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Weconsidertheproblemof maintainingastringof bracketslike ��������������� of length � undera singleoperationreverse�	�
� . The
operationreverse�	�
� changesthe � th letterfrom ‘ � ’ to ‘ � ’ or viceversa,andreturns‘yes’ if andonly if theupdatedstringis balanced.
Wegive lower andupperboundsshowing thatthecomplexity of reverse�	��� is ��	������������������������� .

1. INTRODUCTION

A string of bracketslike ��������������� is properly nestedor balanced, while ��� and ����������� arenot. Decidingwhich
is which is a classicalcomputationalproblemthat appearsin many introductorytextbookson datastructures. In
sequentialcomputation,it illustratesthepowerof a stack (therelatedformal language,theDyck language,requiresa
push-down automaton),andin parallelcomputation,it capturestheconceptof counting(theproblemis AC -complete
for TC ).

In this paperwe characterisethe complexity of the naturaldynamicvariantof the problem,wherethe string is
subjectto changes.Consider‘( )( )’ for example. Reversingthe secondbracket will destroy balance: ‘((( )’, and
subsequentlyreversingeitherthesecondor third bracketwill re-establishit, but in differentways:‘( )( )’ or ‘(( ))’.

This problemis encounteredby many moderneditorsfor programminglanguages,which containincremental
parsersthatperformanon-linesyntaxcheckwhenevertheuserchangesthetext, includingacheckfor properlynested
brackets.

To be precisewe considerthe problemof maintaininga string of bracketsof length ! undera singleoperation
reverse�#"$� thatchangesthe " th letter from ‘ � ’ to ‘ � ’ or vice versa,andreturns‘yes’ if andonly if theupdatedstring is
balanced.Our modelof computationis a unit-costRAM [1] with word size %'&)(*! . We show that thecomplexity of
‘ reverse’ is +,�-%'&)(*!�.�%/&�(*%/&�(*!0� :

THEOREM 1.1. There is a data structure supporting 1�2�3)2�154�2 in worst casetime 6,�-%'&)(*!�.�%/&�(7%/&�(*!0� . Thedata
structure useslinear preprocessingtime and linear space. Moreover, this is optimal in the sensethat every data

1Part of this work wasdonewhile thefirst authorvisitedBRICSandLund University, andwhile the lastauthorvisited theFieldsInstituteof
Torontoandworking at BRICS.This work waspartially supportedby the ESPRITLong Term ResearchProgrammeof the EU, projectnumber
20244(ALCOM-IT). Thesecondauthorwaspartiallysupportedby agrantfrom theSwedishTFR.Thefirst andthird authorwaspartiallysupported
by agrantfrom theDanishSNF. Someof theresultsin this paperwereclaimedin [2] but notprovedtherebecauseof lack of space.



structure (no matterits spaceandpreprocessingcomplexity) needstime 89�#%/&�(:!�.�%'&)(7%'&)(*!0� to support 1�2�3)2�154�2 in the
worst case.

Theupperboundrelieson a new datastructurethat mayhave independentinterestandis describedin Sec.1.1.
Thelowerboundis provedby areductionto themarkedancestorproblem[2].

Discussionand relatedwork. The bestprevious resultsfor our problemarean 6;�#%/&�(*!0� upperboundandan89�#%/&�(<%'&)(*!�.�%/&�(*%/&�(*%/&�(<!0� lower bound,both from [3]. That referencealsoconsidersstringslike ‘([ ]( ))’ with more
thanonetypeof bracket. Lowerboundsof size 89�-%'&)(*!�.�%/&�(7%/&�(*!0� for computationallyharderproblemsaboutnested
brackets(interval queries,finding matchingbrackets,more thanonetype of bracket) aregiven in [3, 7, 8]. These
resultsareentailedby Thm. 1. The dynamicnestedbracket problemwasstudiedin a differentmodelof dynamic
computation(dynamicfirst orderlogic) by ImmermanandPatnaik[9]. Thedynamiccell probecomplexity of regular
languageswasstudiedin [4].

It waspointedout in [3] thatthe two-sidedversionof theproblem,whereboth ��� and ��� areconsideredbalanced,
canbesolvedin constanttimeperoperation.Thisproblemis essentiallyacountingproblem– thestringbalancesif and
only if it containsthesamenumberof openingandclosingbrackets.In many modelsof computation,thecomplexities
of theone-andtwo-sidedproblemsarethesame.Thepresentpapershowsthatfor dynamiccomputation,theone-sided
problemis muchharder, andsincethe underlyingcountingproblemcanbe solved in constanttime, the complexity
restsentirelyon theglobalnestingstructurethatmustbemaintainedunderlocal changes.

1.1. Suffix-ChangePriority Queues

A suffix-changepriority queues(s-queuefor short) supportsthe following operations.Let = be a sequenceof
integers,=?>@=�ACB�D�D�D�B5=�E with =�F�>HGI!JD/D�! .

init ��K= A B�D�D�D�B)K= E � : set = F >LK= F , where K= F*M GI!JD'D�! ,

value�#"$� : return =�F ,
min: return NPO/Q F = F ,
change�#"5B�R�� : let =�F0>@=�FTSUR provided =�F�SVR M GI!WD/D�! , where" MYX D/D�Z , R M GI[?D'D�[ ,
suffix-change�-"5B�R�� : let =�\?>]=�\:SUR for all ^`_a" provided =�\<SVR M GI!WD'D�! , where" MYX D'D�ZbG X , R M GI[?D/D�[ ,
With theexceptionof suffix-change, thesearetheoperationsof apriority queue(with delete). Observethatchange

canbe implementedby two applicationsto suffix-change, andis includedonly for convenience.Thevalueoperation
providedby our structureis not neededfor thepresentapplication,andis providedfor completeness.

LEMMA 1. Let c,dfegd X . If [,ha!�i j�k�l)mCn and Zoh Ap %/&�(rqs! thenans-queuecanbeimplementedona RAMwith
word size%/&�(*! such that init takes 6t�-Zu� timeandtheothers-queueoperationstakeconstanttime. Thedatastructure
canbeinitialised in 6,�#!0� timeandtake 6,�#!0� space.

Discussionand relatedwork. The interestingpart of the result is that thereis no restrictionon the rangeof
the values = F other thanthat they fit into a constantnumberof machinewords. Instead,we restrict the range [ of
increments.Hadwe insteadrestrictedthe rangeof values =�F by for example [ M c;D'D�[vG X thentheentiresequence
would fit into Z]%/&�(*[Pda%'&)(*! bits,andtheresultof every operationcouldbetabulatedin linearspacebeforehandfor
constantupdatetime.

In [5] a datastructurefor a small setof integerswasgiven,which supportsstandardsearchandpriority queues
in constanttime per operation,and was usedto constructthe first linear time minimum spanningtree algorithm.
Similarly, our datastructuregivenin Section1.1workson a smallsetof integersto supportpriority queueoperations
in constanttimeperoperation.In additionweshow how to updatein constanttime asubsetof thestoredintegers.



2. THE UPPERBOUND

Let w F denotethe " th letterof thebracketstring w andrepresent‘ � ’ by S X and‘ � ’ by G X . Constructabalancedtreex
with ! leaveswhose" th leaf correspondsto w F . Eachinternalnodehasexactly y orderedchildren( y will befixed

later);theancestorsof the ! th leafmayhave fewer than y children.
For every non-rootnode z we let {��-z|� denoteits parentand "}�-z|� denoteits index amongits siblings,so that z is

the "}�-z|� th child of {��#zs� . Let R~�#zTB�"$� denotethe " th child of z andlet ���#zs� and [s�#zs� be the indicesof its leftmostand
rightmostleafdescendants,respectively.

At eachinternalnodewemaintainto values,

4���N��-z|�*>�w��	�/�}�0S�������SUw����'�}�NPO/Q���1�2������-z|�*> NPO'Q��� �	�'�}����� ���'�}� w��	�'�}�0S�������S�w � D
We alsodefine 4���N��
�
�*>fNPO/Q���1�2������
�
�*>�w��-��� for every leaf � .

Observe thatat the root [ we have 4���N��#[~�9>Hw A S@������S�w n and NPO'Q���1�2������#[~�9>HNPO/Q ��� A ��� n w A S@������S�w � , and
that w is balancedif andonly if boththesevaluesare0. We will show how to maintain 4���N��#zs� and NPO'Q���1�2������#zs� for
eachnodez in

x
.

Observe thatwhena leaf is changedwe caneasilyupdate4���N��#zs� for all its ancestorsin time equalto theheight
of thetree.Thedifficult partis to updateN,O/Q���1�2���� .

To this endwe maintainat eachinternalnodea sequenceof y valuesthatcontaininformationabouttheminimal
prefixsumsof its children:Let z beaninternalnodeand �]>]R~�#zTB�"$� bethe " th child of z . Define

= F �-z|�:>fNPO'Q���1�2������#�?��S �\ � A ��� F-��A 4���N��-R��#zTB�^|���
> NPO'Q��� �	�/������� ���/��� w��	�'�}�0S�������S�w � D

Thus NPO/Q���1�2������#zs�<>�N,O/Q F � A ��� � = F �-z|� . To storeandupdatethesevalueswemaintainans-queueover = A �#zs�}B�D�D�D�B�= � �-z|�
at every internalnodez . Thespaceandinitialisationtimeusedfor all thesequeuesis linearin thenumberof children
in thetree,in total 6,�-!0� .

After anupdateto leaf � , if z is on thepathfrom � to theroot thensomeof thevalues= F �#zs� have to beupdated(no
othernodescontainvaluesthatdependon � ). Assumethepathpassestrough z ’s " th child � . Thenthechangeto = F �-z|�
is thesameasthe changeto NPO'Q���1�2������#�?� . Thenchangeto =�\)�#zs� for ^Y_�" is the sameasthe changeto w��-��� . The
values=�\)�#zs� for ^�dV" remainunchanged.This givesriseto thenext lemma.

LEMMA 2. Everyreverseoperationcanbeimplementedwith 6;�-%'&)(<!�.�%/&�(<y�� primitiveoperationsandoperations
on s-queueswith y elementseach. Thevalueof R in thechangeandsuffix-changeoperationsis in therange G �sD/D � .

Proof. Theprocedurefor updatingthetreeis describedin Fig. 1. Inspectionof thefigureshows thatat eachlevel
in thetreeweuseaconstantnumberof primitiveoperationsands-queueoperations.Theheightof abalancedtreewith
degreey is 6,�#%/&�(*!�.¡%'&)(<y�� . For thelastpartof thelemmawe observethat ¢ M G �D/D�� invariantly:whenthevaluesof
thes-queueat {��#zs� arechangedwith change or suffix-change, theminimumchangesby at most � , sothesubsequent
assignmentto ¢ will preserve theinvariant.

3. CONSTANT TIME DATA STRUCTUREFORS-QUEUES

Let £�>�NPO/Q F K= F . We will maintainthreetablesof Z valueseach,x A : We set
x A~¤ "�¥¦>LK= F at initialisation.x�§

: At initialisation,we set
x�§ ¤ "�¥T>�[�ZLS�NPO/Q�¨�=�F¦GY£7B��~[�Zª© , andaftersuffix-change�#"5B�R�� wesetx § ¤ ^�¥¦>�N,O/Q�¨ x § ¤ ^�¥|SVRCB�«~[�Z¬©rB for all ^`_�"5D (1)

x p : We maintain = F > x A~¤ "�¥|S x p ¤ "�¥�Gª[�Z for all " afterinitialisationandaftereverysuffix-change.



Procedure $®�¯�®�$°�®��#±	�² �#±³�0´¶µ ² �#±	�·¹¸�ºr» $®�¼r½|�#±	��´ ² �#±	�°�¾ · �#±	�0´ ² �#±	�¿ ´ÁÀ ² �#±³�Â ´Á±
repeatÃ � Â ��Ä change�	��� Â ��Å ¿ �Ã � Â ��Ä suffix-change �	�$� Â ��Å�À ² �#±	���Â ´ Ã � Â �¿ ´ Â Ämin µ ·¹¸�º)» $®�¼)½�� Â �·¹¸�ºr» $®�¼r½|� Â �0´ Â Ämin°�¾ · � Â ��´ Â Ä�°�¾ · �-��Æ¬À ² �#±	�
until Â is theroot
if ·¹¸�ºr» $®�¼r½|� Â �0Ç�È and °�¾ · � Â �0Ç�È

then return ‘yes’
elsereturn ‘no’

FIG. 1 Implementationof 1�2�3�2�1�4�2 usingans-queue.Wewrite zTD change for thechangeoperationof thes-queuestored
at z , andsimilarly for theotheroperations.

Observethataftertheinitialisation,wehave

NPO'QF x § ¤ "�¥¦>�[�ZªB (2)

andatany timeduringthefirst Z updates,weensurex�§ ¤ "�¥�B x p ¤ "
¥ M c9D/D�«�[�Z �#" MYX D/D�Z��}D (3)

LEMMA 3. At anytimeduring thefirst Z updates,

NPO'QF =�F0>�NPO'QF x�§ ¤ "�¥|SU£JGY[�ZªD (4)

Proof. An index ^ for which
x § ¤ ^~¥ÊÉ>Ë=�\ GÌ£uGY[�Z is calledincorrect. To establishthelemmait sufficesto show

thatwhenindex ^ becomesincorrectafteranupdateor initialisationthen

=}\¹ÍaN,O/QF = F (5)

and x¦§ ¤ ^�¥0Í�NPO'QF x�§ ¤ "�¥ (6)

for theremainderof thefirst Z updates.First notethatsinceeachof the Z updateschangesthevalueof =�F by at most[ , we have N,O/Q F = F h�£�S�[�Z and NPO/Q F x § ¤ "�¥�hf�~[�Z from (2).
Assumethat ^ becomesincorrectat initialisation;this only happensif =}\¹Ía�~[�ZÎSY£ . Especially, =�\¹Í�[�ZÎSY£YÍNPO'Q F = F , establishing(5). Also, in thatcasewe will have initialised

x § ¤ ^�¥�>Ï«~[�Z , soafterat most Z updateswe havex § ¤ ^�¥0Íf�~[�ZoÍVNPO/Q F x § ¤ "�¥ , establishing(6).
Now assumethat ^ wasinitialisedcorrectlyandconsiderthefirst updatethatmakes ^ incorrect.Let =�\ and

x § ¤ ^~¥
denotethevaluesprior to theupdate.Sincetheindex becomesincorrectwe musthave

x § ¤ ^�¥�SVRtÍ�«~[�Z , soby prior
correctnesswe establish=}\¹Í��C[�ZÐSU£ , whichwe alreadyanalysed.

Wecannow sketchourdatastructure.Weuse
x p to answervalue-queriesand

x¦§
to answermin-queriesduringthe

first Z updates.We show below how to performall updatesto
x�§

and
x p , aswell astheminimisationqueryto

x�§
, in

constanttime. After Z updateswe re-initialisethestructurein 6,�-Zu� time,which yieldsconstantamortisedtime per
operation.Thework canbedistributedover theupdatesto achieveaconstanttimeworst-casebound.



3.1. Updating the tables.

We usestandardtabulation techniques[6] to inspectandupdate
x §

and
x p in constanttime. Below, we give a

detaileddescriptionof how to update
x §

accordingto (1). The remainingtableoperationsareto look up or changex p ¤ "�¥ andto computeNPO'Q F x § ¤ "
¥ ; theseoperationscanbehandledin constanttimeby similar tabulations.
Let �t� x � betherepresentationof table

x
, andassumethata single %/&�(*! bits machineword canstoreboth �t� x � ,

andindex " ( " MÌX D/D�Z ), andavalue R ( R M GI[ID/D�[ ). We pre-computeanothertable Ñ with atmost ! entries,suchthatÑ ¤ �t� x�§ ��¥ containstherepresentationof thetableresultingfrom theupdate(1). Thustheupdatecanbeperformedin
constanttime by replacing

x�§
with Ñ ¤ �;� x�§ ��¥ .

We concludethat a singlemachineword mustbe ableto containa tableof Z elements,eachof which is in the
rangegivenby (3), togetherwith therepresentationof " MVX D/D�Z , andtherepresentationof R M GI[¹D'D�[ . In total, this
requires Z�Ò	%/&�(T�-«�[�ZLS X ��ÓÔSÎÒ	%/&�(*ZWÓÔSÎÒ	%/&�(����C[gS X ��Ó
bits which is atmost %'&)(<! for ZÕ> Ap %'&)( q ! , [,ha!�i j�k l)m n , and ! sufficiently large.

It remainsto show that thetable Ñ canbeconstructedin lineartime. For eachtable
x�§

, for eachindex " , andfor
eachvalue R we needto performtheupdate(1) for up to Z entries.Thetotal numberof entrieswe needto updateis

�
«~[�ZÖS X � E Z § ���C[gS X �*>]×P�-!0�}D
Eachof theseupdatesconsistsof comparison,assignment,or additionof a block of bits in a word,which canbehan-
dledwith word-level comparisons,assignment,andadditionusingadditionalpre-computedtables.For concreteness,
assumethat thevalues

x § ¤�X ¥�B�D�D�D�B x § ¤ ZW¥ in
x §

arestoredasthenumber Ø EF'Ù�A x § ¤ "
¥#� � F#��A �5Ú i j�k � p � EÊÛ�A �	Ü . For example,
thevalueof

x § ¤ ^�¥ neededto performthecomparisoncanbelookedup in anotherpre-computedtable,andtheaddition
of R to

x § ¤ ^�¥ canbeperformedby adding R�� � \ ��A �5Ú i j�k � p � EÔÛ�A �	Ü to �t� x § � , theexponentsneededfor suchcomputations
canalsobepreparedadvance.

3.2. Worst casebounds.

To achieveconstantworstcasetimeboundswere-build thedatastructurein thebackground.After A§ Z updates,at
time Ý , westartpreparing

x¦§
and

x p duringtheremaining A§ Z updates.Whenthenew tablesarefinished,they will be
somewhatoutdatedin thatthey do not reflectany of theupdatessincetime Ý . To this endwe introduceanothertable,Þ

, which containsthecorrectvaluesof
x § B x p correspondingto the recentupdates.Theentriesin

Þ
areindexedby

thetwo outdatedtables,andthe A§ Z recentupdates.Again, it canbeverifiedthat
Þ

canconstructedin lineartimeand
spacefor ! sufficiently large.

4. THE LOWERBOUND

Let
x

bea rootedtreewith ! nodes,eachof which canbe in two states:marked or unmarked. Thenodeson the
uniquepathfrom z to the root aredenotedß*�#zs� , which includesz andtheroot. Themarkedancestorproblemis to
maintaina datastructurewith thefollowing operations:

mark�#zs� : marknodez ,
unmark�#zs� : removethemarkfrom nodez ,
exists�-z|� : return‘yes’ if andonly if ß*�-z|� containsany markednode.

From [2] wehave thatthefollowing lowerboundin thecell probemodelwith word size %/&�(*! :

THEOREM 4.1 ([2]). Themarkedancestorproblemrequires 89�-%'&)(*!�.�%/&�(7%/&�(*!0� worst casetimeperoperation.

To provethelowerboundstatedin Thm.1.1we show thateachmarkedancestoroperationcanbesupportedby a
constantnumberof 1�2�3)2�154�2 operations.

Thetree
x

with ! nodesis representedby a balancedstring = of length à�! . To initialise thestructurewe perform
a depthfirst searchin

x
. Let R be a counterinitialised to c . Eachtime we visit node z for the first or last time we



incrementR by 2, andassignthevalues��154$á��#zs�<>�R and %/â)4$á��-z|�:>�R respectively. A nodez correspondsto four letters
in = at positions��154�á��#zs�¡G X B���1�4�á��-z|��B�%³â�4�á��-z|�¡G X and %/â)4$á��-z|� definedasfollows. Let

wW>]=r� X �¦������=r�	��154�á��#zs�7G����ã >]=r�	��1�4�á��-z|�0S X ��������=)�-%/â)4$á��#zs�¡G����ä >]=r�#%³â�4�á��-z|��S X �¦������=r�#à�!0�
If z is markedthenwelet =>fw���� ã ��� ä , otherwise=>�w��
� ã ��� ä . By virtueof thedepthfirst search,thestring = balances.
To maintainthecorrespondencewe only needto perform � reversalsfor every markandunmarkoperation.Next we
show how to supportexists�#zs� using à reversals.Assumethat z is unmarked(theothercaseis easy).First, perform1�2�3�2�1�4�2~�	��1�4�á��-z|�*G X � and 1�2�3�2�1�4�2~�#%³â�4�á��-z|��� . We claim thatthelastreversalreturns‘yes’ if andonly if z hasa marked
ancestor. Finally, perform 1�2�3�2�154�2~�	��154$á��#zs�¡G X � and 1�2�3�2�1�4�2~�#%³â�4�á��#zs��� oncemoreto re-establishthecorrespondence.

To seethat this approachworks considerexists�#zs� on an unmarked node z . We have =�>Õw���� ã ��� ä , which we
updatedto =�å?>ÕwT��� ã ��� ä with the first two reversals. Note that ã is a balancedstring correspondingto the proper
subtreesof z andthat w ä is a balancedstringcorrespondingto thetree

x
without thesubtreerootedat z . A node �

that is not a properancestorto z will berepresentedby bracketsin w or ã , but not both. A properancestor� to z is
representedwith ‘((’ in w and‘))’ in ä if it is marked;otherwiseit is representedwith ‘()’ in both w and ä . Thusif z
hasno markedancestors,both w and ä will balancebut =�å will not. On theotherhand,if z hasa markedancestor, the
string =�å will havetheform ���������$�����}��� ã ���$���������¦�����
andbalance.
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