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LowerBoundsfor LabelingSchemesSupportingAncestor, Sibling,
andConnectivity Queries

StephenAlstrup� TheisRauhe�

Abstract

Given a tree,a labelingschemeassignsa label, which is a binary string, to eachnode. Given the
labelsof any two nodes� and � , it canbedetermined,if acertainpropertyholdsfor � and � , alonefrom
theselabels.

For treesof size � , weshow thatany labelingschemefor testingancestorrelationuseslabelsof size���	� ��
��� ���	������� ��� to thenodes.If the labelshasto distinguishthenodes,i.e., the labelof a nodeis
unique,we testingfor sibling requireslabelsof size

����� ��
���� ���	�����	��� � for treeswith degree
�
, and

connectivity queriesfor forestsrequireslabelsof size
����� ��
���� ����������� ��� .

1 Intr oduction

A labelingschemefor ancestorqueriesfor a rootedtree,assignslabelsto eachnode � of a given tree � ,
whereeachlabel �! "�$#&%('	)$*,+.- � is a binarystring. For any two nodes/�*!� , the labels �! "/0#1*2�3 "�4# sufficesto
determinewhether/ is ancestorto � . Wepresenta lowerboundfor suchlabelingschemes,showing thatfor
a treeof size 5 , thelabelsizemustbe 687:9;5=<(>� ?687:9;6@7:9A5�# 1, if theschemesupportsancestorqueries.

For thesibling querywe give a labelingschemewhich assignslabelsof size B"687:9A50C bits. This labeling
schemewill notassignuniquelabelsto thenodesin atree.If uniquenessis requiredasin [9], wegiveupper
andlower bounds,showing thatsuchlabelingschemeuselabelof size 687:9A5D<FE� ?687:9G687:9;H$# , for treeswith
degree H .

Furthermore,we give a lower boundshowing thata labelingschemesupportingbothsibling andparent
queriesneedsto uselabelsof size 687:9I5J<(>� ?687:9;6@7:9I5�# .

In generalalabelingschemefor afamily K of graphswith 5 nodes,supportingacertaingeneralproperty
betweenpairof nodes(for instance� is ancestorof L ), consistof two mappingsM�N and OPN . Theencoder
M�N mapsgraphsfrom K into a labelingof the nodesof the graph,i.e., for QR%SK , MTN�UWVXM�NY ZQ�#
mapsthe nodesfrom Q into labels. The decoderO[N mapspair of labelsinto '	)$*,+.- suchthat for all Q ,
O[N= ?M�N�U� "�4#1*2M�N�U\ "L]#!#�V^+ if f ��*!L_%(Q satisfythesupportedpropertyfor graph Q . Notice that OPN is
independentof thegraphfrom which thepairof labelsis takenfrom. ln differentpapers[13, 1, 9] thereare
additionalrequirements,suchasdifferenttimeconstrainson thefunction O[N . Thelowerboundspresented
in this paperareindependenton suchtime constraints.As mentioned,a constraintwe sometimeusefor
labelingschemeis whetherthey useuniquelabels,i.e., it usesuniquelabelsif for all graphsQ`%aK , the
encoderensurethat M�N�U is aone-to-onemappingof thenodesin Q .

Weshow thatalabelingschemefor forestssupportingconnectivity queriesbetweenpairof nodesrequire
labelsof length B"687:9;50C if uniquenessof thelabelsis not required[13]. However, if uniquenessis required,
asin [9], wegiveupperandlowerbounds,showing thatsuchschemesuselabelof size 6@7:9A5�<�E� ?687:9I687:9I5�# .
b
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1 egfih is thelogarithmwith base2 throughoutthepaper



Labelingschemeshave severalniceproperties.Sincequerycomputationis basedsolelyon local label
information,suchschemescanavoid costlyaccessto externalmemorythatstoreglobal informationabout
thetree. Furthermore,the locally distributedinformationis alsorequiredin someroutingschemesandfor
efficientXML searchengines,seee.g. [16, 1].

Thelowerboundspresentedin thispaperarefor theBooleanrelationsbetweentwo nodes,e.g.to detect
if two nodesareconnectedor not,wheretheoutputcanberepresentedby asinglebit saying“yes” or “no”.
To thebestof our knowledgepreviouslower boundsfor treelabelingschemeshave beenfor moreinvolved
functionsreturninginformationsuchasthedistancebetweentwo nodesasin [7].

For theancestorrelationTsakalidis[17] shows that if we assignthepreorderandpostordernumberto
eachnodein a tree,a node � is anancestorto a node L if f jlk:m	n.koHpmqkr "�$#ts�j�kum,n.k:Hvm,kr "Lw#ts�jln:x,y3n.koHpmqkr "�$# .
This leadsto a simple labelingschemewith labelsof size z�B"687:9G50C for the ancestorrelation. Similarly,
simple z�B"687:9;50C labelingschemesarepresentedin [9] and[15]. Recently, severalpapers[1, 16, 3, 10] have
madeprogress,boundingthe label sizeto 687:9A5�<|{= Z} 687:9A5~# bits per label. The sameboundhave been
achievedfor labelingschemessupportingbothsiblingandparentqueries[10]. An experimentalcomparison
of differentlabelingschemesfor testingancestorrelationshipon realXML datacanbefoundin [11]

Labelingschemesfor sibling queriesarestudiedin [10], nearestcommonancestorlabelingin [2]. La-
beling schemesfor routing canbe found in [16], distancelabelingin [7, 12, 14], andvertex-connectivity
andadjacency labeling[10, 4, 5, 9, 13, 15]. In [6] containanextensive survey of labelingschemesandtheir
applications.

Outline of the paper

In section3 we presenta techniqueto show lower boundsfor labelingschemes.In section4 to section7
we usethis techniqueto give lower boundsfor labelingschemessupportinge.g.ancestor, connectivity and
siblingqueries.Finally, in Section8 we givematchingupperboundsto someof thelowerbounds.

2 Preliminaries

Let � be an undirectedrootedtree. For a node �(%F� , � is ancestorto all the nodesin the subtreeof �
rootedin � , and �Y ��]# is thenumberof nodesin � . Two nodesaresiblingsif they have thesameparent.A
nodewhichnothave achild is a leaf,andotherwiseaninternalnode.Two nodesin a forestareconnectedif
andonly if thereis a pathbetweenthetwo nodes.

Theupperandlowerboundgivenin thispapershowsthatfor siblingandconnectivity queriesthenumber
of bits neededto representlabelsdependson if uniquelabelsarerequired.

A test for whether � is an ancestorto L , we denoteasan ancestortest,whereasa test for either � is
ancestorto L or vice versais calleda weakancestortest. A lower boundfor weakancestortestsis clearly
alsoa lower boundfor ancestortests.Thelowerboundpresentedin thispaperis for weakancestortest.

The lower boundspresentedin this paperfor ancestortestusethefollowing technique.First we give a
family of treesK\� , whereeachtreeconsistof �i5 nodes,for a constant� . A labelingschemecanusethe
samelabelfor differentnodesin thefamily. Howeverweshow thatany labelingschemesfor weakancestor
queriesneedto use>& "5�687:9A5�# differentlabelsfor K � . If � differentlabelsarenecessary, thenthelabelsize
mustbeat least6@7:9I� bits. Since687:9� ?Hu5�687:9;5�#�V�687:9I5T<�>� ?687:9G687:9I5�# , for any constantH , weestablishthe
lowerbound.A similar constructionareusedfor theotherlowerbounds



3 Lower Bound Technique

Let � bea setof elements,and ���p�F��� . We will assume���\�pV�5~� , where � is aninteger s�687:9A5 and 5
is a power of two. Next we describea partition � of � . � partition � to � boxes, eachof 5 elements.The
elementsin the � ’ th box, +�s��;s�687:9I5 , denoted��� arepartitioninto 5��oz � groups, eachof z � elements.

Lemma 1 If there exist a partition � of � , where � �w�0V�5~� , such that for � , the following two properties
hold:

1. For two different elements x:�q*�x���%�� , if x:� and x	� belongs to the same box, then �! �xu��#] V��! �x	�,# .
2. For elements xu�,*�x	�.*�x�¡�*�x	¢T%£� , if xu� and x�� belongs to two different groups in the same box, �! �x:�1#GV
�! �x ¡ # and �! �x � #AV��! �x ¢ # , then x ¡ and x ¢ belongs to two different groups.

then � �[�uV¤>� "5~�r# is a necessary size of the domain � .

Proof. Wewill saythefunction � associatelabelsto theelementsfrom � . Theelementsassociatedthesame
labelwe denoteasneighbours. In thefollowing we give a strategy to choosea subset�¦¥ of elementsfrom
� , guaranteeingthat §0x � *�x � %¨�¦¥ , where x �  VSx � , x � and x � will not beneighbours.We denotea strategy,
with suchaguarantee,for a safe strategy. Thenumberof labelsneededby � to � , will beat leastthesizeof
�¦¥ , since � �[��©ª���¦¥«� , whenchoosing�¬¥ by a safestrategy. An elementchosento belongto �¦¥ , we sayis a
marked element.Hence,no two elementswhichhave thesamelabelwill bemarked.

If oneor moreelementsfrom agrouparemarked,wesaythegroupalsoaremarked.For abox � welet  ?��# denotethenumberof markedgroupsbelongingto thebox.
Wefirst markelementsfrom thebox �w® , andnext for ��� in orderof decreasing� .
All elementsin �w® will be marked. From thefirst propertyof Lemma1 thereis no neighboursin the

samebox,andthemarkingis thereforesafe.
Whenmarkingelementsfrom the remainingboxes ��� , �D¯°� , we keepthe invariant that

  ?���Z#�s
5��oz �@±�� . Hence,we will at mostmarkelementsfrom halve of thegroupsbelongingto ��� .

Let ²Y "�³# be the setof groupsbelongingto the boxes �µ´ , ¶F©·� , and let
  ?²Y "�3#!# be the numberof

markedgroupsbelongingto ²Y "�3# . Since,we keeptheinvariantthat
  ?� � #�s(5��oz �@±�� , for ��¯F� , it follows

for �As�� that
  ?²Y "�3#!#µs�5��oz ® <(¸ ´i¹ ®�º �´i¹»� 5��oz �@±�� V�5��oz � .

Next, we describehow to markelementsfrom ��� , aftermarkingelementfrom �µ´ , ¶[¼�� . If a groupin
��� includesanelement,with a markedneighbourin �µ´ , ¶�¼½� , we denotethegroupasclosed. If a group
not is closed,we denoteit asopen.

Let xu�q*�x	�a%¾��� belongsto two different groups. If x:� have a marked neighbour x�¡ , and x�� have a
marked neighbourx	¢ , thenby the secondpropertyof Lemma1, x	¡ and x	¢ mustbelongsto two different
markedgroupsfrom ²Y "�~<¤+	# . Hence,for eachclosedgroupin ��� , we canassociatea markedgroupfrom
²Y "�l<�+	# , whichwill notbeassociatedto any othergroupsin ��� . Sincethenumberof groupsin ��� is 5��oz � ,
andwe keepthe invariantthat

  ?²Y "�¬<¿+	#!#�sÀ5��oz �8±�� , at least 5��oz �@±�� of thegroupsin � � will be open.
Sincetheelementsfrom theopengroupsnothaveamarkedneighbour, andby thefirst propertyof Lemma1,
noneof themareneighbours,it is safemarkingall elementsfrom 5��oz �@±�� groupsof ��� . Doing thiswekeep
theinvariant,atmostmarkingelementsfrom halve of thegroupsin ��� , �G¯�� .

Summarizing,we markall elementsin �w® , andhalve of theelementsfrom theremaining�YÁ�+ boxes,
in total we mark >� "5~�r# elements.

In the following sectionswe will definedifferent familiesof graphs,for which the nodesfrom these
graphscanbepartition,suchthatlabeling,have to obey thepropertiesgivenin Lemma1.



4 Lower Bound for AncestorQueries

To show a lower boundfor ancestorlabeling � , we give a family K � of 687:9;5 trees'q� � *3� � *qÂqÂqÂ��»Ã�Ä!ÅpÆr- , each
of size z.5D<�+ . Weshow thatfor asubset� of thenodesfrom K\� , where � �]�ÇV�5�6@7:9I5 , thereis a partition
� of � , suchthat any � , mustobey the two propertiesin Lemma1. This implies, that at least >& "5�687:9I5�#
labelsareneeded,andwill concludeourproof.

The tree ��� in K\� consistof a root nodewith 5��oz � children. Eachchild � is the root of a path j¦ "�$# of
length z � . Furthermoreeachnodeon thesepathshave a child which is a leafnotbelongingto thepath.

Wehave ���D ��»�Z#q�ÇV�z4 "5��oz � #3z � <�+�V�z.5J<¤+ . We let � bethesubsetof nodesfrom K\� , whichbelongs
to apathj¦ "�4# , for � beingachild to oneof therootnodesin thefamily. Hence,� �]�:V�5�687:9A5 . Box ��� is the
subsetof nodesfrom � , whichbelongsto thetree �»� . Thenodesfrom box �t� arepartitioninto groups,such
thattwo nodesfrom thesamegroup,belongsto thesamepathj¦ "�4# , for a child � to theroot in ��� . Next we
show thatthetwo propertiesfrom Lemma1 mustbefulfilled for any labeling � for thispartition.

Considerthefirst property. Let x:�q*�x���%£�t� , xu�& V¤x�� . If xu� is anancestorto x�� , x�� cannotbeanancestor
to x � . Assumewith out lossof generalitythat x � not is anancestorto x � , andlet � bethe leaf in � � which
arechild to x	� . Since,xu� not is ancestorto x�� , xu� cannotbeancestorto � . Therefore,shouldOPNY ?�! �x:�1#1*2�! ?�,#!#
and OPNY ?�! �x	�,#1*2�! ?�,#!# give two differentanswers,whichonly canbethecaseif �! �xu�i# and �! �x	�,# aredifferent.

Next we considerthesecondproperty. Let xu�q*�x	�.*�x�¡o*�x,¢�%È� , where x:� and x	� belongsto two different
groupsin thesamebox. This, impliesthatthereis no ancestorrelationbetweenxu� and x	� . If �! �x:�i#GV��3 �x�¡	#
and �! �x � #IV��! �x ¢ # therecanthereforenotbeanancestorrelationbetweenx ¡ and x ¢ , andthereforex ¡ and x ¢
mustbelongsto differentgroups.

Theorem 1 A labeling scheme to answer weak ancestor queries for trees with 5 nodes needs to use labels
of size 687:9I5J<�>� ?6@7:9A687:9A5�# .

5 Lower Bound for Connectivity Queries

In this sectionwe considertheneededsizeof labels,to answerconnectivity queries,if the labelsassigned
to thenodesin a treeshouldbeunique.Let KµÉ be thefamily of 687:9A5 forest ²�� , +Js½�]s½6@7:9A5 , where ²~�
consistof z Ã�Ä!ÅvÆvº � pathsof length z � . We let � bethenodesfrom KµÉ .

The nodesin box �t� we let be the nodesfrom the forest ²�� . The nodesfrom box ��� are partition
into groups,suchthat two nodesfrom ²~� which belongsto thesamegroupareconnectedin ²~� . We have
���J ��»�«#q�rV½5 . We assumethelabelsassignedto a forest ²~� shouldbeunique,hencethefirst propertyfrom
Lemma1 is trivial obtained.Let x � *�x � *�x ¡ *�x ¢ %a� . If x � and x � belongsto two differentgroupsfrom the
samebox �t� , xu� and x	� arenot connectedin ²~� . If x	¡ and x	¢ arein thesamegroup, x�¡ and x,¢ areconnected
in someforest,and OPNY ?�3 �xu�1#1*2�! �x	�	#!# shouldthereforebedifferentfrom OPNY ?�! �x	¡,#1*2�! �x,¢�#!# , whichnot canbe
thecaseif �! �xu�i#�V��! �x	¡,# and �3 �x��,#�V��! �x,¢�# .
Theorem 2 A labeling scheme, which assign unique labels to nodes in a forest, to answer connectivity
queries, needs to use labels of size 687:9I5J<�>� ?6@7:9A687:9A5�# .

6 Lower Boundsfor Sibling Queries

In this sectionwe considertheneededsizeof labels,to answersibling queries,if thelabelsassignedto the
nodesin a treeshouldbeunique.Weconsidera forestof treesK\Ê¦ ��r# of � trees��� , +&s(�GsF�[sF687:9A5 . Let
�[ 8¶v# bea completebalancedbinaryrootedtreewith z ´ leafsand z ´1±�� ÁF+ nodes.Thetree � � consistof a
tree �_V¾�[ ?687:9I5ËÁ¨�³# , whereeachleaf from � in �»� have z � children. Thesechildrenaretheset � . The



box ��� consistof thesubsetof nodesfrom � which comesfrom �»� . Thenodesin box ��� arepartitioninto
groupssuchthattwo nodeswhichbelongsto thesamegrouparesiblings.Weassumethatthelabelsassign
to a treeshouldbe unique,hencethefirst propertyof Lemma1 is trivial obtained.Let xu�q*�x	�.*�x�¡o*�x,¢P%a� .
Since xu� and x	� not belongsto thesamegroup, xu� and x	� arenot siblings. If x	¡ and x	¢ belongsto thesame
group, x ¡ and x ¢ aresibling. Thereforeshould OPNY ?�! �x � #1*2�! �x � #!# bedifferentfrom O[N= ?�! �x ¡ #1*2�3 �x ¢ #!# , which
not canbethecaseif �3 �xu�i#�V¤�! �x�¡,# and �! �x	�	#�V|�! �x,¢	# . Themaximumdegree H of a treein K\Ê¬ ��r# is z ® , and
� �w�ÇV�5~� , giving:

Theorem 3 A labeling scheme to answer sibling queries, which assigns unique labels to the nodes in a tree,
needs labels of size 6@7:9A5J<a>� ?687:9G687:9;H$# for trees with degree H .

7 Lower Boundsfor CombinedSibling and Parent Queries

In this sectionwe considertheneededsizeof labels,to answerbothparentandsiblingqueries.Let K\ÊvÌ be
the forest K\Ê¬ ?687:9A5�# to which we have addeda child to eachleaf in the forest K\Ê¦ ?687:9;5�# . We let � be the
samesubsetof nodesasin theprevious section.Above we madetheassumptionthat the labelsusedin a
treeshouldbeunique,now it follows asa constraintfor thenodesin � . Let xu�q*�x	� belongto thesamebox,
x �  V·x � , andlet � be thechild to x � . Since x � not is a parentto x � , x � and x � mustbe assigneddifferent
labels.

Theorem 4 A labeling scheme to answer sibling and parent queries, to trees with 5 nodes, needs labels of
size 687:9A5Y<�>& ?687:9;687:9;5�# .

8 Upper Boundsfor Sibling and Connectivity Queries

First we considersibling queries.If two nodesin thesametreecanbegiven thesamelabel,we canlabel
the nodeswith label of length B"687:9;50C asfollows; partition the nodesinto groupssuchthat two nodesare
siblingsif andonly if they belongto thesamegroup,next mergeall groupswhich consistof a singlenode
to onespecialgroup. This constructiongives Í�¯S5 groups,which arenumbered+o*�zGÂqÂqÂ�Í . Nodesin the
samegrouparegiventhesamelabel,namelythenumberof thegroup. Thespecialgroupis givennumber
+ . Now two nodesaresiblingsif andonly if they have thesamelabeldifferentfrom + .
Theorem 5 A labeling scheme to answer sibling queries only needs label of size B"687:9A50C .

Next weshow how to assignuniquelabels,matchingthelowerboundfrom theprevioussectionfor trees
with maximumdegree H . We groupthenodesasabove. We assignto eachnode � two numbers:A group
number, Í» "�$# to answersibling queriesasabove andan individual number �1 "�4# to make its label unique.
Two nodesin thesamegroupwill begiventhesamegroupnumber. Assumewehave Í groupsÍp�,*3Ío�IÂqÂqÂ!Í.Î .
Let �¦�«ÏÇmv �Í.�«# bethenumberof nodesin Ío� . UsingHuffmancode[8] we giveeachnodein group Í.� , agroup
numberof length 687:9;5£Á�6@7:9G�¦�«ÏÇmv �Í.�Ð#�<FÑY 3+	# . The individual numbersgivento thenodesin group Í.� are
simply +o*�zp*qÂqÂqÂ,�¦�«ÏÇmv �Í.�Ð# , of length 687:9��¦�«ÏÇmv �Í.�Ð#�<�Ñ= 3+	# . In totalwe use 687:9I5J<(ÑY 3+	# bits to thegroupand
individualnumbers,howevercodingtheseto numbersasonelabel,wealsoneedto beableto separatethese
two numbersgiventhelabelof anode.For thispurposewewill usethefirst Ñ= ?6@7:9;687:9GHp# bitsof thelabelto
codethelengthof theindividualnumberasfollows. Theindividualnumberin a treewith maximumdegree
H is at most H , andcanbe representedwith at most ÒPVª687:9GHÓ<�Ñ= 3+	# bits. To representthe lengthof the
individual numberwe needÑ= ?6@7:9;Òu#�V¿ÑY ?687:9;6@7:9AHp# bits. Now, we alsoneedto representthelengthof the
coderepresentingthelengthof theindividual number, but this canbedonesimply by usinganunarycode
of length Ñ= ?687:9G687:9;H$# .



Theorem 6 A labeling scheme to answer sibling queries, that assigns unique labels to the nodes in a tree,
only needs labels of size 687:9;5J<(Ñ= ?6@7:9A687:9;H$# for trees with degree H .

Finally, usingthesameobservations,groupingconnectednodes,we have :

Theorem 7 A labeling scheme to answer connectivity queries in a forest, that assigns unique labels to the
nodes in the forest, only needs labels of size 687:9I5J<(ÑY ?687:9;687:9A5�# .
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