|TFut/z]] =[Z| T Fu]o(id,[E]|TF t]).
Case ¢ = Va: Type.:

We needto shaw that

[E|T]OF Ya: Type.y[t/z]] =
(Hidgzyey, 1) % idgze))*[E | Toz: 0 | © ] Ya: Type. 4]

Let 7 denotethecartesiarift of theprojection][=, o] — [=]. Thenby inductionwe have thattheleft
handsideof theequationis

[[=(I{idr, [t]) x ide)*[E,a|T,z: 0| © F ¢].
Considetthesquare
[E.a|T|0] —F [ElT 6]

I(idp,[t]]>><id@l l[(z’dp,[[t}bxid@

[E,a|T,z: 0| 0] ==[Z|T,z: o | Q).

This squarecommutessince is a naturaltransformatiorfrom 7* to id, andit is a pullbackby [4,
Excercisel.4.4]. The Beck-Chealley conditionusedon this squaregivesthe desiredresult.
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Lemma3.11.I1f = | I' | © - ¢: Prop, then
[E|T,z:0|OF¢]=7"[Z|T | OF ¢,
wheer: [Z|I',z: 0 | O] — [E]| I' | ©] is theprojection.
Lemma3.12. If =+ o: Type then
[E|T(o/a] | Blo/a] - ¢lo/al] = (idpz), [0]) [E, a: Type | T [©F ¢],
whee thevertical line in (idz, [o]) denoteshe cartesianlift.

Proof. Notice first thata correspondingeindeing lemmafor interpretationof X\, in Ao-fibrationstells us
that
(idz), [0])*[E, | T | O] = [E [ T]o/a] | O[o/a]].

Therestof the proofis by inductionoverthe structureof ¢, andsinceit resemblesheproofof Lemma3.10
closelywe leave it to thereader O

Lemma3.13.1f = | I' | © F ¢ then

[EIT[OF ¢] =7z

E,a—E

[Z,0|T|OF ¢]
Proof Theproofis almostthesameasfor Lemma3.12. O
Lemma3.14.1f = | T | © F p C 7 x 7 is adefinablerelation,then
[T O+ élo/Rl] = (idiziriey, o) [E T [€,RC 7 x 7' 1 d]
Proof. Thelemmashouldbe provedsimultaniouslywith the statement

[E1T©Fplp/R]] =
[EIT[6,RCTx7Fp]o(idgrep (o)

for all definablerelationsy’, by structuralinductionon ¢ and p’. We leave the proof to the reader asit
closelyresembleshe proof of (3.10).

U
Lemma3.15.1f 2 | T'| © - ¢: Prop, then
[E|T|O,RCoxtk¢]=7"[Z|T]|OF¢],
wheer: [Z|T|O,R Co x 7] — [E|T | O] is the projection.

We arenow readyto prove soundness.
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Proof of Theoem3.9. Therulesfor quantification(1)- (6) follow directly from the factthatthe interpreta-
tion of V and3 aregivenby right, respectiely left adjointsto wealeningfunctors. The substitutionrules
(7) - (9) aresoundby Lemmas3.10,3.12and3.14.

For the substitutionaxiom (10) we will only prove
[a,B|x,2":a,y: B|RCaxfrao=42]F

[, 8| z,2": ayy: B| R C ax B R(z,y) D R(z',y)].

Oncethisis done therestof the proof amountgo doingthe samething in the secondvariable.We will for
readabilitywrite simply [«], [ 3], [R] for [o, B+ a], [, BF B], [e, B| — | R C v x G].
If weletm, mo, w3, m4 denotethe projectionsout of

[a, B |z, 2" ayy: B RCaxf] =
[, B F a]* x [, 8+ B] x U([e, B+ ], [ev, B B])

we canformulatewhatwe aimto prove as

(1, m2)" (L A, (T)) F (1, m3) "W (idry) O (2, 73) "W (idgy),
whereA denoteghediagonalmap.
Usingthe Beck-Chealley conditiononthesquare

A[a]] Xid

[ x 5] | [£] [o]? x [8] x [R]

st l l (m1,m2)
A «
[[a]] [o]

we get

Now theresultfollows from usingthe adjunctionandthefactthat
<7['1,7T3> o (A[[a]] X id[[ﬂ]}x[[R]}) = <7T2,7T3> o] (A[[a]} X ’Ld[[m]x[[m])
Externalequalityimpliesinternalequality(11) sincethemodelof A includedin themodelis sound.Internal

equalityis clearlyanequialencerelation.

Theaxiomsconcerningypesasrelations(12) - (15) follow from thefactthat.J is requiredto beamorphism
of A\, fibrationsandthatthe A5 structuran Relations — RelCtx is givenby theinterpretatiorof products
andquantificationof relations.For instancesoundnessf the (15) is proved asfollows:

[E T[]0 ((]80)pl] =
(e T118.0]) = B
[pl*[@, B RC a@x BF (V9,8 Cvyx9).0R, S]] =
ET]OF (V.98 Cvyxv).0p Sl

wherethe secondequalityholdssinceJ preseressimpleS2-products.
Finally, to prove soundnessf rule (16), it sufficesto prove soundnessf

Ellz:oy:7|O|TE((x:0,y:7).¢)(z,y) 3T &,
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but
[Ellz:0y:7][OF (z: 0,y: 7). ¢)(z,y)] =
Y([E|T|OF (z: 0,y: 7).¢]) =
VoU—H[E|T,z2:0,y:7|OF¢]) =[Z]|T,2: 0,y: 7| O F ¢].

3.2 Completeness

The Soundnes3 heorem(3.9) allows us to reasonabout APL-structuresusing Abadi & Plotkin’s logic.

The Completenes§heorembelon statesthat ary formula that holdsin all APL-structures,is provable
in the logic. This allows usto reasonaboutthe logic usingthe classof APL-structures.However, since
the APL-structurebelow is constructedrom the logic, this doesnot saymuch. Instead,one shouldview

the Completenes3heoremas statingthat the classof APL-structureds not too restrictve; it completely
describeghelogic.

Theorem 3.16(Completeness).Thek existsan APL-structue with the propertythat anyformulaof Abadi
& Plotkin’s logic basedon pure A, that holdsin the structue maybe provedin thelogic.

Proof We constructhe APL-structuresyntactically giving the catgoriesin questionthesamenamesasin
thediagramof item 1 in Definition 3.3.

e Thecatgory Kind hassequencesf theform a1 : Type, ..., a, : Type asobjects whereweidentify
thesecontets up to renaming(in otherwords, we may think of objectsas naturalnumbers). A
morphismfrom Z into «y : Type, ..., a,: Type is asequencef types(o,...,o0,) suchthatall o;
arewell-formedin contet =.

e Objectsin thefiber of Type over = arewell-formedtypesin this contet, wherewe identify types
up to renamingof free type varibles. Morphismsin this fiber from o to = areequivalenceclasseof
termst suchthat= | z: o - t: 7 wherewe identify termsup to externalequality Reindeing with
respecto morphismsn Kind is by substitution.

e Thecatagyory Ctx hasasobjectsin thefiber over = well-formedcontexts of Abadi & Plotkin’s logic:
= | T' | ©, wherewe againidentify suchcontets up to renamingof free type-\ariables. A vertical
morphismfrom= | T | ©to= | IV | Ry C 0y X T1,..., R, C o, X T, iS @pair, consistingof a
morphism= | I' — = | I in the senseof morphismsn Type anda sequencef definablerelations
(p1,-..,pn)suchthat= | T' | O F p; C o; x 7. Weidentify two suchmorphismgepresentedly the
sametype morphismandthe definablerelations(p, ..., p,) and(p}, ..., p,) if, for eachi, p; = p}
is provablein thelogic. one.Reind&ing is by substitution.

e Thefiberof thecateyory Prop overacontet = | I' | © hasasobjectsformulasin thatcontext, where
weidentify two formulasif they areprovably equivalent. Theseareorderedby entailmenin thelogic.
Reinding is doneby substitutionthatis, reindeing with respecto lifts of morphismsfrom Kind
is doneby substitutionin Kind-variableswhereageinding with respecto verticalmapsin Ctx is
by substitutionin type variablesandrelationalvariables.

It is straightforvard to verify thatthis structuresatisfiesitem 1 of Definition 3.3. The only non-olvious
thing to verify hereis existenceof productsandcoproductsn Prop with respecto verticalmapsin Ctx.
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Suppos€t, p) represents morphismfrom = | z: & | Rto= | ¥: 7| S. Thenwe candefinethe product
functorin Prop by:

ThefunctorU of item 2 is definedas
Ulo,7)=RCoxT

and

Ut:0 wod,uiTt—7)=E|RCo x7F(x:0,y: 7). R(tr,uy)
The map ¥ mapsa definablerelation= | I' | © - p C o x 7 to theproposition= | I',z: o,y: 7 | ©
p(z,y): Prop, whichis abijectionby Lemma2.3.

We have defineda pre-APL-structure.If we constructRelCtx asin the definition of APL-structure,we
obtain:

=,

Objects @ B | Ry Co(@) x11(B),...,Rn C (@) x ().

Mor phisms A morphismfrom

=, =,

& 8| Ry Co1(@) x 11(83),.... Ry C (@) X 7 ()

to
&, B Sy Coh(@) x H(F)s- ., Sm C 0l (@) x 70, (F)

consistf two morphismin Kind:

Gra—a
and

v:f—0
andasequencef definablerelations(ps, . . . , py,) suchthat:

=,

a.f| R c&(@) x7(B) - p; C ol(@(@)) x 7 (#(F))

for eachi. As in Ctx thesemorphismsareidentified up to provable equivalenceof the
definablerelations.

=,

Thefiber of Relations over anobjecta, 5 | B C &(a&) x 7(5) in RelCtx becomes:

Objects Equivalenceclasse®f definablerelations

=,

a@fB| Rt pcd@xrh).



-, —.
—

Mor phisms A morphismfrom p C o'(a@) x 7/(8) to p C o"(d) x 7"(3) is a pair of morphisms
t:0" — 0", u: 71" — 7" suchthatit is provablethat

Vz: o' Vy: 7. p(x,y) D p(tx, uy).
In thereflexive graphof Lemma3.6,thefunctorfrom Kind to RelCtx actson objectsas
al:"'aanHala-"aan;ﬂla"'aﬁn ‘ Rl COél Xﬂl:-"aRn Can Xﬁn

andit takesa morphismé : @ — @ to thetriple (¢(a), #(3),3[R]). Noticethatthis definesa morphism
since

=,

& B | RcCaxpBholR] Coi(@) x 0i(B)
This really definesthe object part of the functor from Type to Relations sinceit mustpresere \2-
structure.Sothisfunctortakesatypea + o to

&fB|RcaxfrolR Ca(@) xolB).

Thefunctormapsa morphismd | z: o - t: 7 to thepair (\z: o.¢, \x: o.t). This definesa morphismin
Relations sincethe Logical Relations.emma[10, Lemma2] impliesthat

@B | Rcaxf|a: o(@),y: o(B)+ olR|(z,y) > 7[R](t, t[8/a][y/z]).

Onemay easilyverify thatthe functorsabove defineareflexive graphof \2-fibrations.
Now, by definition,aformulaholdsin this APL-structureiff it is provablein Abadi& Plotkin'slogic. O

Remark 3.17. The Completenes$heoremonly statescompletenesfor Abadi & Plotkin’s logic basedon
thepure \2. Thereasorfor thisis thatthe proof usesthe Logical RelationsL.emma,whichis provedin [10]
by structuralinductionon terms. In the caseof generalcalculi, one mustknow thatthe Logical Relations
Lemmaholdsfor term-constantg thelanguagdo be ableto prove completeness.

4 The internal languageof an APL-structur e

Givenan APL-structure we may considerthe internallogic of the model (to be definedpreciselybelan),
andformulateparametricityasa schemadn thislogic. For technicalreasonsve will defineparametricAPL-
structuresasAPL-structuresnot only satisfyingthe parametricityschemabut alsoextensionalityandvery
strongequality (A.7). For parametricAPL-structureswe canderive consequenceaf parametricityusing
Abadi & Plotkin’s logic, asin [10]. This is the reasonwhy we proposeparametricAPL-structuresas a
catayory-theoretiaefinitionof parametricity

Theinternallanguageof an APL-structures simply Abadi & Plotkin’s logic ontheinternallanguageof the
Xo-fibration (see[4]), with the orderingrelationin afibre of Prop definedas¢ F v iff [¢] - [¢] holdsin

the model. Using the internallanguagewe may expresspropertiesof the APL-structure,andaskwhether
thesepropertiesholdin thelogic.

Definition 4.1. Theextensionalityschemasdn theinternallanguageof an APL-structurearethe schemas

—| = | —=FVo,p: Type.Vt,u: a — 5. (Va: atx =g ux) Dt =43 u, a7
E|—[—=FVf.g: (la: Type.o). (Va: Type.fa =5 ga) O f =na: Typeo 9; (18)

wherein the (18) o rangesover all typessuchthat=, a F o: Type.
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Lemma 4.2. For any APL-structug, very strong equality(Definition A.7) impliesextensionality

Proof We canformulateextensionalityequivalently astherules
E|Tz:0|OFt=ru
EIT|OFAz: 0.t =7 Ax: 0.1

Ea:Type |['|OF f=,9

E|T|OF Aa. Type. f =11a: Type.s Acv. Type. g

If internalequalityis the sameasexternalequalitythentheseruleshold by therulesfor externalequalityin
Figurel. O

Definition 4.3. Theschema
Va: Type.Yu,v: o.(u(olegs])v 3C u =, v)
is calledthe Identity ExtensionrSchema Hereo rangesover all typessuchthata F o: Type.

Definition 4.4. A parametric APL-structur e is an APL-structurewith very strongequalitysatisfyingthe
Identity ExtensionSchemaandextensionality

Remark 4.5. If we write out the interpretationof the Identity ExtensionSchema,we get a cateory-
theoreticalformulationof the notion of parametricAPL-structure.lt is an APL-structurewith very strong
equality extensionalityandin which for all typesa + o: Type,

(idjaror x [6 | — | = F e )" J([@F ol) = [@ | 2: 0,y: 0 | — 2= y].
Definition 4.6. Forary type 3, d - o(3, &) we canform the parametricityschema:
Va: Type.Vu: ([]8.0).V8, 8" : Type.VR C 3 x 3. (u 3)o[R, eqy](u 3
in theemptycontext.

Proposition 4.7. Theldentity ExtensionSthemaimpliesthe parametricityschema. Thusthe parametricity
schemaholdsin anyparametricAPL-structue.

Proof Since
a | u: Hﬁ Type.a(ﬁ,&) ‘ —Fu :Hﬁ:Type.a u

alwaysholdsin themodel,by the ldentity ExtensionSchemayve know that

alu: [[B: Type.o(B,a@) | — Fu(]]B: Type.o)egslu

holds,but by the Axiom (15) this meanghat

alu: J]B: Type.o(B,d) =VB,BVR C B x 3. (uB)(0[R, eqs]) (u 5)

holdsasdesired. O

Without assumingparametricitywe canprove the logical relationslemma:
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Lemma 4.8 (Logical RelationsLemma). For any APL-structue the Logical RelationsScthema
— || —Ftot
holds,wheee t rangesover all closedtermsof closedtype i.e., — | — - ¢: o.

Proof Thelemmais really just arestatemendf therequirementhat
J : Type — Relations

is afunctor Let uswrite outthedetails.

A closedtermt of closedtype o correspond#n the modelto amapt: 1 — o in Type;, andby definition
of theinterpretation
I—|z:0,y: 0| —Fzoy] = J(0).

The fact that J is requiredto be a functor meansexactly that the pair (¢,¢) should definea map in
Relations, i.e.,theformula
—| =] =FVz,y: l.2ly D tot

shouldhold in the model. Sincethe relationalinterpretatiorof 1 is simply the constantlytrue relation,we
getthestatemenbf thelemma. O

Remark 4.9. The Logical RelationsLemmasuspiciouslyresembleshe Identity ExtensionSchemaFor a
closedtermof opentype: @ | — F t: o, the Logical RelationsLemmaimplies (Aa.t) [[ &. o(Aa.t), SO
thatto|eq;|t. However, sincethis only holdsfor closedtermst, we do not have the formula

Vit: o.tolegslt,

whichis theformulathatwe will needto prove consequencesf parametricity

4.1 Dinaturality

We shallusethefollowing definitionalot.

Definition 4.10. We saythata - o: Type is aninductively constructedype, if it canbe constructedrom
freevariables® andclosedtypesusingthetype constructor®f Ay, i.e., x, — and] ] c..

Forexample,if o isaclosedtypethen] | «. o x v is aninductively constructedype. However, somemodels
may containtypesthatarenotinductively constructedFor example,in syntacticaimodels,ary basicopen
type,suchasthetypea I lists(«) is notinductively constructed.

Supposer(a, 3) is aninductively constructedype with all free variablesin «, 8 suchthat« occursonly
negatively and 8 occursonly possitvely in . We may thenfor f: o« — o andg: 3 — [’ definea
morphism

o(f,9) o, ) = o(a, 3)

inductively over the structureof o asin [10].

Lemma 4.11(Dinaturality). In a parametricAPL-structug, thedinaturality schema
Va,B.Vf: a— B.o(idy, f) o (*)a [ (o(@a))—o(@) o(f,idg)o (-)s

holds.Here (-),, denoteshetermAu: (] a. o(a, a)). u(a).
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Proof. Supposef: a — (3. By extensionalityit suficesto prove that,for ary u: [[ o.o(e, ),

U(idaa f)U(Oé) =o(a,8) U(fa ldb’)u(ﬁ)
Instantiatinghe Logical RelationsLemmawith thetypes

a,B,7,0 - (a — ) x (y = 9)
a7ﬂ7v76'_0-(ﬂ7/7) Ha(a76)

and
t=Aa,B,7,0. w: (a— B) x (v —9).0(rw, 7'w):
[T B,7.6.( = B8) x (v = 6) = 0(B,7) — o(a,0)
we get
a,B,7,6,a,8,7,8 | x: (a— B) x (v = 3),y: (& = F) x(y =) |
Ricaxd ,RoCfBxf ,R3Cyxvy ,RyCdxd]
x(Ry — R2) X (R3 — Ry)y b o(mz,n'x)(c[Ra, R3] — o|R1, Ry))o(my, 7'y).

If weseta, 3,7,a’ toa andsets, 3',+',4" to g andlet R, = eq,, Ry = R3 = (f) andRy = eq;, thenwe
get
z(eq, — () x ((f) — eqg)y - o(rz,7'z)(a[(f), (f)] — oleq,, eq])o(my, 'y).

If wesetr = (id,, f) andy = (f, idg) thensinceid,(eq, — (f))f and f((f) — €qs)ids we obtain

o(ida, f)(a[(f), (f)] = oleq,,eq])o(f, idp).

Sincethe parametricityschemadells usthat

w(@)a[(f), (Hu(B),

it follows that
o(ida, f)(u(a))(oleq,, eq])o(f, idg)u(B),
but by the ldentity ExtensionSchemahisis just

0(ida, [)(w(a)) =o(a,8) ([ idp)u(B)-

4.2 Consequencesf parametricity

As mentionedn theintroductionto Section 4 we mayuseAbadi & Plotkin’s logic to derive consequences
of parametricityin parametricAPL-structures.In this sectionwe exemplify how to do so. Throughour
examplesjt shouldbecomeapparenhow extensionalityandvery strongequalityplay importantrolesin the
proofsof theconsequences.

The proofsof the consequenceare basedon theoremsaboutAbadi & Plotkin’s logic statedin [10]. For
completenessye have written out proofsof thesetheoremsopfteninspiredby [2]. Whatis new here,is just
thatwe shav how to concludefrom thelogic to the APL-structures.
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4.2.1 Products

ConsidetthetypeT = [[ a. @ — a. ThetermAa. Az : . z inhabitsT". Thus
Proposition4.12. In anymodelof A, thetypeT definesa fibredweakterminal object.
Theorem4.13. In a parametricAPL-structue, the proposition

Vu: T.(u =7 Aa. Az a. )

holdsin theinternal logic.

Proof. By extensionalityit sufficesto prove that
a: Type | u: T)z: at (ua)r =4 x.
Considertherelation
a:Type|u:Tiz:akp=(y:a,z: a).y =4 C aXa.
By parametricitywe have
a: Type |u: Tyz: at (ua)(p — p)(ua),

but this meanghat
a:Type |u: Tyz: aby=4 2D (ua)y =4 .

Theorem4.14. In a parametricAPL-structue, T' definesa fibred terminalobjectof Type — Kind.

Proof. Supposeu: ¢ — T is a morphismin the fiber. By the above theoremand extensionality v is
internallyequalto \y: 0. Aa. Az : a. z. By very strongequalitywe have externalequalitybetweeru and
Ay: 0. Aa. Ax: a.x. SOT is aterminalobject. O
For two typesc andr in thesamefiber, consider

oxT=[]a.((c =7 —a)— a).

We use x to distinguishthis definition from the usualfiberwiseproductdenotedx. We will shav that x
definesaweakproductin thefiber, andthatin parametricAPL-structurest definesagenuineproduct.

Let projectionsr : o x7 — o andn’ : o x7 — 7 bedefinedby

mx=x0 (Ax: 0. \y: T. )
e =x71 (Ar: 0. \y: T.9y)

andlet pair : 0 — 7 — o x7 bedefinedby
parzy =Aa.A\f:0 -7 —a.fxy
If f:a— ocandg: a— G, wewill write (f, g) for Ax: . pair (f z) (g ) . Then
mo(f,g)=Xx:a.(pair(fz)(gz))o(Az: 0. y: m.x) =dx:a. fr = f
andlikewise

' o(f,9) =g
This proves:
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Proposition4.15. In anymodelof A, the constructionx definesa fiberwiseweakproduct.
Theorem 4.16. For any parametricAPL-structue the proposition
Vo, 7.{m, 7'y =_5_id_s_

holdsin theinternal logic.

Proof Forary f: 0 — 7 — a definef*: ox7 — a as

ffe=xalf.
Suppose: : o x 7. By parametricityfor ary relationR C o x f3,
(za)((eq, — eq. — R) — R)(z ).
Now, forary f: 0 — 7 — «,
fr(pairzy) =pairzyaf=fzy,
i.e.,
pair(eq, — eq. — (f%))f,
which meanghat
(zoxTpair){f*)(z a f).
In otherwords,
[*(z ox7 pair) =, z a f.

Sincetheleft handsideof this equationsimply is
(z oxT pair) a f,
we gethy extensionalitysincec«, f werearbitrary

zoxTpar=_;_=z.

Supposeaow thatwe aregiven f: ¢ — 7 — a. Weconstrucly: ox7 — a by
gz=f(rz)(n2)
Thenpair(eq, — eq. — (g))f since
g (pair z y) = f (m o pair z y)(n' o pairzy) = fz y
Parametricitynow stateshatfor ary z: o xr
(zox7)((eq, — eq. — (g)) — (9))(z a).
Thus(z ox7 pair)(g)(z a f) andsince(z o x 7 pair) =, z we have
f(r2)(n2)=gz=qzaf.

By extensionality
MetoxT. AaNfro—=T—a f(n2)(72) =0, oir
Aot oxT. AaNfio—>T—azaf=id,.

But theleft handsideof this equationis just (, 7). O

Theorem4.17. In any parametricAPL-structug, x definesa fibrewiseproductin Type — Kind.

Proof. Sinceclearly (o f, 7’ o f) = (r,7’) o f ary mapinto o x 7 is uniquelydeterminedy its compo-
sitionwith =7 and=’ by Theorem4.16andvery strongequality O
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4.2.2 Coproducts

For theemptysumwe define
I=]]aa.

Proposition 4.18. In anymodelof s, I definesa fibredweakinitial object.

Proof. Supposer is a type over someKind object=. The interpretationof thetermzx: I + zo is a
morphismfrom I to ¢ in thefiberover =. O

Theorem4.19. In a parametricAPL-structue, the proposition
Vu: I. L

holdsin theinternal logic of the model.

Proof Parametricitysays
Vu: [[a.a.Va,B: Type.VR C a x . u(a) Ru(f)
Instantiatethis with the definablerelation

(x: L,y:1). LC1x1

]
Theorem4.20. In a parametricAPL-structue, I definesa fibredinitial objectof Type — Kind.
Proof. Giventwo morphismsu,v: I — o we have
(Ve: I. L) F (Vo [Lux =4 vx) F (u =124 v),
S0, by very strongequality we have u = v. O

Giventwo typesc andr we define
o+17=]la.(c =a)— (T —a) =«
andintroducecombinatorsnl, ,: 0 — o + 7,inf, -: 7 — o + 7 and
cases,: [[a.((c ) = (T —a) = (0+7T) — )

by
inl,o-(a) =Aa. Af: 0 — a.\g: 7 — a. f(a),
iNfo47(a) = Aa. A\f: 0 — a. A\g: 7 — a. g(a),
casesirafgw=wafg.

Now, supposewe are given two morphismst : ¢ — a andu : 7 — «. Thenwe may define(u,t] =
cases, atwu: o+ 1 — aandwethenhave

[u,t]oinl, (z) =inl,; z ot u=t(x)

andlikewise
[u,t]oinry - (y) =iNryr z vt u = u(y)

sowe have provedthefollowing proposition.
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Proposition4.21. For anymodelof \,, theopemtion + definesa fibredweakcoproduct.
We will provethatin a parametricAPL-structureg + 7 is in facta coproduct.
Theorem4.22. In a parametricAPL-structue, the proposition

Va,o,7: Type.Vh: 0+ 7 — a.h =447 [Ro Ny, hoinr, ;]

holds.

Proof We will first prove that
[in|U+Ta ian+T] —o+T ido+7’-

Instantiatingthe parametricityschemdor w : o + 7 with therelation(f) we getthat,forary f : « — 3
andalla:0 — aandg: 7 — a,

flwaab)=gwpB (foa)(fob)
Now considerary a’ : ¢ — aandb’ : 7 — aandsetf : 0 +7 — a to
flu)=uadl.
If we seta aboreto inl andb to inr we get
(w(o+7)inlinr)ad vV =gwa(foinl) (foinr). (19)

Since
foinl(z) =inl(z) ad' V' = d(z),

for all z: o, andlikewise f o inr(y) = ¥'(y), for y : 7, (19) reducego
(w(e+7)inlinr) ad vV =gwadl.

By extensionalitythis implies
(w(o +7)inlinr) =,4, w,

andusingextensionalityagainwe obtain
iNlyyr,iNFotr] =g trmotr idotr (20)
Finally, by the parametricityconditionon caseswe haveforary h : 0 + 7 — « that
h(case$o + 7) inlinr w) =, casesx (hoinl) (hoinr) w,

soby extensionalityand(20),
h =g+r—a [Roinl hoinr].

Theorem4.23. In any parametricAPL-structue, + definesa fibred coproductof Type — Kind.

Proof. Usingvery strongequality Theorenmd.22tells usthatmapsout of o + 7 areuniquelydeterminedy
their compositionswith inl andinr. O
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4.2.3 Initial algebras

Definition 4.24. Considerafibredfunctor

An indexedfamily of initial algebrador thefunctorT is afamily
(inz: T(o=) — 0=)zcobjB

suchthat eachinz= is aninitial algebrafor therestrictionof 1" to the fiber over = andthe family is closed
underreindeing. If eachinz is only aweakinitial algebrawe call it afamily of weakinitial algebras.

Supposex + o: Type is aninductively constructedype (seeDefinition 4.10) in which « occursonly
positvely. Theno(a) canbe considereda functorin eachfiber [10]. Actually, in [10] Abadi & Plotkin
constructaterm

t:]]e, B: Type. (@ — B) — o(a) — o(B),

which internalizeshe morphismpart of the functoro. This termis an exampleof whatwe lateron call a
polymorphicstrength(seeDefinition 4.38).

Thetypeo inducesafibredfunctor

Type Type

~

Kind

mapping= + 7 to = - o(7). In this sectionwe studyfamiliesof initial algebrador suchfunctors.
Firstwe prove thegraphlemma:

Lemma4.25. If a F o is aninductivelyconstructedypein a parametricAPL-structue in which « occuis
only possitivelyinterpretedasa fibred functorasin [10], thentheformula

Va, B: Type.Vf: o — B.o[(f)] = (o(f))
holdsin theinternal language of themodel,whel, asusual,p = ' is shortfor
Va,y. p(x,y) 3C (2, y)-

Proof. Sincethe polymorphicstrengtht mentionedabore is parametricwe have, for ary pair of relations
pCaxdaandp C 8x 3,

taB((p—p)— (ool = oDt 5. (21)

If we instantiatethiswith p = eq,, p' = (f) for somemapf : « — 3, we get

taa((eq, = (f) = (€4 = al{(H]))ta b,
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usingthe Identity ExtensionSchemasSinceid,(eq, — (f))f, andsincet a 5 f = o(f) andt a o id, =
o(ida) = idy() Weget

il () (€ ) = a[(NH])a(f),
thatis,

Va: o(a).z(a[(f)])o(f)z.

Thuswe have proved (o(f)) implieso[{f)].
To prove the otherdirection, instantiate(21) with therelationsp = (f) andp’ = eq; for f: a — 3. Since
F((f) — eqs)idg,

o (/) o[{f)] = etys))ido(s)-
Sofor ary z: o(a) andy: o(3) we have z(a[(f)])y implieso(f)z = y. In otherwords,o[(f)] implies
(a(f))- 0

We shallnow defineafamily of initial algebrador thefunctorinducedby o. In eachfiber Type- we may
definethetype

pa.o(a) = [T a- ((0(a) — a) — a)
with combinators
fold: [Ja. ((o(a) — @) — pB.o(B) — «)

and
in:o(pa.o(a)) — po.o(a)
givenby
fodafz=zaf
and

inz=Aa.\f: o(a) = a. f(oc(folda f)z).
Theorem4.26. In anymodelof second-ader A-calculusthe family
(EFin: o(ua.o(a)) — poo(a))z
is a family of weakinitial algebrasfor o.

Proof Givenary algebraf: o(«) — « in ary fiber, thediagram

o(pa. o(a)) i po. o)

o(fold v f)l Lfolda I

f

ola) ——«

is commutatve since
(folda f)oinz=inzaf = f(c(folda f) 2)

and

foo(folda f) z = f(o(folda f) 2).
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Wewill shaw thatin aparametricAPL-structure(= I in)= actuallyis afamily of initial algebrasFirstwe
prove alemma.

Lemma4.27. In a parametricAPL-structug, theformula

fold Qe U(Oé) in —pa.o(a)—pa.o(a) id,ua.a(a)
holdsin theinternal logic.
Proof Consideranarbitraryelementv: pa.o(a) andamap f: a — (. The parametricityconditionthen
gives
(wa)((a[(f)] = (f) = (FN)(wP).
SinceLemma4.25tells usthato|[(f)] = (o(f)), thismeanghat,if a: 0(a) — « andb: o(8) — [ have
the propertythat
va: o). f(az) =5 b(o(f) 2)
(thatis, if f is amorphismof algebras)then
flwaa) =gwpfb.

Considemnow anarbitraryalgebrak: o(a) — « andinstantiateheabove with thealgebramorphismfoldak
fromin to &, to get
fold o k(w pa. o(@) in) =4 w a k.

Sincetheleft handsideof this equationis (w pa. o(a) in) a k, we getby extensionalitythat
w pe. o (@) in =4 0(0) @

andtherefore usingextensionalityagain,

fold Ho. O'(Oé) in “pa.o(a)—pa.o(a) idua.o(a)a
asrequired. O

Theorem 4.28. Supposg: pa.o(a) — « inducesa mapbetweeralgebrasfrominto f: o(a) — aina
parametricAPL-structue. Then

9 = poa.o(a)—a fold /
holdsin theinternal logic.

Proof. Sinceg is a mapof algebrasthe parametricityconditionon anarbitraryw: pa.o(«) entailsasin
the proofof Lemmad4.27that

gwpa.o(a)in) =qwa f

andthereforethe resultfollows from extensionalitysince by Lemma4.27,
w pa.o(a) in = (fold pa. o(a) in) w =4 5(a) w

and,morewer,
wa f=(foda f)w.
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Theorem 4.29. In a parametricAPL-structug, (= + in)= is a family of initial algebrasfor o.

Proof Usingvery strongequalityThm 4.28givesuniguenessf algebramorphismsout of in. O

Remark 4.30. Considetthe caseof aninductiely constructedypea, 8 - o(a, 3) in whicha and occur
only positively. For eachclosedtype = we may considerthetype o - o(«, 7) andtheanalysisabove gives
us a family of initial algebradfor this functor Moreover, for eachmorphismf : = — 7’ betweenclosed
typeswe geta morphismof algebrasnducedby initiality:

o(pa.o(a,7),7) - - = o(pa. o(a, '), )
la(idvf)
in, o(pa.o(a, 1), 7)
in_.
poo(o, ) —— = — — = pa.o(a, )

For example,if we considerthetypea, 8 + 1 + a x 3, thenfor ary 7, we getlists(7) = pa. (1 + a x 1)
and.forary f : 7 — 7/, theinducedmorphismis thefamiliar morphismmapy : lists(7) — lists(7’), which
appliesf to eachelementin alist.

4.2.4 Final coalgebras

In this sectionwe considerthe samesetupasin Section4.2.3,thatis, o F o: Type is aninductively
constructedypein which o« occursonly positively. As beforeos definesa fibred endofunctoron Type —
Kind.

Definition 4.31. Considerafibredfunctor

An indexedfamily of final coalgebragor thefunctor" is afamily
(oute: 0= — T'(0=))zcobjB

suchthateachouts is afinal coalgebrdor therestrictionof T' to thefiber over = andthe family is closed
underreindeing. If eachouts is only a weakfinal coalgebrawve call it afamily of weakfinal coalgebras.

In this sectionwe defineafamily of weakfinal coalgebragor o andprove thatfor parametricAPL-structures
it is in factafamily of final coalgebrasFirstwe needto defineexistentialquantificationin eachfiber as

[Ta.o(e) =[[e.(I1B-(¢(8) = @) =«
andthecombinatompad : [[ a. (c(a) — [[ 8. 0(B)) by

pak ax = ABAf: [Ja. (o(a) — B). f ax.
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In eachfiber we definethetype

va.o(la) =]]a. ((a = o(a)) x @) =[a.(J[B- (B —0(B)) x B — a) — «

with combinators
unfold: J]a. ((a¢ — o(a)) — a — (va.o(a)))

and

out: va. o(a) — o(rva.o(a))
definedas

unfolda f = = pak a (f, x)
and

out(z) = z o(rva.o(a)) (AaX(f,z): ((a« — o(a)) x a).c(unfolda f)(f x)).

Theorem 4.32. In any modelof second-ader A-calculus(= F out)= is a family of weakfinal coalgebras
for o.

Proof. Consideracoalgebraf: a — o(«) in ary fiber. Then

«

o(a)

unfold ft la(unfolda )

va.o(a) —2% o(va. o))

commutessince

out(unfolda f z) = out(pak « (f, 2))
(Paka (f.2)) (o(va.o(a))) (AaA(f,z): ((a — a(a)) x
= o(unfolda f)(f 2)

05. o(unfolda f)(f x))

Lemma 4.33. In a parametricAPL-structue,
unfoldva. o(«) out

is internally equalto theidentityon va. o(«).

Proof Seth = unfoldva. o(«) outin thefollowing.
By parametricityforary k : a — S,

unfolda((k) — a[(k)]) — ((k) — €Q,4.,())unfoldS.
Hencegsinceo[(k)] = (o(k)) by Lemmad4.25,if
ki(fra—o(a)) = (9:8—0(f)
is amorphismof coalgebrasthen

unfolde f =,_,.0(a) (Unfoldg g) o k.
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Sosinceh is a morphismof coalgebragrom out to outwe have h = h2. Intuitively, all we needto prove
now is thath is “surjective”.

Considerary g : [[ a. ((a — o(a)) x a — ). By parametricityandLemmad4.25,for ary coalgebranap
k:(f:a—o0(a)—(f:d — o(d)), wemusthave

Vz:a.ga(f,z) =g g (', k(z)).
Usingthis onthecoalgebranapunfolda f from f to outwe obtain
Vz: a.galf,z) = g va.o(a)(out unfolda f ).
In otherwords,if we define
E: [Ja. (o = o)) x o — 1),
wherer = (va.o(a) — o(va.o(a))) x va.o(a), tobe
k= Aa. Xf,z): (o« — o(a)) x a.(out unfolda f x),

then
Va.g (a—o(a))xa—p (g va. U(Oé)) © (k CY). (22)
Now, supposeave aregivena, o', R C a x o andtermsf, f’ suchthat

f((R—o[R]) x R — B)f".

Then,by (22) andparametricityof ¢
gaf=ggd [ =5 (gva.o(a))(ka f),
from which we conclude
g(V(e, B, R C ax ). ((R— o[R]) x R— {(gra.c(a))))k.

Thisimpliesthatfor ary z: va. o(«) by parametricitywe have

vBg=p5gva.oa) (xTk).
Thus,sinceg wasarbitrary we mayapplytheabore to ¢ = k£ andget

r7k =, kva.o(a) (x 7 k) = (out,unfoldva. o(a) w(x 7 k) 7' (z 7 k)).

If we write
| = \z: va.o(a). unfoldva. o(a) m(x 7 k) 7' (x 7 k),

thensincek is aclosedterm,sois [, andfrom the abore calculationsve concludethatwe have
VE.Vg:[la. (@« = o(a)) xa— B.x2 Bg=p gra.o(a) (outlzx).

Now, finally

h(l ) = unfoldva. o(a) out(l z) =
pak va.o(a) (outl z) =
AB.Ag: [Ta.((a —o(a)) x a— B).gva.a(a) (OUtl ) =,q 5(a)
ABAg: [[a.((a = o(a) xa— B).xBg=x

wherewe have usedextensionality Thus! is aright inverseto i, andwe conclude

hx ~rva.o(a) h2(l CC) —rva.o(a) h(l CI?) “va.o(a) L
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Theorem 4.34. In a parametricAPL-structug, (= + out)z is a family of final coalgebras for o.
Proof Consideramapof coalgebragnto out

a—o>" —o(a)
Lg lv(g)
va.o(a) o o(va.o(a)).
By parametricityof unfoldwe have
unfolde f =, a.0(a) (Unfoldva. o(a) out) o g =, a.0(a) 9-

Very strongequalitythenimpliesuniquenessf coalgebranorphismsnto out asdesired. O

4.2.5 Generalisingto strongfibred functors

In this section,our aim is to generalisghe resultsof Sections4.2.3and4.2.4to initial algebrasandfinal
coalgebrasor amoregeneraklassof fibredfunctors,thantheonedefinedby inductively constructedypes.
To beableto usetheinternallogic of the model,however, we needthefibredfunctorto be“internalised”in
theinternallogic.

Considerafibredfunctor
F

Type Type

~

Kind.

SinceType — Kind hasagenericobject?” € Typeq, ([4, Definition5.2.8]),thereis for every I € Kind
amap
QSI : Type[ - HomKind(Ia Q)

suchthat¢;(X) is theuniquemap,suchthat¢; (X )*T is verticallyisomorphicto X . Now,
F(X) = F(or(X)'T) = ¢1(X)"F(T).
Thuswe have provedthefollowing lemma.

Lemma 4.35. Everyfibredfunctor F': Type — Type is naturally isomorphicto a functor whoseobject
partis definedas X — ¢;(X)*o for somes € Typeg,. In theinternallanguaye the objectpart of sud a
functoris writtenast — o(7).

In thefollowing, we shallassumeéhat F' hasthis form andsimply denoteF’ by o.

Thuswe canalwaysrepresentheobjectpartof afunctorin theinternallanguageTo representhemorphism
part,we needto usestrongfunctors.

Definition 4.36. An endofunctofl’ : B — B onacartesiarclosedcatayory is calledstrong if thereexists
anaturaltransformatiort, . : 7 — 7717 preservingdentity andcomposition:

ido o1

oo COMP p
1——0° 05" X 03> ———— 035"
x ltw txt t
idTe
To comp
To TUQT Tt % TJ3TU2 — TJ3TUl.
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Thenaturaltransformationt is calledthe strength of thefunctorT'.

Oneshouldnotethatt in thedefinitionabove representthe morphismpartof thefunctorT in thesensehat
it makesthediagram

-~

f

1——1°

x ltw
rf

TrTe

commutefor any morphismyf: ¢ — 7. Thisfollows from thecommutatie diagram

07—t poTo

b
S

Definition 4.37. A strong fibr ed functor is afibredendofunctor

T

NS

B

E

E

on a fibred ccc, for which there exists a fibred naturaltransformation: from the fibred functor (—)(+)
to T'(—)*(+) satifying commutatiity of the two diagramsof Definition 4.36in eachfiber. The natural
transformatiornt is calledthe strength of thefunctorT.

In this definition,oneshouldof coursecheckthatthetwo functors(—)(+) andT'(—)”(+) — apropriorionly
definedon thefibers— in factdefinefibredfunctors

Type Xkina Type Type
Kind.

But this is easilyseen.Notice alsothat T' is not requiredto presere the fibred ccc-structureandthatthe
component®f ¢t arepreseredunderreindeing sincet is afibred naturaltransformation.

Definition 4.38. A fibredendofunctor

Type 7 Type

~

Kind,

definedon objectsby 7 — o(7) for atypeo € Typeq asabove,is polymorphically strongif thereexists
aterm

t: [Te, B: Type. (o — B) — o(a) — o(B)
suchthatthe family (t a 3) (4, 8)eTypexxinaType 1S @ Strengthof the functor o in the senseof Definition
4.37.Thetermt is calledthe polymorphic strength of o.
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Example 4.39. An inductively constructedype with onefreevariablea + o: Type, wherea occursonly
positively, definesa polymorphicallystrongfibredfunctor, seeSectior4.2.3.

But in mary situationsonemaywantto reasoraboutotherpolymorphicallystrongfibred functorsthanthe
onesdefinedby typesmodelledin \,. For example,if the \o-fibration of the APL-structuremodelsother
typeconstructionshanthe onesfrom A\, for whichtherearenaturalfunctorialinterpretationspnemaywant
to prove existenceof initial algebragor functorsinducedby typesin this extendedanguage.

For polymorphicallystrongfibred functorswe can alsoreasonabouttheir morphismpartin the internal
languageFor instancewe maywrite

a,fBlfra—=BFtaf f:o(a) — o(f)

to expressthe applicationof afunctoro with strengtht to amorphismf.

Furthermore sincethe morphismpart of the functor is representedby a polymorphicterm, we canuse
parametricityto reasoraboutit. For instancewe may prove thefollowing generalisatiomf Lemma4.25.

Lemma 4.40(Graph Lemma). For anyparametricAPL-structue, if o is a polymorphicallystrongfibred
endofunctoType — Type, thentheformula

Va,B: Type.Vf: o — B.o[(f)] = (o(f))

holdsin theinternallanguage of the APL-structue, whee p = ' is shortfor V, y. p(z,y) 2 p'(z,y).

Theproof of thislemmais the sameasthe proof of Lemma4.25.

Corollary 4.41. For any parametric APL-structue, the morphismpart of a polymorphicallystrong fibred
endofunctok is uniquelydeterminedy the objectpart.

Proof By Lemma4.40,y = o(f)(x) iff zo[{f)]y. O

Theorem 4.42. In a parametric APL-structuge, any polymorphicallystrong fibred functor 7' : Type —
Type has

e Afamily of initial algebrasdefinedasin Sectiord.2.3

o Afamily of final coalgebras definedasin Sectiord.2.4

Proof. The proofswork exactly asin Sections4.2.3and4.2.4sincewe may expressthe functor?’ in the
internallanguageasdescribedabove.

The factthat theseinitial algebrasandfinal coalgebrasre presered by reindeing follows from the fact
thatthe strengthg are. O

5 Concrete APL-structur es

In this sectionwe definea concreteparametricAPL-structurebasedon a well-known variantof the per
model(see for instance[4, Section8.4]).
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Thediagramof Definition 3.3in the concretemodelis:

UFam(RegSub(Asm)) (23)

PFam(Per) « I 5 UFam(Asm)
\ l
q
PPer

The fibration p is the fibration of [4, Def. 8.4.9]; we repeatthe definition here. In the following, Per
and Asm, will denotethe setsof partial equivalencerelationsand assembliesespectiely on the natural
numberqseg[4]).

Thecatayory PPer is definedas

Objects Naturalnumbers.

Mor phisms A morphismf : n — 1 isapair (f?, ) wheref? : Per" — Per is ary mapand
/" € g sepern |[licn PN/Ri X N/S) — P(N/ f7(R) x N/ f(3)

is amapthatsatisfiegheidentity extensioncondition fr(ﬁg) = Fq. A morphismfromn
to m is anm-vectorof morphismfromn to 1.

We cannow definePFam(Per) astheindexed catgyory with fiber overn definedas

Objects morphismsp — 1 of PPer.

Mor phisms amorphismfrom f to g is anindexedfamily of maps where

(aﬁ)ﬁePer”
ag :N/fP(R) — N/ (R)

aretracked uniformly, i.e., thereexists a codee suchthat, for all R and[n] € N/ f?(R),
a([n]) = le - n]. Further the morphisma shouldrespectrelations,thatis, if 4; C

N/R; x N/S; and(a,b) € f(A) then(as(a), ag(b)) € g"(A).
Reind&ing is by composition.
Next we definethefibrationg. Thefiber catggory UFam(Asm),, is definedas

Objects all mapsf : Per” — Asm.

Mor phisms amorphismfrom f to g is anindexedfamily of maps where

(aé)ﬁeper”
ag: f(R) = g(R)

are mapsbetweenthe underlying setsof the assemblieghat are tracked uniformly, i.e.
thereexists a codee suchthatfor all R andall : € f(R) andall a € Ey ) (1) we have

e-ac€ Eg(ﬁ)(aﬁ(i)).
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Reind&ing is againby composition.
Finally we candefinethe catggory UFam(RegSub(Asm)) as

Objects An objectover f isary family of subsetg Az C f (ﬁ) ) 3» Whereby subsetve meansubset
of theunderlyingsetof theassembly

Mor phisms In eachfiberthe morphismsarejust subseinclusions.

Reindeing is definedasfollows: Supposep : f — ¢ is a morphismin UFam(Asm) projectingto
q¢ : n — min PPer. By definitionthisis amapin thefiber of UFam(Asm) overn from f to (¢¢)*(g).
Suchmorphismsaregivenby indexed familiesof maps

5 [(R) = go(a9)"(R)
rangingoverﬁ € Per” sowe candefine
(;S*(AS: C g(S))g‘ePer = (¢]_§’1 (Ago(q¢)P(ﬁ)))é€Per”

Theinclusion! is obtainedby projecting(f?, f”) to f? usingtheinclusionof Per into Asm. Noticethat
we have:

Lemma5.1. Theinclusion! is faithful.

In the following seriesof lemmaswe will prove that (23) definesa parametricAPL-structure. The idea
is thattypes(objectsof PFam(Per)) comeequipedwith arelationalinterpretatiorsatisfyingthe identity
extensioncondition.

Lemma5.2. p is a A2-fibration.

Proof Thisis [4, Prop. 8.4.10]. The ccc-structurds given by a pointwiseconstructionand1 is clearlya
genericobject.Foratype f : n + 1 — 1 wedefine[[ f: n — 1 as

TI/)P(R) = {(a,d)|VU,V € Per.YB C N/U x N/V
a € |fP(R,U)|andd’ € |fp(é, V)| and
([a], [@']) € Fia oy Eaa B}

and
(I f)%xg(A) = {([Q]H(f)p(é)a [al]n(f)p(g)) | VU,V € Per.VB C N/U x N/V
( A, B)}

[a]fp(R’yU)a [a/}fp(gyv)) € f(rﬁ7U)7(§’V)(
for AC B xS. O
Lemma5.3. g isafibredccc.

Proof. Theccc-structurds givenby pointwiseconstructions. O

Lemmab5.4. (r,q) is anindexedfirst-order logic fibration with all indexed productsand coproducts.
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Proof. Sincetherestrictionof r to eachfiberis a preordeffibrationwhichis afibredccc,it suficesto prove
that» hasproductsandcoproductswith respecto all morphismsof UFam(Asm). We just provide the
productsandcoproductsere.

If u: f — gisamapin UFam(Asm) with ¢f = n, g9 = m thenu is givenby afamily of maps:
ug : f(R) = g((qu)?(R))
for R € Per”. We may defineproductsandcoproductsas
[1(A% € F(B) ficpern = ( U “ﬁ(Aﬁ))
v Re((qu)r)~1(S) SePerm
and

[1(Az € F(R) epern = ( N Az €9 |uz'({a}) C Aﬁ)
Re(

(qu)P)=1(5)

SePer™
U
Lemma5.5. Thecomposabldibrations
UFam(RegSub(Asm)) — UFam(Asm) — PPer
havean indexedfamily of genericobjects(DefinitionA.1) ((V2),,)nepper-
Proof Set(V2),(R) = {0,1} and B gy, (i) = N. O

As in Remark3.4we now have:
Lemma 5.6. Thee existsa bijectivecorrespondence:
¥ : Homypam(Asm)- (0, U (0, 7)) — Obj (Propey 1(oxr))
whidh is natural in ©® andcommutesvith reindexing.
We cansumup thelemmasabove asfollows.

Proposition5.7. Thediagram (23) definesa pre-APL-structue.

Lemma 5.8. For anypair of typesf, g : n — 1 theobjectU(f,g) = V2£Xg is isomorphicto the object

(P(N/fP(R) x N/¢"(R))) 5

WIth Ep oy 0 (B xvygr () () = NV
Lemma 5.9. Thepre-APL-structue (23) hasa full APL-structue.
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Proof. Thegraphfrom Lemma3.6is exactly thegraphin theproofof [4, Prop.8.6.3],andin this proofthe
graphis extendedto areflexive graph.We write outthe detailshere.

The category RelCtx hasasobjectssequencesn, ', ((f1, f1), - -, (fp, f5))) wheren, n’ areobjectsof
PPer andf; : n — 1 andf/ : n’ — 1 aretypes.We write theseobjectsas

f f

n——sp<—n/

Morphismsof RelCtx from n —f>p L n to m—Lsq<2 aretriples (h, h’, ¢) whereh :

n — m andh’ : n’ — m’ aremorphismsf PPer, and¢ is afamily of maps:

H(é,g)eper”XPerm |:HL P(N/ff)(é) x N/lep(g))
= II; P(N/(g} o h?)(R) x N/(g] o h")(S))

(h,i/ arethereindexing maps,and¢ is the horizontalmapin UFam(Asm), andwe have usedLemma
5.8).

Objectsof Relations in thefiberover ( n S n’/ ) aremorphism
f f id id
(n—>p-<—n’)—>(]_—>1<—]_)

denotedvy triplesasbefore.Verticalmorphismsrom (h, b/, ¢) to (k, k', ¢) arepairs(a, ) wherea : h —
h' andg : k — k' aremapsin PFam(Per) satisfying

(la], [}) € b 5(A) = (az((a]), B5(]) € ¥ z3.3,(A)
for all (R, S) € Per™ x Per" andall A C [, N/fP(R) x N/f(S).

We cannow definethefunctorKind — RelCtx to mapn to n —%~n < n andmaph:n — n’ to
thetriple (h, h, h").
This functoralsodefinesthe actionof the functor Type — Relations onobjects:Typesf : n — 1 are

mappedo (f, f, f") from (ni>n S Jto (1 SN ). Morphismsa : f — g between

typesin thesamefiberaremappedo («a, o) andthefactthatthesen factdefinemorphismdbetweerobjects
of Relations follows from the factthatmorphisman PFam (Per) arerequiredto presere relations.

Onemayeasilyverify thatthe pair of functorsdefinednherein factdefinea morphismof \,-fibrationsandit
is clearthatoneobtainsa reflexive graph,asrequired. O

Lemma 5.10. Thefirstorder logic fibration (r, ¢) hasverystrongequality

Proof Suppose:,v : f — g areverticalmorphism=f UFam(Asm) in thefiberovern. Then

Eq(u,v) = (u,0)" [asggg(T)

Since .
[Is(Mz={(y.2) € (gx g)(R) [y =z}
we have
Eq(u,v) 5 = {z € f(R) | ug(z) = vz(x)}
sothat Fg(u,v) = T iff u = v. O

42



Lemma 5.11. Thetwo extensionalityformulasare provablein thelogic of r.

Proof Thisfollowsfrom Lemmas4.2and5.10. O

Lemma 5.12. Theldentity ExtensiorSdiemaholdsin theinternal logic of the APL-structue.
Proof. We needto prove that
[@]zy: 7(0) b rleg](z,y)] = [a| z,y: 7(5) F = =15) yl.

Sosuppose = [[E| 7). ThenJ(f) = (f, f, f"). If weconsidetthisanobjectin Prop = UFam(RegSub(Asm))
by applyingthefunctorRelations — Prop to it we get

({(z,y, 4) € f7(R) x f7(S) x IT; P(N/R: x N/S)) | (z,9) € f"(A)}) .

To getthe left handside of the abore equationwe shouldpull this backfirst via ([&], [¢]) andthenvia
[eq;]. Pulling backvia ([], []) we get

({(z,y, A) € 7o [617(T) x f7 o [F]P(T) x [], P(N/[F]P(T) x N/[5]7(T)) |

(z,y) € f(A)})7
Since ~
[@]z,y:obz=cy]=({(z,2) |z € [o]"(R)})z,

themap[eds] : 1j5 — 2171%[7 is themapthatfor all R is the constanmapto the equalityrelation. Thus
we obtain

[a]zy: 7(d) - 7leg]] =
({(z,9) € 70 [F(T) x 70 [F1(T) | (2,) € F"( €4z 7t =
({(z,y) € 2o [F]P(T) x f7o [F]P(T) | = = y}) .
thelastequalityby theidentity extensionpropertyof f. Butthisis exactly

[@|x,y: 7(0) F o =1@) vl

Summingup, we have:
Theorem5.13. Thediagram (23) definesa parametricAPL-structue.

Remark 5.14. In theabore modelwe usenothingspeciabboutthe PCAN sothesameconstructiorapplies
to persandassembliegver ary PCA. All thelemmasabore generalizesothatin the generalcasewe also
obtaina parametricAPL-structure.
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5.1 A parametric non-well-pointed APL-structur e

We may generalizehe constructiorabove evenfurtherto the caseof relative realizability Supposeve are
givenaPCA A andasub-PCAA;. We canthendefinethe APL-structureasabove with persandassemblies
over A, with the only exceptionthat morphismsn PFam(Per) and UFam(Asm) shouldbe uniformly
tracked by codesin A;. All the proofsof section5 generalizesothatwe obtain:

Proposition 5.15. For anyPCA A andsub-PCAA; thediagram
UFam(RegSub(Asm(A, Ay)))
PFam(Per(A.A;)) L . UFam(Asm(A, Ay))
\ l
q
PPer(A, Ay)

definesa parametricAPL-structue.
However, onemayalsoprove:

Proposition 5.16. Thefiber PFam(Per(A, Ay)), is in geneal notwell-pointed.

Proof. Consideraperof theform {(a,a)}, fora € A\ A;. Theremaybe severalmapsout of this per, but
it doesnot have ary globalpoints. O

Propositiorb.15tellsusthatall thetheorem®f Sectiord.2apply suchthatthe \o-fibrationPFam(Per(A, A;)) —
PPer(A, A;) hasall the propertieghatwe considerconsequencesf parametricity This shouldbe com-
paredto [1] in which a family of parametricmodelsis presentedwith anotherdefinition of “parametric
model”) andthe consequencesf parametricityareprovedonly for thewell-pointedparametrionodels.

6 Comparing with Ma & Reynoldsnotion of parametricity

In this sectionwe comparethe notion of parametricitypresentedhbore with Ma & Reynolds’ notion of
parametricity[6] (seealso[4]). This latter notion wasthe first proposalfor a generalcategory theoretic
formulationof parametricityandis perhapghe mostwell-known.

To defineparametricityin the senseMa & Reynolds, considerfirst a situationwherewe are given a -
fibration F —— B andalogic onthetypesgivenby anindexedfirst-orderlogic fibration

D—F——B.
Considerthe category of relationson closedtypesL R(E; ) definedas
LR(Ey) ——= Dy —— D
L]

E1XE1X—>E1(—>E

44



whereby 1 we meantheterminalobjectof B. In this casewe have areflexive graphof catejories
Ey —= LR(E) ,

wherethe functor goingleft to right mapsa type to the identity on thattype. By reflexive graphwe mean
thatthetwo compositionsstartingandendingin £, areidentities.

Definition 6.1. The \o-fibration
E

i

is parametricin the senseof Ma & Reynoldswith respecto D — FE if thereexistsa \o-fibration ' — C'
andareflexive graphof A5 fibrations

B F
B C

suchthattherestrictionto thefibersover the terminalobjectsbecomes

El D LR(El) .

Given an APL-structure,we have a logic over typesgiven by the pullback of Prop along /. We also
have a reflexive graphgiving the relationalinterpretationof all types. It is naturalto askwhat kind of
parametricitywe obtain by requiringthat the reflexive graphgiving the relationalinterpretationof types
satifiestherequirement®f Definition 6.1.

Firstwe noticethat Relations; = LR(FE;), andthatthetwo mapsgoing from Relations to £; arein
factthedomainandcodomairmaps.asrequiredsotherequirementsf Definition 6.1 only effectthe nature
of themapJ.

Thelastrequirementf Definition 6.1 saysexactly that,for all closedtypeso,
J([o]) = [eq,].

Considernow anopentype & + o: Type anda vectorof closedtypess. Then,sinceJ is a map of
fibrations,we have

J([o(M)]) = J([7T*[a+ o]) = J([@ + o]) o [eq:] = [o[eq:]].
In otherwords,the modelsatisfiesa weakform of Identity ExtensionSchema:

Definition 6.2. Theschema
Vu,v: o(7). (uoleg:|v) 2C u =gz v

whered + o rangesover all typesand7 rangesover all closedtypesis calledthe weakidentity extension
schema

We will briefly mentionwhich of the consequencesf parametricitymentionedin Section4.2 that hold
underassumptiorof the weakldentity ExtensionSchema.
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Firstwe noticethattheweakldentity ExtensionSchemampliesthe parametricityschema

Vu: (I]8: Type.o(B,12,...,7n)).- u(VB.0[3,€q,,,...,eq. |)u

in the casewherethe 7; areclosedtypes.

Usingonly this weakversionof the parametricityschemayve canstill prove existenseof terminalandinitial
types,sincein thesecasesve only needto useparametricityon the closedtypesT and/.

The proofsof existenceof productsandcoproductshowever, fail wheno andr areopentypes,sincewe
needto usethe parametricityconditionon the opentypeso x7 ando + 7.

The caseof initial algebrasggoesthrough,sincethe proof only usesparametricityof pa. o(«), which is a
closedype. Theproofof Lemma4.33,however, usesparametricityof thetype[ [ a. ((a — o(a)) xa — )
whereg is atype variable,sothis proof doesnot go throughwith only the weak parametricityschema.ln
otherwords, in the settingof reflexive graphsasin Definition 6.1, we do not have a proof of existenseof
final coalgebras.

Seealso[13] for arelateddiscussion.

7 A parametric completion process

In this sectionwe give a descriptionof a parametriccompletionprocesshat given a modelof )\, internal
to somecateayory satisfyingcertainrequirementgproducesa parametricAPL-structure. The construction
is relatedto the parametriccompletionprocessof [13] in the sensethat the processthat constructsthe
Ao-fibration containedn the APL-structuregeneratedy our completionprocesss a generalisatiorof the
parametriccompletionprocessf [13]. This meansthatif the ambientcatayory is a topos,thenthe para-
metric completionprocessof [13] producesmodelsparametricin our nenv sensewhich then satisfiesthe
consequences parametricityof Sectiord.2. Thisfactis no surprisebut, to our knowledge, it hasnotbeen
provedin theliterature.

The concretemodelof Section5 is aresultof the parametriccompletionprocessdescribedn this section.
Beforedescribingthe completionprocesave recallthe theoryof internalmodelsof \s.

7.1 Internal modelsfor )\,

Supposeve aregivena locally cartesiarclosedcatayory E. Givenafull internalcateyory D of E we may
considetthefibrationobtainedoy restrictingthe externalisatiorof D to thefull subcatgory of E on powers
of Dy:

Fam(D) Fam(D) .
(Df[neN}—>F

Thefiber over D is theinternalfunctorcategory from Dy to D, i.e., objectsaremorphismsDj — Dg and
morphismaremorphismsof E: D — D;.

Proposition 7.1. Supposd is a full internally cartesianclosedcatayory that hasright Kan extensiongor
internal functos F : Dyt — D alongprojectionsD} ™! — Dp. ThenFam(D) — {Dj§ | n € N} isa
Xo-fibration.
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Proof. SinceD is internally cartesiarclosed,its externalisationhascartesiarclosedfibers[4, Corollary
7.3.9].ClearlyDy is agenericobjectfor thefibration.

Polymorphismis modelledusingthe Kan extensionssincefor ary typeo : Dg“ — D theright Kan
extensionof ¢ along : DgH — Dy isthefunctor[ ] «. o in thediagram

1 o

Dyt —=—D

l -
b Ve

// [Ta.co

Dj.

Theuniversalityconditionfor theright Kan extensionthengivesthebijective correspondence
Nat(r o m,0) = Nat(7,[[ a. 0)

betweerthesetsof naturaltransformationsSincer*r = 7o, for 7 : D — D, this statesexactly thatthe
right Kan extensionprovidestheright adjointto 7*, asrequired.

To shaw thatthe Beck-Chealley conditionis satisfiedwe needto shawv thatfor »: D" — D{ we have

u([Jea.o) 2 []a. ((u x id)*o),
thatis,
([JTe.o)cu=J]a. (o0 (uxid)).

By LemmaB.1 we maywrite out the valuesof thesetwo functorson objectsﬁ € D{* aslimits:

(([Ta-0) ou)(D) = lim (D) (24)
w(D)—w(D")
([Me-(oouxid)(D) = lim o(ux id(D")). (25)
D—xD"

In (24) we take thelimit over all mapsf: u(D) — =(D') in the cateyory Dj. Butsincethis is adiscrete
catgyory, suchmapsonly existin thecaser(D’) = u(D), so(24) canberewrltten as
o(u

(D), D").

HD/EDO

Likewise (25) canberewritten as
[1prep, o(u(D), D"),
proving thatthe Beck-Chealley conditionis satisfied. O

Proposition7.1justifiesthefollowing definition.

Definition 7.2. An internalcateyory D of alocally cartesiarclosedcategyory E is calledaninternal model
of \o if it satisfiegsheassumptionsf Proposition7.1.

7.2 Input for the parametric completion process
Input for the parametriccompletionprocesss thefollowing ingredients:

1. A quasitopos
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2. An internalmodelD of )\ in E.

3. An internalpreordeffibration
A

|

D
whichis fibrewise cartesiarclosedandhasequalityandsimpleproducts.

In thefollowing we shallmake 4 assumptionsn the setup.

Assumption1. Theinclusion
Fam(D) E—

N

which we have alreadyassumeds full andfaithful, preseres productsandis closedunderregular sub-
objects,i.e., for eachobject £ € E, the fibrecatgory Fam(D)g is closedunderregular subobjectsasa
subcatgory of E;.

Thelogic RegSuby, — E of regularsubobjectsnducesalogic onE™ by

(TT RegS\LubE
E— dom E,

which, by LemmaA.8, makesthe composabldibration

Q E- cod E,
anindexedfirst-orderlogic fibrationwith anindexed family of genericobjects,simpleproductsandsimple
coproducts.

We cannow form aninternalfibratior? by usingthe Grothendieckconstructioron the functor (d € D)
»4, with 27 orderedpointwise,whereY is the regular subobjectlassifierof E. We think of this fibration
asthe internalisationof RegSubyp — E restrictedto D andwrite it asQ — D. NoticethatsinceD is
closedunderregular subobjectsQ — D is a subfibrationof the subobjecffibration on D, andsinceits
externalisatioris simply therestrictionof Q — E, it is closedunderthe logical operationsT, A, D,V, =
from theregular subobjecfibration.

Assumption2. A is afull andfaithful fibredreflectve subcatgory of Q, i.e. thereexistsa pair of mapsof
fibrations
A 1 =Q

/

D

with the mapfrom A to Q the full andfaithful inclusionandthe mapfrom Q to A preservingoroducts.
Both mapsarerequiredto presere equality

2By internalfibration,we meananinternalfunctor, whoseexternalisatioris afibration. By aninternalfibrationhaving structure
suchasA, D, V, = we meanthatthe externalisatiorhasthe same(indexed) structure
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Notethattheadjunctionimpliesthat A asa subcatgory of Q is closedunderT, A, V. We alsoknow that A
is anexponentialideal[5, A.4.3.1] of Q sothatit is closedunder>.

We still needtwo rathertechnicalconditionson the setup but to formulatethosewe mustfirst considerthe
cateyory of logical relations.

7.3 Logical relations

Givenary internallogic fibrationB — D we candefinethe category LRy (D) to have asobjectslogical
relationsof D in thelogic of B andasmorphismsairsof morphismsn D thatpresere relations.We are
of courseinterestedn thetwo cateoriesLR o (D) andLR g (D).

Lemma 7.3. For anylogic fibration B — D with fibred cartesianclosedstrucue and simpleproducts the
catgory LR (D) is aninternal cartesianclosedcateyory of E.

Proof. We set
LRg(D)) = {(X,Y,¢) € Dy x Dy x B | a(¢) = X x Y}

e LRe(D): = [Hixv.e),xv,¢)eLruD)ilf:9) € D1 x Dy |
[iX = X'Ng:Y =Y A< (f xg)d}.
For thecartesiarclosedstructurewe define:
(X.Y,¢) x (XY, ¢) = (X x XY xY', ¢ x ),
whereg x ¢/((z,2'), (y,y')) = ¢(z,y) A ¢'(2",3/'), and
(XY, ¢) = (X', V', ¢') = (X - XY =Y, ¢ — ¢),

where
¢ — ¢'(f,9) =Vr e XVy € Y(o(z,y) D ¢'(f(x),9(1))).

We cannow formulatethe lastassumptiorof the parametriccompletionprocess.

Definition 7.4. We saythatthe modelD is “suitablefor polymorphism”with respecto alogic B — D if
thereexists Kan extensionf all functorsLRg (D) — D alongprojections.

Assumption 3. ThemodelD is suitablefor polymorphismwith respecto A andQ.

This tells usin particulay thatD is closedunderLR A (D)j- andLRq(D)j-indexed products. The next
assumptiortells usthat A andQ areclosedunderthe sameproducts.Recallthatthethefibration A — D
is a subfibrationof the regularsubobjecfibration.

Assumption4. Forary LR (D)j indexedfamily of subobjectsA; C D of A, thesubobject
{(aﬁ)ﬁ | VﬁE LRA(D)g. ag S Aﬁ} = Hﬁ’Aﬁ C HﬁDﬁ

isin A. Thesames requiredto hold for A replacedy Q.
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Assumption2 givesus:
Lemma 7.5. Ther existsmorphismf fibrations

LRA (D) 4/% LRq(D)

~

DxD

preservingidentity relations. Furthermoe w preserveghe internal cartesianclosedstructue, pw is the
identityon LR A (D) andbothmapspreservedentity relations.

Proof The mapsarejust the mapsof Assumption2, and so we getthe adjunctionfor free. The mapw
preseresthe cartesiarclosedstructure sincethisis definedusingthe logical vV, A, D, andasa subfibration
of Q, A is closedunderthesdogical operationsasremarled after Assumption2.

To prove that pw is the identity, it sufiicesto prove pw < id andid < pw since A is a poset. The first
of theseholds simply becausep -4 w. For the secondw < wpw andthusid < pw sincew is full and
faithful. 0

7.4 The completionprocess

Let

G=.-"—%=.
—

be the genericreflexive graphcateyory, andconsiderthe functor category E¢. Sinceit is well known that
Cat(E%) = Cat(E)® andCCCat(E%) = CCCat(E)¢ it follows that

Lemma7.6. D =—= LR4(D) isaninternal cartesianclosedcategory of E©.

Now considerthe functor (-); : E¢ — E that mapsa diagram X, —— X; to X, and considerthe
pullbackof the diagram

Q

Fam(D) ——E—

\ lwd

E

along(-)o:
P’ (26)

|

T/C—)C,

N

EC.
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Lemma 7.7. Thecomposabldibration P’ — C’' — E¢ of (26) is an indexedfirst-oder logic fibration with
anindexedfamily of genericobjects.Thecomposabldibration hassimpleproducts simplecoproductsand
verystrongequality

Proof. The composabldibration” — C’ — E¢ is a pullbackof Q — E~ — E which hasthe desired

propertiesaccordingto LemmaA.8. All of this structureis alwayspresered underpullback,exceptsimple
productsandcoproductsThesearepreseredsince(-), preseresproducts. O

Lemma 7.8. Thefunctor(-), extendsto a morphisnof fibrations:

LRAD)\ ()
Fam < VA > —— Fam(D)
D

Proof Therequiredmapmapsanaobject
X1 LR (D)o
() — ()
Xo Do

LRA (D)o
) totheobject Xy —— D of Fam(D). Likewisefor morphisms. O

)
of Fam < Y
Do

As aconsequencef Lemma7.8we canextend(26) to

P’ (27)

LRA(D)Q
Fam< Z3 >—>T’<—>(C’

EC.

LR (D)o

)
Denoteby K thefull subcatgory of E¢ on powersof < Hv > If we eraseT’ from (27) andpull the
0

resultingdiagrambackalongtheinclusionof K into E we obtainthe diagram

(28)

T

<

N O <

) LR (D)o
whereT is thepullbackof Fam ( W )
0
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Theorem 7.9. Thediagram (28) definesa parametricAPL-structue.

We will prove Theorem7.9in aseriesof lemmas.

Remark 7.10. If E is atoposand A andQ areboththesubobjecfibrationon D, thenthefibrationT — K
is in factthemodelof A5 thatRobinsorandRosoliniprove to beparametridn the senseof reflexive graphs
(Definition 6.1)in [13].

Corollary 7.11. If D isaninternalmodelof A\ in atopos,which is “suitable for polymorphism”andclosed
undersubobjectsthenthe parametriccompletionprocessof [13] providesa \;-fibration that satisfiesthe
consequencesf parametricityprovablein Abadi& Plotkin’s logic.

Remark 7.12. Thetypes(the objectsof T) in the APL-structure(28) aremorphisms

LRA(D)o\" LR A (D)o
( VAV > — ( VA )
Do DO
in E¢. Thustypescontainboth the usualinterpretationthe map fo : D — D) andarelationalinter
LRA (D)o

pretation(themap f; : LRa (D)y — LRA(D)p). But sincethe mapFam ¢M — T’ forgetsthe

relationalinterpretationthelogic ontypes,givenby P, is givenonly by thelogic on the usualinterpretation
of thetypes.To be moreprecisealogical relationin the modelof (28) betweertypesf andg is arelation
in the senseof thelogic Q between][ [ ;. Dr fo(d) — — D and[ [ jpn go(d) — — Dj.

0

Noticealsothattherelationalinterpretatiorof atype(givenby f) isin asensearametrisincethediagram

of
LR (D) — LRa(D)o

Dg fo Dy

is requiredto commute.Thisis basicallythe reasonwvhy the APL-structureis parametric.

Considera morphism¢ betweentypes f andg in the model. At first sight, sucha morphismis a pair of
morphism(&p, &1) with & : f; — g;. But morphismsin LR A (D) aregiven by pairsof mapsin D, and
commutatvity of

LR (D)} —~ LRA (D),

0; l l@i
&o

Dg D,

tells usthat¢; mustbegivenby (o, ). Thusmorphismsbetweertypesare morphismsetweerthe usual
interpretationsof typespreservingtherelationalinterpretations

Lemma 7.13. Thefibration T — K is a \p-fibration.

LRA (D)
Proof. Sincewekn(wthat( Y ) isinternallycartesiartlosedn E¢ thefibrationis fibrewisecartesian
D

closed. Sinceit clearly hasa genericobject, we only needto prove that the model hasthe right Kan
extensions.Thisis CorollaryB.6. O

Lemma7.14. C — K isfibredcartesianclosedand ! is a faithful functorpreservingoroducts.
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Proof Thefirst statementollows from thefactthatE— — E is afibred cartesiarclosedfibration.
I is arestrictionof the composition

LRA (D)
Fam( VAV >—>T’C—>(C’-
D

2

EG

ThemapT' — C'is the pullbackof theinclusionof the externalisationof a full internalcartesiarclosed
category into E—. Thisis faithfull andproductpreservingoy Assumptionl.

LR (D)
ThemapFam( " > — T’ is themapthatmaps
D

LRA(D)o\ " LRa(D);
[ < VA ) — < VAV >
Do D;
to fo : D — D; (for i = 0,1 denotingobjectsand morphismsrespectrely). Sinceproductstructureof
internalcateyoriesof graphcatayoriesis given pointwise this mapclearly preseresfibred products.

As mentionedn Remark7.12,amorphismfrom f to g with

LRA(D)o\ " LR (D)o
fvg:( VA > —>< A )
D() DO

is justamapfrom f, to go preservingelations.Thusthefirst mapis alsofaithful. O

Lemma 7.15. Thecomposabldibration P — C — K is an indexedfirst-order logic fibration with anin-
dexedfamily of genericobjects.Moreover, thecomposabldibration hassimpleproducts simplecoproducts
andverystrong equality

Proof Thisfollows from Lemma7.7. O

As in Remark3.4we cannow constructhefunctor U asneededn Definition 3.3. Thuswe have:

Proposition 7.16. Thediagram (28) definesa pre-APL-structue.

i

ConsiderthegraphiV:

wherewe assumeéhatthetwo graphsincludedarereflexive graphs.

Lemma7.17. ThegraphW 4 :

LR (D) LRA(D)
2
D D

is aninternal modelof \, in EW.
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Proof. The only non-olvious thing to prove is thatthe modelhasthe right Kan extensions.This is Corol-
lary B.7. O

Denoteby {W" | n € N} thefull subcatgory of EY on powersof W 4.

Proposition 7.18. Ther s a reflecive graph of \y-fibrations

T Fam(WA)
K {(Wa)g | n e N}

Remark 7.19. Thereflexive graphin [13] arisesthis way, althoughthe setupof [13] is slightly different.

Proof. An objectof Fam(W ) over (W )2 isamapin EV

LR (D)2 LR (D)2 LRA (D)o LRA (D)o
= 2 ]
L ~_ L ~_
Dy Dy Dy Dy
_ _ LRA(D)o\ " LR (D)o
Let us denotesuch objectsas triples (f, ¢, g) where f,g : ( ¢DM > — W ) and ¢ :
0 0
LRA (D)j — LRA (D), . Thedomainandcodomainmapsof the postulatedeflexive graphmap( f, ¢, g)
to f andg respectrely, andthelastmapmapsf to (f, f1, f). O
We candefineW q as
LRA(D) LRA (D)
R
=~ S~
D D

With Remark7.12in mind, we maythink of elementof W q aspairsof typesandrelationsbetweerthem.

Lemma 7.20. Wq is aninternal modelof A, in EW.

Proof We needto checkthat W q is internally cartesiarclosed,and hasthe right Kan extensions. This
follows from Lemma7.3andCorollaryB.7. O

As before we denoteby {(Wq)? | n € N} thefull subcatgory of E" on powersof (Wq)3.

Lemma 7.21. There existsa mapof \-fibrations

Fam(W ) Fam(Wgq)

{(Wa)g [ n e N} {(Wq)g [ n e N}
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sud thatthegraph

T Fam(WQ)
K {(Wq)y [ n €N}

is a reflexive graph of \»-fibrations.

Proof. Asin theproofof (7.18)objectsof bothtotal cateyoriesaregivenby triples( f, ¢, g). Themapof the
first diagrammaps(f, ¢, g) to (f,wo ¢ o p™, g), with w, p asin Lemma7.5,andp™ denotingp x ... x p (as
opposedo the n-fold compositionof p with it self). In the seconddiagram the two mapsfrom right to left
send(f, ¢, g) to f andg respectiely, andthe middle mapis the compositionof the first mapandthe map
of Proposition7.18.

We needto checkthatthemapsinvolvedpresere \,-structure.Thetwo mapsfrom rightto left in thesecond
diagramclearly presere the cartesiarclosedstructure,andthey presere the simple productstructureby
CorollaryB.7.

The mapof thefirst diagrampreseres cartesiarclosedstructuresincew does(Lemma?.5). To seethatit
preseressimpleproductswe needto shav that

[Mwogop™)=woll(¢)o

This follows from

¥ <Tlwodop")
Yor <wopopttl
popomowt < ¢
pothowom < ¢
potpouw” <II(¢)
¥ <woll(d)o

wherewe have usedp 4 w.
We needto prove thatthe mapof thefirst diagramcommuteswith reinding. Supposeave have maps

(WA —L= (Wa)s —L= (Wa)o .

If wemap fg = ¢*(f) usingthe mapof the first diagramthe middle map of the resultbecomeswv f gp™.
If we mapfirst, andthenreinde, the middle mapof theresultbecomesu f p"w"gp™. Thesetwo mapsare
equalsincepw = id. O

As mentionedanobjectof Fam(W q) canbe denotedby atriple (f, ¢, g), where f andg aretypesin the
samefiber (thatis, objectsof T in thesamefiber) and¢ is amorphismLRq(D)g — LRq (D)o suchthat

thediagram
LRQ
LRq(D / \
D! )\; e

0 0

(29)
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commutes.

Now, asnotedin Remark7.12typesin thepre-APL-structurg28) aregiven by bothanordinaryinterpreta-
tion of typesanda relationalinterpretatiorof types,but relationsbetweenypesarejust given by relations
betweerthe ordinaryinterpretationof types. SinceLRq (D) is the collectionof relationsin the logic Q
which is the basisof the logic in the model (28), we may think of ¢ asa mapthattakes an n-vector of
relationsi C & x § andproducesa new relationg(R) C f(a) x g(3). Thuswe maythink of the triple
(f, ¢, g) asanobjectof theform

[@ 73| Rcaxfr¢(R)C f(@) xg(d)]

interpretedn the APL-structure.SothefibrationFam(Wq) — {(Wq)§ | » € N} should,accordingto
thisintuition, beasubfibratiorof Relations — RelCtx andthereflexive graphwe needfor therelational
interpretatiorof typesshouldbegivenby thereflexive graphof Lemma7.18.1n whatfollows we will make
thisintuition precise.

Note that sincewe have proved that the diagram(28) definesa pre-APL-structurewe canreasonabout
it usingthe partsof Abadi & Plotkin’s logic not involving the relationalinterpretationof types. In the
following we shallusethis to work in theinternallanguageof the pre-APL-structure.

Lemma 7.22. Giventwo typesf, g ther is a bijective correspondencéetweenmaps¢ making(29)
commuteandrelations

[@.5|Rcaxftec f(@)xgB)]
in the pre-APL-structue. Pointwiseordering betweersud mapscorrespondsgo the ordering of relations,
i.e., ¢ < 1 in thepointwiseorderingof mapsiff

[@.8|Rcaxfrel <[af|Rcaxfrq].
If f =g andg¢ preserveequality then
[a | gleas] C f(a) x f(@)]

is theequalityrelation.

Proof. Considera map¢ asrequired. SinceLRq(D)o = []
maps

e, 2P sucha ¢ is really a family of

=,

(05,5 [Licy 4P — Bfo(@x0@)) _ -

Sincetheinterpretatiorof @, 3 | K c @ x Fis
[z gepn 11 pet — D"

andthe genericobjectfor Q — E~ in thefibre over D?" is ¥ x D?" — D?", we getthe correspondence.
Sinceboththeorderingbetweermapsg andthe orderingin thefibersof Q is givenby theinternalordering
in 32 we getthe correspondencieetweerthe orderings.

Theinterpretatiorof
a| ¢legs] C f(a) x f(a)

is the family of maps

(1= [T, D00 255, @)% (@)
whichis equalityif ¢ preseresequality O
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If we by H denotetherestrictionof RelCtx tothepowersof a, 3 | R C a x [ (i.e. powersof thegeneric
objectof Relations — RelCtx) thenthefibrationobtainedby restriction

Relations —— Relations

| l

H——— RelCtx

is a \o-fibration,andthe objectsin thetotal catayory areobjectsof the form

=,

@B |Rcaxfrpc f(a)xgp)
Proposition 7.23. There is anisomorphisnof \o-fibrations:

Fam(Wq) Relations

l =,

{(Wq)g | n € N} H
Proof. Themorphism{(Wgq)j | n € N} — H is definedon objectsto map(Wq)j t

[[Oél,...,an,ﬁl,...,ﬂn"RBCO_ZXB].

An object(f, ¢, g) in Fam(WQ)(WQ) shouldbe mappedo arelationin theabove context. Let uschoose
this to be the relation given by Lemma7.22. This clearly definesa bijection betweenthe objectsand
determineshe morphismpartof thelower functor

We needto shav thatthe mapFam(Wq) — Relations commuteswith reindeing. Sosupposeve are
givenamapin {(Wq){ | n € N}

VA
D%fi/:>ﬁ%i//////”

Reindeing in Fam(Wq) — {Wg | n € N} alongthis mapis by compositionsoreindeing ( f, ¢, g) first
andthenmappinginto Relations givesus

a8 | R cdxpfro@®)) cff@)xgg@)l (30)
If we mapfirst andthenreindex, we mustreinde
[6.8| Rcaxfrec fld)xga)]

along

(&, 7" | B ca x 3+ i(R) C f(@) x Gi(@)])izn,
g6

which s doneby first substltutlngthetypesf (@), g ) for the free typesa, 3 andthensubstitutingthe

relatlonSz// for thefreerelationsE in ¢, abtaining(30).
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We mustshov thattheisomorphisnon objectsextendsto a functorthatis bijective onverticalHom-sets A
verticalmorphismfrom

=,

[6,6| Rcaxfr¢c fa@xgpd)]
to

[@.0|Rcaxfrc (@) xg @)
in Relations is a pair of morphismg(¢, s) with ¢ : f — f’ ands : ¢ — ¢’ suchthat

[o] <[(t x s)"¢1, (31)

On the otherhanda vertical morphismin Fam(Wq) from (f, ¢,g) to (f'.¢,¢’) is apair of morphisms
(t,s) wheret : f — f"ands: g — ¢’ satisfy

V(P dx f): LRq(D)g. ¢(p) < (t(d) x s(5)) ¥ (p)- (32)

We needto shav thatthetwo conditions(31) and(32) areequivalent. But the indexed family of maps

—

(7 C @ x B) = (#(@) x s(5)"¥(5)) 55

correspondso [(¢ x s)*¢]. Sotheequialenceof (31) and(32) follows from the correspondencef order
relationsof Lemma7.22. O

Proposition 7.24. Thepre-APL-structue (28) hasa full APL-structue.

Proof. DefineJ to bethecompositionof themapfrom 7.21andtheisomorphisnof 7.23. O

Lemma 7.25. TheAPL-structue (28) satisfiesxtensionality

Proof. Themodelhasvery strongequality whichimpliesextensionality(4.2). O

Lemma 7.26. TheAPL-structue (28) satisfiegheidentity extensionaxiom.

Proof. Consideratype f with n freevariables We needto shav that

[+ eqs]"J(f) = [a + edyq)].

ThemapJ is definedasthe compositionof two maps.Thefirst mapmapsf to (f,w o f1 o p™, f) :

LRA(D)GLR o nLRA(D)S LRA(D)OLR - LRA (D)
1= | T Bl O =
DI D; Dy D,

Sincef makesthediagram
LR(D); /'~ LR(D)

o,

Dg Dy

commutewe know that f1(eq;) = e, (a) andsincep, w presere equality w f1 p™ mapsequalityto equal-
ity. Lemma7.22now tellsusthat.J(f) instantiatedvith equalitygivesequality asdesired. O
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Theorem7.9is now thecollectedstatemenof 7.24,7.25,7.26and7.15.

Remark 7.27. As mentionedin the introductionto this section,the concreteAPL-structureof Section5
canbe consideredas a resultof the parametriccompletionprocess. If we considerthe internal cateyory
Per in thecatgory Asm of assembliesyith A = Q, thenusingthe parametriccompletionprocesson
this datawe obtainthe APL-structureof Section5. To seethis, we needto usethefactthatthereexistsan
isomorphisnof fibrations

o

UFam(Asm) — Asm™

~

Asm.

8 Conclusion

We have definedthe notionof an APL-structureandprovedthatit providessoundandcompletemodelsfor
Abadi andPlotkin’s logic for parametricity therebyansweringa questionposedin [10, page5]. We have
alsodefineda notion of parametricAPL-structuresfor which we canprove the expectedconsequencesf
parametricityusingtheinternallogic. The consequencgsovedin this documentareexistenceof inductive
and coinductve datatypes. Theseconsequencelave, to our knowledge not beenproved in generalfor
modelsparametridn the senseof Ma & Reynolds,but only for specificmodels.

We have presented family of parametrianodels,someof which arenot well-pointed. This meanghatour
notionof parametricityis usefulalsoin theabsensef well-pointedness.

We have provided anextensionof the parametricompletionproces®f [13] thatproducegparametricAPL-
structures.This meanghatfor a large classof models,we have proved that the parametriccompletionof
RobinsonandRosoliniproducemodelsthatsatisfythe consequencesf parametricity

In subsequerpaperswe will shav how to modify the parametriccompletionprocesgo producedomain-
theoreticparametrianodelsandhow to extendthenotionof APL-structureto includemodelsof linear/non-
linear A\, [9].

A ComposableFibrations

Thisappendixs concernedvith thetheoryof composabldibrations.It containsdefinitionsreferedto in the
text.

Supposeve aregivena composabldibration:

F—LY>E—1+B

We obsene that

e Thecompositeyp is afibration. Thisis easilyseenfrom the definition.

e If p andq arecloven,we maychoosea clearageby for eachl in ObjF andu : X — gpl lifting u
twicetow.

o If p, g aresplit the compositefibrationwill besplit sincevu =vou = v o u.
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Thusin the caseabove we may considerthe composabldibration asa doubly indexed cateyory, andrein-
dexing in F with respecto u in B is givenby u*

Thelemmasbelow referto thefibrationsp, ¢ above.

Definition A.1. We saythat(4) acobj® iS anindexedfamily of genericobjectsfor thecomposablgair of
fibrations(p, q) if for all 4, Q24 € ObjE,4 isagenericobjectfor therestrictionof p to E 4 andif thefamily
is closedunderreindeing, ie., for all morphismsu: A — Bin B, u*(Qp) = Q4.

Beforewe definethe conceptof anindexedfirst-orderlogic fibration, we recall the definition of first-order
logic fibration.

Definition A.2. A fibrationp : F — E is calledafirst-oder logic fibration if

e p is afibredpreordetthatis fibredbicartesiarclosed.
e [E hasproducts.

e p hassimple productsand coproducts,.e., right, respectiely left adjointsto reindeing functors
inducedby projections andthesesatisfythe Beck-Chealley condition.

e p hasfibredequality i.e.,left adjointsto reindeing functorsinducedby id x A : I x J — I x J x J,
satisfyingthe Beck-Chealley condition.

Readersvorriedaboutthe Frobeniusonditionshouldnotethatthis comedor freein fibred cartesiarclosed
catgyories.

Definition A.3. We saythat (p, q) hasindexed (simple)products/coprodtisequdity if eachrestrictionof
p to afiber of ¢ hasthe samesatisfyingthe Beck-Chealley condition,andthesecommutewith reindeing,
i.e.,if u isamapin B thenthereis anaturalisomorphismu™ [ [ = [[,. ;a* ora* [[; = [, u” (thiscan
alsobeviewedasaBeck-Chealley condition).

Definition A.4. We saythat (p, ¢) is anindexed first order logic fibration if p is a fibrewise bicartesian
closedpreorderand(p, ¢) hasindexed simpleproductsjndexed simplecoproductsandindexed equality

We canalsotalk aboutcomposabldibrations(p, ¢) simply having products,coproductsetc. This should
be the caseif the compositegp has(co-)productsbut we shouldalso requirethe right Beck-Chealley
conditionsto hold. Noticethatsinceu™ in gp is thesameasu* in p we canwrite the productaseither[ [,

ingpor[[,inp.

Definition A.5. We saythatthe composabldibration (p, ¢) has(simple)(co-)productsf the compositegp
hasthesamesatisfyingBeck-Chealley. Moreoverthe(co-) productd] [, ([ [,;) mustsatisfyBeck-Chealley
for pullbackdiagramsof the form:

WA A (33)
|
o
w'B—"= B.
Onecouldalsoformulatethe Beck-Chealley conditionin Definition A.5 asjustrequiringthat] [, satisfies
theBeck-Chealley conditionin thefibrationp. However, welik e to think of this astwo differentconditions,

thefirst sayingthat(co-)productsnustcommutewith reinding in B, theothersayingthatit mustcommute
with reindeing in thefibersof q.
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In the caseof the APL-structuresthelogical contentof the Beck-Chealley conditionfor diagramsof the
form (33) will bethat

(Va: Type. ¢)[t/x] = Va: Type. (¢[t/x]).
Definition A.6. We saythata first-orderlogic fibration hasvery strong equalityif internalequalityin the
fibrationimpliesexternalequality

Definition A.7. We saythatthe indexed first orderlogic fibration (p, ¢) hasvery strong equalityif each
restritionof p to afibre of ¢ has.

Thenext lemmagivesaway of obtainingindexedfirst-orderlogic fibrations.

Lemma A.8. Supposé)’ — E is a first-order logic fibration with a genericobjecton a locally cartesian
closedcategory E. Supposdurther that Q' — E hasproductsand copioductswith respecto mapsA x g
A’ — A frompullbak diagrams
AxpA ——A
-]

A B,

andcoproductswith respecto maps
idc XBAA: CXB XA%CXBAXBA,
all satisfyingthe Bek-Chevalley condition. Thenthe composabldibration

Q 1E_)cod E,

whee Q — E~ isthepullbak
Q—0Q
7 Q
E— dom E,
is anindexedfirst-orderlogic fibrationwith anindexedfamily of genericobjects simpleproductsandsimple
copioducts.Moreover, if Q' — E hasverystrongequality sodoesthe composabldibration.

Proof Thefibred bicartesiarstructureexists sincethefibresof Q — E— arethefibersof Q' — E. This
structureis clearly presered by reindeing.

Thefibrewiseproductof A — B andA’ — BinE~ is A xg A’ — B with projection

AXBAI u A.
B

The indexed (co-)productalongthis mapin Q — E~ is the (co-)productalong« in E, which exists by
assumptionFor the Beck-Chealley conditionfor vertical pullbacks recallthatthe domainfunctorE— —
E preserespullbacks sofor averticalmap

f

NS

B

A" A
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takingthepullbackof 7 along f in thecateyory E—, andthenapplyingthedomainfunctorgivesthepullback
A" xg Al ——= A xg A
!

A// f A

in E, sothatthe Beck-Chealley conditionin this casereducego Beck-Chealley for thefibrationQ’ — E.

To prove thattheseindexed simple(co-)productommutewith reindexing, consideramapu: B’ — B in
E. We needto prove thatfor thediagram

W (A) X g ut(A) —2 Axp Al

T
~. O\

B/

u*A

B,

we have, for productsu* [[,. = [],. «* andfor coproductsz* [, = [[,«* . But this follows from the
Beck-Chealley conditionin Q' — E.

Indexedfibred equalityis givenby coproductalongmaps
idc XBAA: CXBAHCXBAXBA,

which arerequiredto exists. As with indexed (co-)productsthe Beck-Chealley conditionsreduceto the
Beck-Chealley conditionsfor Q' — E.

We definethefamily of genericobjectsto betheprojections X x B — B)ger in E~ whereX is thegeneric
objectof Q — E. Thisfamily is clearlyclosedunderreinding, andmaps

h Y x B

N

B

A

correspondo mapsA — ¥ in E, which correspondo objectsof Q' = Q.

We shallprove thatwe have simpleproducts simplecoproductsreprovedsimilarly. Supposer : Dx D' —
D isaprojectionin E. For f : A — DinE—, 7 isthemap

Ax D A

_|
fxidl lf

D x D' D.

Reindeing alongthis mapin Q correspond$o reindeing in Q' alongr : A x D' — A, soby existenseof
simpleproductsn Q" — E we have aright adjointr™ 4 ]|
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We needto prove Beck-Chealley first for pullbacksin E. In this casea pullbackin E lifts to the pullback

1d XU

W,D x u*A Dx A
*A/ l z A‘/”' Lide
j %DXD”MXU f}xD’
D" ” D’ u

in E~ (the given pullbackdiagramin E is the bottom diagram). The Beck-Chealley conditionfor this
pullbackreducego the Beck-Chealley conditionfor the uppersquaren Q' — E whichis known to hold.

We shouldalsocheckthatthe Beck-Chealley conditionholdsin the caseof the pullback.

A ' x D'

Any - A/
L\

But againthis reducego the Beck-Chealley conditionfor Q" — E becauser is aprojection.

A/

™

D x D’

D

Very strongequalityis clearly presered. O

B Existenceof certain Kan extensions.

ThisappendixcontainsTheorems3.1and4.1of [13]. Thesebasicallytell usthatthe parametriccompletion
procesgyivesmodelsof polymorphism.We have generalisedhetheoremsa bit to fit our setting.

To sumup the situation,asstatedby the assumptionef Section7, we aregivenaninternalmodelD of Ao
in theambientcatayory E, andtwo internallogic fibrations,

A—— Q—— Subp
N

Thelogicsgivenby A andQ areassumedo beclosedunderT, A, D,V andequality

We cannow constructLR o (D) andLRq (D) astheinternalcateyories(in E) of relationsin the logic A
andQ, respectiely. We shallalsosimply write LR (D) for theinternalcateyory of relationsin theinternal
subobjecfibration. Furtherlet R (D) denotetheinternalcateory

LRA(D)
R
D D
in EV, whereV is the obvious diagram. Likewise, we defineRq (D) andR(D) basedon LRq(D) and

LR(D), respectiely.
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We have furtherassumedhat D hasright Kan-extensionsof mapsfrom LR A (D) andLRq(D)g along
projectionsandthatfor ary LR A (D) (respectiely LR (D)o) indexedfamily of subobjectsd, C D, in
A (respectiely Q) theproduct[[ A, C [[ D, isin A (respectiiely Q).

Wefirst prove a practicallemma.

Lemma B.1. Supposé¢heKan extensionRK (F') in thediagram

L—2-m
RKg (F)

F

exists. If L, H are discrete thenRKy (F') is givenasa pointwiselimit construction(asin [7, Theoem1,
p.237]).

Proof. We needto prove thatfor ary h € Hy,
RKp (F)(h) =lim( (b | H) —>L——F), (34)

where(h | H) is the commacategory, whoseobjectsarepairs (I € Ly, f : h — H(l)) andwhose
morphismsaremorphismsn L makingthe obviousdiagramcommute.Thefunctorinto LL is the projection.
First we notice,thatsinceH, L arediscrete,(h | H) = H~!(h), andthereforethe objecton the right of
(34) is simply the product

[Leg—1n) F(D).

Considettheadjointnesselationof right Kan extensions:
Nat(GH, F) = Nat(G,RK g (F)).
SincelL is discrete paturaltransformationsirejust familiesof maps so

[[1er, Homp(GH (1), F(1))
HheH Hlerl(h) Homp(G(R), F'(1))

Nat(GH, IF)

111

and
Nat(G, RK s (F)) 2 [],e Homp (G (h), RKy (F) ()

sofor eachh € H we musthave

Hom (G/(h), RKz (F)(h) = licpr1 sy Hom(G(h). F (1))

Homs(G(h). Ty F(1).

1R

By Yoneda,

RKg (F)(h) = [Liep-10) F'(1)

whichwe provedearlierto beisomorphicto theright handsideof (34). O

Thenext theoremis [13, Theorem3.1].
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TheoremB.2. If there are right Kan extensiongor functos out of thecategoriesC, C, andC; into D and
theseKan extensionsre givenby pointwiselimits, thenR(D) hasright Kan extensiondor functois out of

graphsoftheform
C
o/

1
Co Ci
Let usfirst prove alemma.

Lemma B.3. Supposéhe family of mapsin a coneof a diagram is jointly monic. Thenthe inducedmap
into thelimit is monic.

ToillustrateLemmaB.3, consider

B lim, C;
f2
AN
Cy s

wheref is themapinto thelimit inducedby the f;’s. Thelemmastateghatif the f; arejointly monicthen
themap f is monic.

Proof. Following the illustration abore, supposewve are giventwo mapsg, h into B suchthat fg = fh.
Thenwe musthave f;g = f;h for all 7, sosincethe f; arejointly monic,g = h. O

Proofof Thm.B.2. Supposéhatwe aregivenadiagramof theform

H

C E
o1 o
Ao \C H, ey \E
1 1
F
Co o Eq
Fy
LR(D)
FO 61
Y
D
D

We needto constructmapsR : E — LR(D), Ry : Eg — D andR; : E; — D thatmake up a Kan
extensionof (F, Fy, 1) along(H, Hy, H1). By assumptionsve have canonicalchoicesfor two of these
maps:

Ry = RK, (Fo),

Ry = RKpg, (F1).
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Z
To define R we shallconsiderthemapds : LR(D) — D definedby mapping ¢ \ inLR(D)toZ
X

Y
andwe shalldenoteby F»> the composited, F'. We canthendefine

Ro = RKy(Fb).

Let uswrite outtheassumptionthatthe Kan extensionsaregivenby pointwiselimits:

Ra(E) = lim, .o F2(0),
Ro(Ep) = lim, . Fo(Co),
Ri(E1) = 1—E1—>H101 Fi(Cy),
Rodo(E) = Timy, o Fo(Co),
ROW(E) = lm , ' R(C).

We shallfurtherdenoteby R{, themapRKy (Fydy) andby R} themapRK g (F;0;). Theassumptionsn
Kan extensionghenleadto

R{(E) = lm, . Fd(C).

ForeachC € C, F(C) is arelationof theform:

/\

F080 F181

Takingthelimit of this constructioryieldsa pair of maps:
Ry(E)
(n0)7 \\(;11)13
R(E R\E

which arejointly monicby LemmaB.3. Therelationrepresentedy (1o, 1) couldbe a goodfirst guessor
R(FE), exceptfor thefactthat R(E) shouldbearelationfrom Ry9y(F) to R10:(FE). To getthiswe needto
pull (9, 71) backalongamaprelating Rydy(E) x R101(E)to Rj(E) x R} (E).

To defineamap (&) e : Ro0o(E) — R{(E) we needto definemapsfrom Ry0y(E) to Fydy(C'), for each
mapF — HC', suchthatthesemapsconstituteacone.

Givenf: E — HC wehaedyf : 00 — 00HC = HydyC'. By thelimit constructiorof Ryoy(FE) we
have amap
Taof : RoOo(E) — Fy0p(C).

To shaw thatthesemapsconstitutea cone,supposeave have

/N

C—>HC’
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Thendyg = Hodyh o Jy f sothat

liHInBoEﬂHo(Co) FO(CO)

Foooh
F080(C) o FOGO(C/)a

sincethelimit is acone.By universalityof limits, this coneinducesamap (&) : Rodo(E) — R((E), as
desired Likewisewe candefine(&;)g : R101(E) — R (E).

Sowe candefineR(E) to betherelationobtainedby the pullback

R(E) Ry(E)

|
(mo,m1) I

Roao(E) X R181 (E)

I((Wo)Ev(m)m

(C0)Ex(&1)E RE)(E) « Rll(E)

It is easily seenthat the mapsny, 71, &. & are naturaltransformationsuchthat R beingthe limit of a
diagramof functorsis afunctor ThusR is afunctor

We needto prove that (R, Ry, R1) is aright Kan extensionof (£, Fy, F1) along(H, Hy, H1). We needto
defineuniversaley : RyHy = Fy, €1 : R1Hy = F1,e¢: RH = F. Thetwo transformations, ¢; exist by
definitionof Ry and R; asright Kan extensions.

To definethetransformatiore we needto defineatriple:

AN AN

RyOyH R101H Fy0y Fi01.
— e 7

Thetwo arrowvs belav will have to beeydy ande; 01, respectiely, soall we have to dois to prove thatthere
existsanarrov RH — F, makingthediagramcommute.

SinceﬁRg = RKy(F») thereis auniversalarraw e : RoH — Fy. We canprecomposghis arrov with the
mapRH — RoH, to geta mapwith the desireddomain/codomainWe would like to shav thatthis map
makesthe diagramcommute.Thiswill follow from thecommutatie diagram

RH RoH 2~ F,

e

R080H R6H i FOaO
\/

€000

whereg, is the universaltransformatiorconnectedo the Kan extensionR(, = RKy (Fydy). Thesquareon
theleft commutesecausét is partof the pullbacksquaredefining R. To prove thatthe squareon theright
commutesrecallthat (e ) ¢ is definedto bethe projection

lim FQEI — FQE
(_
HE—HE'
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correspondingo theidentity [7, Thm 1 p. 237]. Likewise¢; is definedto bethe projectioncorresponding
to theidentity on H E aswell, sothe diagramcommutegoy definitionof 7.

Thetrianglein the diagramcommutedecausdothcompositionsarethe map

R()@()HC = @1 F()C() — F08OC
JoHC— HpCy

givenasthe projectioncorrespondingo theidentity on Hy0,C'.

Sowe have definede : RH — F. Supposenow, thatwe aregiven a functor (G, Gy, G1) anda natural
transformation
(,a0,1) : (GH,GoHo, G1H1) = (F), Fy, F1).

We needto prove thatthereexistsunique(g3, 5o, 1) suchthat
(€,€0,€1)(BH, BoHo, f1H1) = (o, g, 11)-

Sincewe defined Ry, R; to be the Kan extensions,we have unique 3y, 5, suchthate;(8;H;) = «;, for
i = 0, 1. Aswhenwe definede, to defines we needto defineatriple

/N /N

Gody G101 Ry0q R104
— . T 7

(39)

wherethetwo mapsbelov mustbe 5,0y and(,0; respectiely. Sowe only needto prove thatthereexists
amapthatwill make (35) commute.Uniquenessvill follow from uniquenessf the 5;.

SinceR is definedasa pullback,to definethemapG, — R we needto defineamapGs — R,. Thenatural
transformations, is a candidatelf thediagrams

B2

Go Ry (36)
ml lm
a0, 2% Rio, S R

commute(i = 0, 1) thenwe candefinethe mapmaking(35) commute asdesired.

Recallthat R(E) = lim . F;0,C. Letusfor anarbitrary f : E — HC considetthecompositionsof

thetwo pathsin (36) with the projectionontothecomponentorrespondingo f. Recallingthedefinitionof
thes; [7, p 238]we cancompute

Gaf (c2)c I T

om0 P = Goll —> GyHC 5C F;0,C

and
mro&oBi0;0m =y, p o ;05 0m = ()0 0 Gi0; f o ;.

Commutatvity of (36) will thusfollow from commutatiity of

Gaf GoHC (a2)c Fe

GoF
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The squareon theleft commutessincethe maps(Gs f, Go f, G1 f) togethemalke upthemapG f : GE —
G HC'. Thesquareontheright commutesy a similaragument.

In conclusionwe have provedthat (R, Ry, R;) is aright Kan extensionof (F, Fy, F) along(H, Hy, H1).
]

Corollary B.4. Undertheassumptionsf Section7, the cateyory R o hasright Kan extensionof all maps
from(Ra )8 alongthe projectioninto (R )j~*. Thesameholdsfor A replacedby Q.

Proof. Theprooffor thecasesA andQ arethe same sowe only presenthefirst case.We definethe Kan
extensionexactly asin the proof of TheoremB.2. For this to work out, we needthe Kan extensiongo be

n—1

given aslimits, but this follows from LemmaB.1. We needto prove thatthemap R : LRA (D)~ —
LR (D) from the proof of TheoremB.2 hasimageinsideLR a (D). SinceR(p) is definedby pullbackof
((n0) 7> (m) ) it sufficesto prove thatthis pair definesanobjectof A.

Themap
(o) (m) ) = Ra(p) — Ro(p) x Ry(p)

is obtainedby takingthelimit of
Fy(p") —— Fo0o(p) x F101(p)

eachof which representanobjectof A. But for ary functorG

lim G(p_") = Hp’ELRA(D)O G(p, ,0/),
p—m(p")
sincewe take the limit over mapsin the discretecatgyory LR A (D)y, so the subobjectrepresentedy
{(n0) 7, (M) 5) is just
Hp’eLRA(D)o Fa(p. Pl) - Hp’eLRA(D)O Fydo(p. p’) x F10,(p, p/)’

i.e.,it isthe LR A (D)o-indexed productof elementf A, which we have assumedo bein A. O

Let usnow considelithecasethatwe arereally interestedn. We shallassumehatwe aregiventwo functors
inEC: (F',F) and(H', H), asin

c—*= E (37)
aolilal ) 30@31
-
LR (D)
oo
D,

andwe wouldlike to find aright Kan extensionof (F’, F) along(H’, H). Letuscall thisextension(S’, S).
An obviousideais to try the pair (R’, R) provided by TheoremB.2 whereR = RKy(F'). However, the
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extensionof F’ shouldpresere identities,andwe cannotknow that R’ will dothat. ConsiderR’(1E) for
someFE € E:

R(IE)

R(FE) x R(E).
If we pull this relationbackalongthe diagonalon R(E) we geta subobject
|[R(IE)| = R(E)

(calledthefield of R/(IE)). Logically, |R'(IE)| istheset{x € R(E) | (z,z) € R(I(E))}, soif werestrict
R'(IF) to this subobjectwe gettheidentity relation. Thustheideais to let S bethe mapthatmapsE to
|R'(IE)|, andlet S’(E’) bethe relationobtainedby restricting R'(E’) to SO E’ x SO, E'. ThenS'(IE)
will betheidentity relation.

Theorem B.5. If there are right Kan extensionsfor functoris out of the categories C and C’ into D and
theseKan extensionsare givenby pointwiselimits, thenthere are right Kan extensiondor functors out of
reflexive graphsof theform (37).

Proof. We shalllet go of the notationfrom the proof of TheoremB.2 andusenew abreviations:

R = RKy(F),

Ry = RKgm/(Fdy),
Ri = RKm(Fd),
R// — RKH/(FH),

whereF”" = 9, F" is definedasin the proof of TheoremB.2. The pair of mapsprovidedby TheoremB.2 is
(R, R). SinceKan extensionsaregiven by pointwiselimits we canwrite

R(E) = limy o PO).
E) !LHE/_,H/C/ F(BOC )7
E")

E")

Ry
Rl !iLnE’qH’C’ F(alcl)7
: " /
ELHEVHH/C/F (C)

—~ ~

R//
In this notationthemap R’ is the mapthatmapsarelation £’ to therelationgivenby the pullback

R(E') R'(E") (38)

_
o) |

R(aoE/) X R(BlE’) —_— R()(E/) X Rl(E/).

HerethemapR(9;E') — R;(E') is definedby theuniversalityof thelimit, by for eachmapf : £/ — H'C’
choosinghemap
RO(E) = lim  F(C) = F(B,C")
0;E'—HC
astheprojectioncorrespondingo 9, f : 9;E" — H9;C’. ThemapR"(E’) — Ry(E’) x Ro(E’) isthemap
givenby thelimit of F'(E’):
LF'(IC)

|

F(C) x F(C).
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As we mentionecearlier theideais now, that.S(£) shouldbe definedasthefield of R(/E), sowe obtain

S(EL R(IEJ) R'(IE)
| | |

R(E) —2= R(E) x R(E) — Ry(IE) x Ry(IE).

We defineS’(E’) to betherelation R'( E'), restrictedto the right domainandcodomain:

S'() R(E') (39)
| |

S(@QE’) X S(@lEl) —_— R(aoE/) X R(@lE’)

This way we have constructedhe pair of functors(S’, S). We needto shav that 7.5 = S’T andthat (5, S)
is aright Kan extensionof (F’, F') along(H', H).

To shaw that /.S = S'I wewrite out S(F) logically as
S(E) = {x € R(E)|(x,z) € RUIE)}.

Comparinghis with thedefinitionof S’(7F) in (39)it is clearthatwe obtaintheidentity relationon S(E).

To shav thatwe have aKan extensionwe needfirst to definethenaturaltransformatiorie’, €) : (S'H', SH) =
(F', F). FromTheoremB.2 we have apairof naturaltransformationsg : R'H' = F',ep : RH = F. We
clearlyalsohave naturalembeddingss’ = R’ andS = R. Compositionof e/, ez with theseembeddings
givesus (€', €). We needto checkthate’'I = Ie, but mapsin LR (D) arepairsof mapsin D thatpresere
relations,andsincee’ is givenby the pair (edy, €01 ), the transformatiore’ I mustbe determinede the pair
(€dol, ed11) = (e, €) whichalsomakesup /.

Now, supposeve aregivenafunctor (G’, G), asin

G/

E’ LR(D)
BolH& 3 60l$ o1
E D,

anda naturaltransformationc/, ) : (G'H',GH) = (F',F). We needto define(s',9) : (G',G) =
(S’,S) suchthat(a/, ) = (¢/(8'H'),e(BH)) andprove that (5, 3) is uniquewith this property
From the Kan extensionof TheoremB.2 we have naturaltransformations 5z, Gr) thatare uniquesuch
that

er(BrH) = a,

ER/(ﬁR/H) = a/.

Actually, sinceR = RKy(F'), notonly is thepair (Br/, Br) uniquesatisfyingthetwo equationsbut 35 is
uniguesatisfyingthefirst. To defines we needto shav that 3 factoriseghroughsS, thatis we needa pair
of mapsout of G makingthe diagram

G—RI

ﬁRlA |

R——=RXxR
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commuteNow, 8rl : G'I = IG = R'I is atriple of maps

VANAS

G R
W
Br Br

so 3g factoriseghroughRI asdesired Thuswe have defineds : G = S.
Todefines’ : G' = S’ weneedamap(G’ = S’ thatmakesthediagram

G(l S’/
Gy Goy S0y S0.
\_)u
Bdo Bo1

commute But thisis justthe mapinto the pullbackdefinedby

G=To--- - R

| | |

G@o X G@l O 880 X 881 —>R<90 X R@l,
R
BrO0 % BrOo

wherethe uppermapis themapgivenby Gg.

We needto prove that
e(BH) = a.

But
e(BH) = er(SH = RH)(BH) = eg(((S = R) 0 B)H) = er(BrH) = a.

By uniquenes®f Sr, we know that (R = S)( is determineduniquely but sinceR = S is mono, 3 is
determinediniquelyby the equation.

Sincemapsin LR (D) aregivenby their 9, andd; componentsywe getthate' (3'H') = o' andthat 3’ is
determineduniquelyby this equation. O

Corollary B.6. Underassumptionsf Section7, theinternal category
LRA(D) =—D
hasright Kan extensionf functors from
LRA(D); —=Dj
alongprojections.Thesameholdsfor A replacedby Q.

Proof. We needto checkthatthe mapdefinedin the proof of TheoremB.5 hasimagein LR a (D) (respec-
tively LRq (D)). Butthemapis obtainedby reindexing the mapof CorollaryB.4. O
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We have definedthetwo internalcateyoriesin the graphcateyory E

LRA(D) LRA(D)
was | IR
D D
and LR (D) LR (D)
wa: ||| FR ]
D D

Noticealsothattherearetwo obviousfunctorsdy, 9; : Ef — EC.

Corollary B.7. Theinternal category W hasright Kan extensionsof all functoss from (W, ) along
projections.TheseKan extensionsare preservedy 0, andd;. Thesameholdsfor A replacedby Q.

Proof. We will only considerthe caseof Wq, the other caseis the same. We will constructthe Kan
extensionsS in thediagrambelow.

LRA (D)3 D)ot! LRA(D) LRA(D)f
LRq(D) ”“ L LRq(D)j
]| e ]
0
. lF /
LRq(D
N
Themaps is adiagramof maps
Sh ST
=~
S() Sl

andwe shallusethe samenamingcorventionfor component®f othermapsin E.

Theextensiong S}, So. S7,S1) alongthetwo reflexive graphsareobtainedfrom Corollary B.6 andthere-
fore preseredby themapsd, andd;. Themaps” is obtainedasin the proof of TheoremB.5 by restricting
the extensionof TheoremB.2 to theright domainandcodomain.

Naturaltransformationsn E are given by diagramsasthe onefor S. We shall usethe samenotation.
Noticethata naturaltransformatiort is determinedy its &y, £, components.

We needto constructa naturaltransformatiore : St = F. We alreadyhave partsof the naturaltrans-
formationgiven by Corollary B.6. Theseinvolve ¢y : Som = Fy ande; : Sy = Fp, andsincemapsin
LRq (D) aregiven by pairsof mapspreservingelations,we needto checkthat (g, ¢;) definesa natural
transformationS”w = F”, i.e., preseresrelations.But if wedefineRy = RK,(Fp), R1 = RK,(F;) and
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R asthemapfrom TheoremB.2, thenby definition

S R
—

SO X 51 —_— RO X R1
andthedefinitionof themape; is thecomposition

€R;

Siﬂ' Rﬂr FL‘

wherethe map ep, is the natural transformationpart of the right Kan extensionof F; along=. Since
(€ry, €r, ) definesamap R = F”, we have that (e, ¢1) definesamapS”w = F”, asrequired.

Now, supposehatwe are given anotherfunctor G : (Wq)j — Wq anda naturaltransformationx :
Grm = F. Sincethe extensionsalongthe two reflexive graphsare Kan extensionsrom Corollary B.6 we
have uniquenaturaltransformations);(G) = 9;(S) determineddy j3; : G; — S; suchthate;(8;7) = «;.
We needto shaw that (5, 41) determines naturaltransformations” = G”, i.e., thatthe pair preseres
relations.Thisis doneasin the proof of TheoremB.5.

Sincenaturaltransformationg aregivenby their &y, £&; componentswe have e(57) = « sinceey(Bom) =
ag ande; (f17) = aq. Thetransformations is uniquesinceg, and; are. O
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