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TimeandSpaceEfficient Multi-MethodDispatching
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Abstract

Thedispatching problemfor objectorientedlanguagesis theproblemof determiningthemostspe-
cializedmethodto invoke for calls at run-time. This canbe a critical componentof executionperfor-
mance. A numberof recentresults,including [Muthukrishnanand Müller SODA’96, Ferraginaand
MuthukrishnanESA’96, Alstrup et al. FOCS’98],have studiedthis problemandin particularprovided
variousefficientdatastructuresfor themono-methoddispatchingproblem.A recentpaperof Ferragina,
MuthukrishnananddeBerg [STOC’99] addressesthemulti-methoddispatchingproblem.

Our main result is a linear spacedatastructurefor binary dispatchingthat supportsdispatchingin
logarithmictime. Using the samequerytime asFerraginaet al., this result improvesthe spacebound
with a logarithmicfactor.
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1 Intr oduction

Thedispatching problemfor objectorientedlanguagesis theproblemof determiningthemostspecialized
methodto invoke for a methodcall. This specializationdependson theactualargumentsof themethodcall
at run-timeandcanbe a critical componentof executionperformancein objectorientedlanguages.Most
of the commercialobjectorientedlanguagesrely on dispatchingof methodswith only oneargument,the
so-calledmono-methodor unary dispatching problem. A numberof papers,seee.g., [3, 12, 17, 22, 23,
27], have studiedthe unarydispatchingproblem,andFerraginaandMuthukrishnan[17] provide a linear
spacedatastructurethat supportsunarydispatchingin log-logarithmictime. However, the techniquesin
thesepapersdo not apply to the moregeneralmulti-methoddispatching problemin which morethanone
methodargumentareusedfor thedispatching.Multi-methoddispatchinghasbeenidentifiedasa powerful
featurein objectorientedlanguagessupportingmulti-methodssuchasCecil [5], CLOS[4], andDylan [8].
Several recentresultshave attemptedto dealwith � -ary dispatchingin practice[1, 6, 7, 14, 15]. Ferragina
et al. [18] providedthefirst non-trivial datastructures,and,quotingthis paper, severalexperimentalobject
orientedlanguages’“ultimately successandimpact in practicedepends,amongother things,on whether
multi-methoddispatchingcanbesupportedefficiently”.

Our mainresult is a linear spacedatastructurefor thebinary dispatching problem,i.e., multi-method
dispatchingfor methodswith at most two arguments.Our datastructureuseslinear spaceandsupports
dispatchingin logarithmictime. Using the samequerytime asFerraginaet al. [18], this result improves
thespaceboundwith a logarithmicfactor. Beforewe provide a preciseformulationof our result,we will
formalizethegeneral� -ary dispatchingproblem.

Let T bea rootedtreewith 	 nodes.Thetreerepresentsa classhierarchywith nodesrepresentingthe
classes.T definesapartialorder 
 on thesetof classes:��
����� is adescendantof  (notnecessarily
a properdescendant).Let � be the setof methodsandlet � denotethe numberof methodsand � the
numberof distinctmethodnamesin � . Eachmethodtakesa numberof classesasarguments.A method
invocationis a queryof the form ������������������� �"! where � is thenameof a methodin � and ��������������� �
areclassinstances.A method���� � ����������#�"! is applicablefor ����� � ����������� �"! if andonly if �%$&
� $ for all'
. Themostspecializedmethodis themethod�(��)������������#�"! suchthat for every otherapplicative method
�(�+*,�-�������.�/*0�"! we have  $ 
1* $ for all

'
. This might be ambiguous,i.e., we might have two applicative

methods�(����2�������.��#�3! and �(�+*,�-�������.�/*0�"! where  $546 * $ , 87 46 *97 ,  $ 
:* $ , and *97;
<87 for some
indices =?> ' �A@B>C� . That is, neithermethodis morespecificthantheother. Multi-methoddispatchingis
to find themostspecializedapplicablemethodin � if it exists. If it doesnot exist or in caseof ambiguity,
“no applicablemethod”resp.“ambiguity” is reportedinstead.

The d-ary dispatching problemis to constructa datastructurethat supportsmulti-methoddispatching
with methodshaving up to � arguments,where � is staticbut queriesareonline. The cases� 6 = and
� 6ED arethe unary andbinary dispatching problemsrespectively. In this paperwe focuson the binary
dispatchingproblemwhich is of “particularinterest”quotingFerraginaet al. [18].

The input is thetree F andthesetof methods.We assumethat thesizeof F is GH�I�J! , where � is the
numberof methods.This is not a necessaryrestrictionbut dueto lack of spacewe will not show how to
remove it here.

1.1 Results

Our main result is a datastructurefor the binary dispatchingproblemusing G?�I�J! spaceandquerytime
G?��KMLONP�J! on a unit-costRAM with word size logarithmic in 	 with GH��	RQC�S��KTLONUKTLONP�J!WV3! time for
preprocessing.By theuseof a reductionto a geometricproblem,Ferraginaet al. [18], obtainsimilar time
boundswithin spaceG?�I�XKMLONY�J! . Furthermorethey show how thecase� 6ZD canbegeneralizedfor �\[ D



at thecostof factor KTLON �-] V � in thetimeandspacebounds.
Our resultis obtainedby a very differentapproachin whichwe employ adynamicto statictransforma-

tion technique.To solve thebinarydispatchingproblemwe turn it into a unarydispatchingproblem— a
variantof themarkedancestorproblemasdefinedin [2], in which we maintaina dynamicsetof methods.
Theunaryproblemis thensolvedpersistently. We solve thepersistentunaryproblemcombiningthetech-
niqueby Dietz [9] to make a datastructurefully persistentandthetechniquefrom [2] to solve themarked
ancestorproblem. The techniqueof usinga persistentdynamicone-dimensionaldatastructureto solve a
statictwo-dimensionalproblemis astandardtechnique[25]. Whatis new in ourtechniqueis thatweusethe
classhierarchytreeto denotethetime(give theorderontheversions)to geta fully persistentdatastructure.
This givesa “branching”notionfor time,which is thesameaswhatonehasin a fully persistentdatastruc-
turewhereit is calledtheversiontree.This techniqueis differentfrom theplanesweeptechniquewherea
plane-sweepis usedto give a partially persistentdatastructure.A top-down tour of thetreecorrespondsto
aplane-sweepin thepartially persistentdatastructures.

1.2 Relatedand previous work

For the unary dispatchingproblemthe bestknown boundis G?��	^Q_�J! spaceand GH��KTLONUKTLON?	`! query
time [23, 17]. For the � -ary dispatching,�\a D , thegeneralresultof Ferraginaet al. [18] is a datastructure
usingspaceGH�I�b�Ic&KMLONY�JdeKTLONYc�! �-] � ! andquerytime G?�f��KMLONY�JdeKTLONgc�! �-] � KTLONUKTLONh	B! , wherec is aparameterD ><cP><� . For thecasec 6iD they areableto improve the querytime to G?� log��] � �J! usingfractional
cascading.They obtaintheir resultsby reducingthedispatchingproblemto a point-enclosureproblemin �
dimensions:Givena point j , checkwhetherthereis a smallestrectanglecontainingj . In thecontext of the
geometricproblem,Ferraginaetal. alsopresentapplicationsto approximatedictionarymatching.

In [16] EppsteinandMuthukrishnanlook at a similar problemwhich they call packet classification.
Herethereis a databaseof � filters availablefor preprocessing.Eachqueryis a packet k , andthegoal is
to classifyit, thatis, to determinethefilter of highestpriority thatappliesto k . This is essentiallythesame
asthemultiple dispatchingproblem.For � 6<D they give analgorithmusingspaceG?�I� �mlon/pq�mr ! andquery
time GH��KTLONUKTLON��J! , or G?�I� �mlts ! andquerytime GH�u=3! . They reducethe problemto a geometricproblem,
very similar to theonein [18]. To solve theproblemthey usea standardplane-sweepapproachto turn the
statictwo-dimensionalrectanglequeryprobleminto a dynamicone-dimensionalproblem,whichis solved
persistentlysuchthatpreviousversionscanbequeriedaftertheplanesweephasoccurred.

1.3 Overview

Theremainderof thispaperconsistsof threesections.In Section2 we introduceterminologyandconcepts.
In Section3 we give a formulationof thebinarydispatchingproblemasa treeproblem,which we call the
bridgecolor problem,andin Section4 we presentadatastructurefor thebridgecolorproblem.

2 Preliminaries

In this sectionwe givesomebasicconceptswhichareusedthroughoutthepaper.

DEFINITION 1 (Trees)
Let F be a rootedtree. Thesetof all nodesin F is denotedv\�qF#! . The nodeson theuniquepathfrom a
nodew to therootaredenotedxY�Iwy! , which includesw andtheroot. ThenodesxY�Iwy! arecalledtheancestors
of w . Thedescendantsof anodew areall thenodesz for which w;{|xY�Iz}! . If w 46 z wesaythat z is aproper
descendantof w . Thedistancedist(v,w) betweentwo nodesin F is thenumberof edgeson theuniquepath
betweenw and ~ .



Let * beasetof colors.A labeling �f�Iwy! of anodew\{�vH�qF#! is asubsetof * , i.e., �f�Iwy!���* . A labeling
�&�(v��qF#!Y� DO� of a tree F is a setof labelingsfor thenodesin F .

In therestof thepaperall treesarerootedtrees.

DEFINITION 2 (Persistentdatastructures)
The conceptof persistentdatastructureswas introducedby Driscoll et al. in [13]. A datastructureis
partially persistentif all previousversionsremainavailablefor queriesbut only thenewestversioncanbe
modified.A datastructureis fully persistentif it allows bothqueriesandupdatesof previousversions.An
updatemayoperateonly on a singleversionat a time, that is, combiningtwo or moreversionsof thedata
structureto form anew oneis notallowed.Theversionsof afully persistentdatastructureform atreecalled
theversiontree. Eachnodein theversiontreerepresentstheresultof oneupdateoperationon a versionof
thedatastructure.A persistentupdateor querytake asanextraargumenttheversionof thedatastructureto
which thequeryor updaterefers.

KNOWN RESULTS. Dietz [9] showedhow to makeany datastructurefully persistentonaunit-costRAM. A
datastructurewith worstcasequerytime G?�+�H�I�.!f! andupdatetime G?�����I�.!f! makingworstcaseG?�m�P�I�.!f!
memorymodificationscanbemadefully persistentusing GH�+�?�I�.!�KMLONUKTLON,�.! worstcasetime perqueryand
G?�����I�.!9KTLONUKTLON%�.! expectedamortizedtimeperupdateusing G?�m�P�I�.!9KTLONUKTLON��.! space.

DEFINITION 3 (Treecolor problem)
Let F bea rootedtreewith � nodes,wherewe associateasetof colorswith eachnodeof F . Thetreecolor
problemis to maintainadatastructurewith thefollowing operations:

color(v,c): add � to w ’s setof colors,i.e., �f�Iwy!Y�S�u�Iw�!����3�"� ,
uncolor(v,c): remove � from w ’s setof colors,i.e., �f�Iwy!g�^�f�Iwy!��%�3�"� ,
findfirstcolor(v,c): find thefirst ancestorof w with color � (thismaybe w itself).

The incrementalversionof this problemdoesnot supportuncolor, the decrementalproblemdoesnot
supportcolor, andthe fully dynamicproblemsupportsbothupdateoperations.

KNOWN RESULTS. In [2] it is showedhow to solve thetreecolorproblemonaRAM with logarithmicword
sizein expectedupdatetime GH��KTLONUKTLON �.! for bothcolor anduncolor, querytime GH��KTLON,�.deKTLONUKMLON%�.! , using
linearspaceandpreprocessingtime. Theexpectedupdatetimeisduetohashing.Thustheexpectationcanbe
removedatthecostof usingmorespace.Weneedworstcasetimewhenwemakethedatastructurepersistent
becausedatastructureswith amortized/expectedtimemayperformpoorlywhenmadefully persistent,since
expensive operationsmight beperformedmany times.

Dietz [9] showed how to solve the incrementaltreecolor problemin GH��KTLONUKTLON)�.! amortizedtime per
operationusinglinearspace,whenthenodesarecoloredtop-down andeachnodehasatmostonecolor.

The unarydispatchingproblemis the sameasthe treecolor problemif we let eachcolor representa
methodname.

DEFINITION 4
We needa datastructureto supportinsertandpredecessorquerieson a setof integersfrom ��=��������.�f�9� .
This canbesolvedin worstcaseG?��KMLONUKTLON#�.! time peroperationon a RAM usingthedatastructureof van
EmdeBoas[26] (VEB). Weshow how to do modify this datastructuresuchthatit only usesGH�u=3! memory
modificationsperupdate.
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Figure 1: The solid lines are tree edgesand the dashedand dotted lines are bridgesof color � and ��� ,
respectively. firstcolorbridge( � ,w(� ,w V ) returns

�/�
. firstcolorbridge( � � ,w � ,w�� ) returnsambiguitysinceneither� � or

�
V is closerthantheother.

3 The Bridge Color Problem

Thebinarydispatchingproblem( � 6ZD ) canbeformulatedasthefollowing treeproblem,whichwecall the
bridge color problem.

DEFINITION 5 (Bridge Color Problem)
Let F.� and F V betwo rootedtrees.BetweenF&� and F V thereareanumberof bridgesof differentcolors.Let
* bethesetof colors.A bridgeis a triple ���"�fw(�3�fw V !�{B*<�BvH�qF&��!��Jv��qF V ! andis denotedby �O�Iw��"�fw V ! . If
w(��{`xY�Iz���! and w V {`xY�Iz V ! we saythat �O�Iw(�2�fw V ! is a bridgeover �Iz��2�fz V ! . Thebridge color problemis to
constructa datastructurewhich supportsthequeryfirstcolorbridge( � ,w � ,w V ). Formally, let  bethesubset
of bridges ���I~#�2�f~ V ! of color � where ~#� is an ancestorof w(� , and ~ V an ancestorof w V . If  6E  then
firstcolorbridge( � ,w(� ,w V ) 6 NIL. Otherwise,let

� � 6 �O�I~#�2�f~ � � !¡{¢ , suchthatdist( w�� ,~#� ) is minimal and�
V 6 �O�I~,�V �f~ V !0{| , suchthatdist( w V �f~ V ) is minimal. If

� � 6 � V thenfirstcolorbridge( � ,w(� ,w V ) 6
� � andwe

saythat
� � is thefirstbridge over �Iw(�2�fw V ! , otherwisefirstcolorbridge( � ,w(� ,w V ) 6 “ambiguity”. SeeFigure1.

Thebinarydispatchingproblemcanbereducedto thebridgecolor problemthefollowing way. Let F&�
and F V becopiesof thetree F in thebinarydispatchingproblem.For every method�(�Iw(���fw V !,{�� make a
bridgeof color � betweenw(�,{JvH�qF&��! and w V {�v\�qF V ! .

The problemis now to constructa datastructurethat supportsfirstcolorbridge. The objectof the re-
mainingof thispaperis show thefollowing theorem:

THEOREM 6
Using expectedG?�I� ��KTLONUKTLON)�J! V ! time for preprocessingand G?�I�J! space,firstcolorbridge canbe sup-
portedin worstcasetime GH��KTLON,�J! peroperation,where� is thenumberof bridges.

4 A Data Structure for the Bridge Color Problem

Let  be a setof bridges( £�<£ 6 � ) for which we want to constructa datastructurefor the bridgecolor
problem. As mentionedin the introductionwe canassumethat thenumberof nodesin the treesinvolved
in thebridgecolor problemis G?�I�J! , i.e., £¤v��qF&��!�£¥QE£¤v��qF V !�£ 6 G?�I�J! . In this sectionwe presenta data
structurethatsupportsfirstcolorbridge in G?��KTLON¡�J! time perqueryusing G?�I�J! spacefor thebridgecolor
problem.

For eachnodew�{Jv\�qF&�¤! wedefinethelabeling �M¦ of F V asfollows. Thelabelingof anode~�{�v��qF V !
containscolor � if ~ is theendpointof a bridgeof color � with the otherendpointamongancestorsof w .
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Figure2: The straightlines aretreeedgesandthe dashedanddottedlines andthe curved solid lines are
bridgesof color �"� , � V , and � � , respectively. �§¦��I~#! 6 �3�"�2��� V ���

� � , �§¦��Izo! 6 �3� � � , �§¦��¨��! 6 �3�"��� . ©ª�Iwy! 6
���f�I~����"�2!/�f«U!/�3�f�I~)��� V !/�f¬!/�3�f�I~����

� !/�fw�!/�3�f�Iz���� � !/�f«U!/�3�f�¨�����"�-!/�f¬!¤� .

Formally, �?{®�M¦��I~¡! if andonly if thereexistsa node zª{®xY�Iwy! suchthat �O�Iz��f~#!�{¯ . Similar definethe
symmetriclabelingsfor F&� .

In additionto eachlabeling �M¦ , we needto keepthefollowing extra informationstoredin a sparsearray
©ª�Iwy! : For eachpair �I~)����!){�v��qF V !,�°* , where � ¦ �I~¡! containscolor � , we keepthenode w � of maximal
depthin xY�Iwy! from whichthereis abridge ���Iw����f~#! in  . Notethatthissetis sparse,i.e., wecanuseasparse
arrayto storeit.

For eachlabeling �M¦ of F V , where w�{¯v��qF.��! , we will constructa datastructurefor thestatictreecolor
problem.That is, a datastructurethatsupportsthequeryfindfirstcolor( z , � ) which returnsthefirst ancestor
of z with color � . Using this datastructurewe canfind thefirst bridgeover �Iz.�f~#!?{�vH�qF&��! �¯v��qF V ! of
color � by thefollowing queries.

In the datastructurefor the labeling �§± of F V we performthe queryfindfirstcolor( ~ ,� ). If this query
reportsNIL thereis no bridgeto report,andwe cansimply returnNIL. Otherwiselet ~%� be the reported
node.We make a lookup in ©¢�Iz}! to determinethebridge

�
suchthat

� 6 �O�Iz � �f~ � !�{ª . By definition
�

is thebridgeover �Iz��f~,�q! with minimal distancebetween~ and ~,� . But it is possiblethat thereis a bridge
�Iz �²� �f~ �²� ! over �Iz��f~¡! wheredist( z ,z �³� ) ´ dist( z ,z � ). By asymmetriccomputationwith thedatastructurefor
thelabeling �f�I~¡! of F � wecandetectthis in whichcasewereturn“ambiguity”. Otherwisewesimply return
theuniquefirst bridge

�
.

Explicit representationof the treecolor datastructuresfor eachof the labelings � ¦ for nodesw in F �
and F V would take up spaceGH�I�|V�! . Fortunately, the datastructuresoverlap a lot: Let w¥�f~µ{¶v��qF.��! ,
zª{¢v��qF V ! , andlet wB{¯xY�I~#! . Then �§¦��Izo!�{°�M·��Izo! . We take advantageof this in a simpleway. We make
a fully persistentversionof thedynamictreecolor datastructureusingthetechniqueof Dietz [9]. Theidea
is that theabove setof GH�I�J! treecolor datastructurescorrespondsto a persistent,survived version,each
createdby oneof GH�I�J! updatesin total.

Formally, supposewe have generatedthe datastructurefor the labeling �M¦ , for w in F&� . Let ~ be the
child of node w in F&� . We can then constructthe datastructurefor the labeling �M· by simply updating
the persistentstructurefor �M¦ by insertingthe color markscorrespondingto all bridgeswith endpoint ~
(includingupdating©¢�Iw�! ). Sincethedatastructureis fully persistent,we canrepeatthis for eachchild of
w , andhenceobtaindatastructuresfor all the labelingsfor childrenof w . In otherwords,we canform all
thedatastructuresfor thelabeling �§¦ for nodesw\{�vH�qF&��! , by updatesin thepersistentstructuresaccording
to a top-down traversalof F � . Anotherway to seethis, is that F � is denotingthetime (give theorderof the
versions).Thatis, theversiontreehasthesamestructureas F&� .



Similar we canconstructthelabelingsfor F.� by a similar traversalof F V . We concludethis discussion
by thefollowing lemma.

LEMMA 7
A staticdatastructurefor thebridgecolorproblemcanbeconstructedby G?�I�J! updatesto a fully persistent
versionof thedynamictreecolor problem.

4.1 Reducingthe memory modifications in the tr eecolor problem

Thepaper[2] givesthefollowing upperboundsfor thetreecolor problemfor a treeof size � . Updatetime
expectedG?��KTLONUKMLON��J! for bothcolor anduncolor, andquerytime GH��KTLON��JdeKTLONUKTLON¡�J! , with linear space
andpreprocessingtime.

For ourpurposesweneedaslightly strongerresult,i.e., updatesthatonly makeworstcaseG?�u=3! memory
modifications.By inspectionof thedynamictreecoloralgorithm,thebottle-neckin orderto achieve this, is
theuseof thevanEmdeBoaspredecessordatastructure[26] (VEB). Usinga standardtechniqueby Dietz
andRaman[10] to implementa fastpredecessorstructurewe getthefollowing result.

THEOREM 8
Insertandpredecessorquerieson asetof integersfrom ��=��������.�f�9� canbeperformedin G?��KTLONUKMLON,�.! worst
casetime peroperationusingworstcaseGH�u=3! memorymodificationsperupdate.

To prove thetheoremwefirst show anamortizedresult1. Theelementsin ourpredecessordatastructure
is groupedinto buckets ¸.���������.�/¸o¹ , wherewe maintainthefollowing invariants:

�u=3! max ¸ $ ´ min ¸ $ l.� for
' 6 =���������º?»�=�� and

� D !¼=3d D KMLON,�°´_£¨¸t$U£(> D KMLON,� for all
' �

Wehave º;{JG?�I�.d¡KTLON��.! .
Each ¸ $ is representedby a balancedsearchtreewith G?�u=3! worstcaseupdatetime oncethepositionof

theinsertedor deletedelementis known andquerytime G?��KMLON%�J! , where � is thenumberof nodesin the
tree[19, 20]. This givesusupdatetime G?��KMLONUKTLON%�.! in a bucket, but only G?�u=3! memorymodificationsper
update.Theminimumelement� $ of eachbucket ¸ $ is storedin aVEB.

Whena new element½ is insertedit is placedin the bucket ¸ $ suchthat � $ ´¾½C´i� $ l.� , or in ¸.� if
no suchbucket exists. Finding the correctbucket is doneby a predecessorqueryin the VEB. This takes
G?��KMLONUKTLON#�.! time. Insertingtheelementin thebucket alsotakes GH��KTLONUKTLON#�.! time,but only G?�u=3! memory
modifications.

Whena bucket ¸ $ becomesto large it is split into two bucketsof half size. This causesa new element
to beinsertedinto theVEB andthebinarytreesfor thetwo new bucketshave to bebuild. An insertioninto
theVEB takes G?��KTLONUKMLON �.! time andusesthesamenumberof memorymodifications.Building thebinary
searchtreesusesGH��KTLON.�.! timeandthesamenumberof memorymodifications.Whenabucket is split there
musthavebeenat leastKTLONh� insertionsinto thisbucket sinceit lastwasinvolvedin asplit. Thatis, splitting
andinsertingusesG?�u=3! amortizedmemorymodificationsperinsertion.

LEMMA 9
Insertandpredecessorquerieson asetof integersfrom ��=��������.�f�9� canbeperformedin G?��KTLONUKMLON,�.! worst
casetimefor predecessorand GH��KTLONUKTLONh�.! amortizedtimefor insertusing GH�u=3! amortizednumberof mem-
ory modificationsperupdate.

1Theamortizedresult(Lemma9) wasalreadyshown in [21], bur in orderto make thedeamortizationwe give anotherimple-
mentationhere.



We can remove this amortizationat the cost of making the bucket sizes ¿?� logV-�.! by the following
techniqueby Raman[24] calledthinning.

Let À¢[�Á bea sufficiently smallconstant.Definethecriticality of abucket to be:

Â � � ! 6 =
À�KTLON�� max�3Áy� size� � !9»�=��ÄÃ¡KTLON V �9�U�

A bucket
�

is calledcritical if Â � � !8[�Á . Wewantto ensurethatsize� � !8> D KTLON V � . To maintainthesize
of thebucketsevery À�KMLON�� updatestake themostcritical bucket (if thereis any) andmove KTLON}� elementsto
anewly createdemptyadjacentbucket. A bucket rebalancingusesG?��KTLON%�.! memorymodificationsandwe
canthusperformit with GH�u=3! memorymodificationsperupdatespreadover no morethan ÀJKMLON,� updates.

We now show that thebucketsnever get too big. The criticality of all bucketscanonly increaseby 1
betweenbucket rebalancings.Weseethatthecriticality of thebucket beingrebalancedis decreased,andno
otherbuckethasits criticality increasedby therebalancingoperations.Wemakeuseof thefollowing lemma
dueto Raman:

LEMMA 10 (Raman)
Let ½ � ���������f½ÆÅ bereal-valuedvariables,all initially zero.Repeatedlydo thefollowing:

(1) Choose� non-negative real numbersÇ¥�2����������Ç Å suchthat È Å$MÉ � Ç $ 6 = , andset ½ $ � ½ $ QÊÇ $ for
=�> ' >ª� .

(2) Choosean ½ $ suchthat ½ $ 6 max7��2½y7�� , andset ½ $ � max�2½ $ »°�e��Á(� for someconstant�#aX= .
Theneach½ $ will alwaysbelessthanln �HQË= , evenwhen � 6 = .

Apply thelemmaasfollows: Let thevariablesof Lemma10bethecriticalitiesof thebuckets.Thereals
Ç�$ aretheincreasesin thecriticalitiesbetweenrebalancingsand � 6 =3d�À . Weseethatif À®>X= thecriticality
of a bucket will never exceedln QC= 6 G?��KTLON �.! . Thusfor sufficiently small À thesizeof thebucketswill
never exceedD KTLON V � . Thiscompletestheproofof Theorem8.

We needworstcaseupdatetime for color in the treecolor problemin orderto make it persistent.The
expectedupdatetime is dueto hashing.Theexpectationcanberemoved at thecostof usingmorespace.
Wenow useTheorem8 to getthefollowing lemma.

LEMMA 11
Using linear time for preprocessing,we canmaintaina treewith complexity G?��KTLONUKMLON5�.! for color and
complexity G?��KTLON �.deKTLONUKTLON#�.! for findfirstcolor, using G?�u=3! memorymodificationsperupdate,where � is
thenumberof nodesin thetree.

4.2 Reducingthe space

UsingDietz’ method[9] to make a datastructurefully persistenton thedatastructurefrom Lemma11,we
canconstructa fully persistentversionof thetreecolor datastructurewith complexity GH�f��KTLONUKTLON#�J!WV3! for
color anduncolor, andcomplexity GH�f��KTLON¡�JdeKTLONUKTLON¡�J!YÌOKTLONUKTLON¡�J! 6 GH��KTLON#�J! for findfirstcolor, using
G?�I�J! memorymodifications,where� is thenumberof nodesin thetree.

Accordingto Lemma7 adatastructurefor thefirst bridgeproblemcanbeconstructedby G?�I�J! updates
to afully persistentversionof thedynamictreecolorproblem.Wecanthusconstructadatastructurefor the
bridgecolor problemin time G?�I����KMLONUKTLON%�J!WV3! , which hasquerytime G?��KTLON#�J! , where � is thenumber
of bridges.

This datastructuremight use GH����Ì3�J! space,where � is thenumberof methodnames.We canreduce
thisspaceusageusingthefollowing lemma.



LEMMA 12
If thereexists an algorithm � constructinga staticdatastructureÍ usingexpectedc-�I�.! time for prepro-
cessingandexpected�¯�I�.! memorymodificationsandhasquerytime jy�I�.! , thenthereexistsanalgorithm
constructinga datastructureÍ � with querytime G?��j��I�.!f! , usingexpectedG?�Ic��I�.!f! time for preprocessing
andspaceG?�I�¯�I�.!f! .
PROOF. ThedatastructureÍ � canbeconstructedthesameway as Í usingdynamicperfecthashing[11]
to reducethespace. Î

Sincewe only use GH�I�J! memorymodificationsto constructthe datastructurefor the bridge color
problem,wecanconstructadatastructurewith thesamequerytimeusingonly GH�I�J! space.Thiscompletes
theproofof Theorem6.

If we use GH��	B! time to reducetheclasshierarchytreeto size GH�I�J! asmentionedin the introduction,
we getthefollowing corollaryto Theorem6.

COROLLARY 13
Using G?��	ÏQÐ�Ñ��KTLONUKMLON¡�J! V ! time for preprocessingand G?�I�J! space,the multiple dispatchingproblem
canbesolvedin worstcasetime GH��KTLON��J! perquery. Here 	 is thenumberof classesand � is thenumber
of methods.
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